Turnpike phenomenon for

symmetric variational problems

Alexander J. ZaslavsKi

March 10, 2023



Assume that f : R® x R® — R! is a bounded
from below borelian function such that

f(xay) — f(CL‘, _y) for all Z,Yy S Rn7
there exists (z,y) € R™ x R"™ such that

f(x,y) =inf(f) :=inf{f(&n): &neR"},

{(x,y) € R" x R™:

and that the following assumptions hold:



(A1) for each € > O there exists § > 0 such that
for each (x,y) € R™ x R" satisfying

flz,y) <inf(f) +6

the inequalities
lx— x| < e
and

min{ly — |, ly+ 9|} <e
hold;

(A2) for each € > O there exists § > 0 such that
for each (x,y) € R™ x R" satisfying

lz—z| <6, ly—y| <6
the inequality

flz,y) < f(z,y) + ¢

is true.



Assumption (A2) means that the function f is
continuous at the point (z,y) while assumption
(A1) means that the minimization problem

flz,y) = min, z,y € R"

is well posed. According to the results of Chap-
ter 2 of Alexander J. Zaslavski, Turnpike Phe-
nomenon and Symmetric Optimization Prob-
lems, Springer, 2022 this well-posedness prop-
erty holds for most symmetric objective func-
tions.

Let a > 0 and ¢ : [0,00) — [0,00) be an in-
creasing function satisfying

lim ¥ (t) = oo.
t—00

Assume that the following assumption holds:

(A3) the function f is bounded on all bounded
sets and for each (x,u) € R*R",

f(z,u) > P(Jul)lu] — a.



For each pair of nonnegative numbers 17 < 15
and each y,z € R™ we denote by Whil(1y, 75)
the set of all a. c. functions z : [T7,15] : R",
consider the problems

/T? f(z(t),z'(t))dt — min, (Pry 1)

z € Whi(Ty, o),
T> , -
Jy P, @)dt = min, (Pry )
r € WH(Ty, T2), «(Ty) =y,
T
|7 1@,/ @)t - min,  (Prypyy2)

T

r e Whi(Ty, 1), o(Ty) =y, z(Th) = 2



and define
17
U(Ty, T) = mf{/T1 F(a(t), 2'())dt -
z e Whi(Ty, 1)},
17
U(Ty, T, y) = mf{/T1 Flz(t), 2/ (1)) dt -
r e Whi(Ty, 1), «(T1) = v},
17
U(Ty, To, y, 2) = inf{/T1 Fla(t), o' (£))dt

r e Whi(Ty,T5), (T1) =y, (1) = z}.

There are two cases: y =0; y = 0. If y =0,
then for each T > T7 > 0, the function z(t) =

x, t € [T1,T»] is a solution of the problems
(Pry 1), (Pry1o.3)s (Pry1o73.7)-



For each pair of numbers T7 < 15 and each
e WbHl(Ty, T5) set

17
(T, To, z) = /T1 Fla(t), 2/ (£))dt.

In Chapter 5 of our book we prove the follow-
ing result.

Theorem 1 LetT > 0. Then

U, 7)=U0,T,z) =U0,T,z,x) =Tf(x,y).

Moreover, for each e > 0 there exists x € W11(0,T)
such that

2(0) = x2(T) =z,
10, T,z) <Tf(z,y) +e
z(t) — x| <€ te[0,T],

' (t) € {y, —y}, t € [0,T] a. e..



Note that if y #= 0, then for every positive T
problems (PO,T)f (PO,T,:E) and (PO,T,:E,E) have no
minimizers.

The following useful result is also obtained in
Chapter 5 of AZ 2022.

Theorem 2 Let Lo, Mg > 0. Then there exist
My > 0O such that for each 1T' > Lo and each
y,z € R™ satisfying |y|, |z| < Mg the inequality

U, T,y,z) <Tf(x,y)+ M
holds.

We denote by mes(£2) the Lebesgue measure
of a Lebesgue measurable set 2 C Rl



The next theorem is the first turnpike result of
Chapter 5. It shows that for approximate solu-
tions x of our variational problems on intervals
[0, T], where T is sufficiently large and given
values z(0),z(T) at the end points belong to
a given bounded set C, the Lebesgue measure
of all points ¢t € [0,T] such that (x(t),2'(t))
does not belong to an e-neighborhood of the
set {(z,y), (x,—y)} does not exceed a con-
stant L which depends only on € and the set C
and does not depend on T,z(0),z(T). In the
literature this property is known as the weak
turnpike property.



Theorem 3 Letec (0,1) and Lo, Mg, M7 > O.
Then there exists L1 > Lg such that for each
T > Ly and each x € WL1(0,T) such that

|z(0)] < Mg

and at least one of the following conditions
holds:

(a)
z(T)| < Mg, I7(0,T,2) <U(0,T,x(0),(T))+Mj;

(b)
17(0,T,2) <U(0,T,z(0)) + M
the inequality

mes({t € [0,T] : max{|z(t) — Z,

min{|z'(t) — §l, [='(t) + §|}} > €}) < L1.



The following theorem is also proved in Chap-
ter 5. It shows that for approximate solu-
tions x of our variational problems on intervals
[0,T], where T is sufficiently large and given
values z(0),z(T) at the end points belong to
a given bounded set C, the set of all points
t € [0,T] such that z(t) does not belong to an
e-neighborhood of x is contained in the union
of two intervals, where the first interval con-
tains 0, the second one contains 7' and their
lengths do not exceed a constant L which de-
pends only on € and the set ' and does not
depend on T,x(0),x(T). In the literature this
property is known as the turnpike property.
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Theorem 4 Let ¢ € (0,1]. Then there exist
L,5 > 0 such that for each T > 2L and each
we WH1(0,T) such that

[u(0)| < M

and at least of the following conditions holds:

[u(T)| <M, I(0,T,u) <U(0,T,u(0),u(T)) + ;

I1(0,T,z) <U(O,T,u(0)) + 6
there exist 71 € [0, L], ™ € [T — L,T] such that
lu(t) —z| <e, t € [rg,]

Moreover, if lu(0) —z| < §, then 71 = 0 and if
w(T) —Z| < 8, then 7 =T.

11



Chapter 5 contains many other turnpike re-
sults, including the results of the stability of
the turnpike phenomenon under small pertur-
bations of integrands and on the turnpike phe-
nomenon in the regions close to the right end
points. The results of Chapter 5 are obtained
for variational problems in infinite dimensional
spaces.

In Chapter 5 of our book we prove our second
weak turnpike result. It shows that for approx-
imate solutions x of our variational problems
on intervals [0,T], where T is sufficiently large
and given values x(0),z(T) at the end points
belong to a given bounded set C, the set of
all points ¢t € [0,T] such that z(t) does not be-
long to an e-neighborhood of x is contained in
the union of a finite family of intervals, their
lengths do not exceed a constant [ and their
number does not exceed a constant  which
depend only on ¢ and the set C and does not
depend on T,xz(0), z(T).
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T heorem 5 Let

Mo > |17 + 7]l + 1,

M1 > 0 and € € (0,1]. Then there exist | > 0
and a natural number () such that for each
T > 1Q and each x € W11(0,T) such that

l=(0) || < Mo

and at least of the conditions below holds:

(a)
|z(T)|| < Mo, I1(0,T,z) <U(0,T,z(0),z(T))+Mz;

(b)
1(0,T,z) < U(0,T,2(0)) + M

there exists a sequence of closed intervals [a;, b;] C
[0,T], i=1,...,q such that

q < Q,

OSbZ_a’Zgla izl)"')Q)
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a;41>b; forallie{1,...,q}\ {q}

and

{t € [0,T]: ||x(t) — x| > €} C ngl[ai,bi].



The space of integrands

Denote by 9t the set of all borelian functions
g: X x X — R! such that

g(z,u) > Y({[ul)||ull —a
for each (xz,u) € X x X.

For each pair of nonnegative numbers 17 < 15
each z € Whl(Ty,T5), each ¢g € 9 and each
Y,z € X define

17
19Ty, To,0) = [ % g(a(),a' (1))t

U9(Ty,T>) = inf{I9(Ty,To,z) : v € WH1(Ty, 1)},
UI(T1,To,y) = inf{I9(T1,T>,x) :
z € Whi(Ty,To), (T1) = v},
UC(Ty,To,y, 2) = inf{I9(Ty,T5, ) :

r e Whi(Ty,T5), z(Ty) =y, (1) = z}.
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For each natural number n denote by E,(n)
the set of all pairs (g,h) € 9t x M which have
the following properties:

for each y,z € B(0,n),

9y, 2) — h(y,2))| <n~

for each y,z € X satisfying

min{g(y,z), h(y,z)} <n

the inequality

9(y, 2) — h(y,2)| <n~*
holds.
For the space 9t there exists a uniformity gen-
erated by the base Ey(n), n = 1,2,... which

induces in 99t a topology.
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We continue to consider the function f intro-
duced before.

The following result shows that the turnpike
phenomenon is stable under small perturba-
tions of the integrand f.

Theorem 6 Let e >0 and

M > [|z|| + [lyll + 1.

Then there exist 6,L > 0 and a neighborhood
U of f in 9 such that for each g € U, each
T > 2L and each v € WH1(0,T) such that at
least of the conditions below:

(a)
u((0), u(T) € B(0, Mop),

1900, T,uw) < U0, T,u(0),u(T)) + 6:
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(b)
u(0) € B(0, M),
19(0,T,u) <UY(0,T,u(0)) + 9
there exist 71 € [0, L], 7 € [T — L,T] such that
|lu(t) —z|| <€, t € [r,m].

Moreover, if ||u(0) — x| <9, then 11 = 0 and if
|u(T) —z|| < 6§, then mp, =T.




T heorem 7 Let

M > ||z][ + llyll + 1

and e€ € (0,1]. Then there exist L > 0, a nat-
ural number ) and a neighborhood U of f in
M such that for each T > I(Q), each g € U and
each v € Wh1(0,T) such that

lu(O)|| < M

and at least one of the conditions below holds:

(a)
lu(D)]| < M, 1900, T,u) < UY(0,T,u(0),u(T))+M;

(b)
19(0,T,w) < UY(0,T,u(0)) + M

there exists a sequence of closed intervals [a;, b;] C
[0,T], i = 0,...,q, where q > 0 is an integer,
such that

0<qg<@,
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0<b;—a;<L,t1=0,...,q,

a,i_l_]_sz' fOI’a//'LE{O,,q}\{Q}

and

{t € [0,T]: |Ju(t) —z| > e} C U_gla;, by].
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