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The a- and S-Fermi—Pasta-Ulam-Tsingou (FPUT) chains are:
d2up 2 2
gz = Un+t —2Up+Up_1 +« [(un+1 — Un)® — (Un — Up—1) ],for1 <n<N,
d2Un

g = Unt —2Un+ Up1 + B [(u,m — un)® — (Up — un,1)3} ,for1 <n<N.
These chains exhibit many nonlinear phenomena:
@ Chaos and equipartition.
© Recurrence.

© Supratransmission and bistability.

Continuous extension

ax \ dx

Fu_ou < o (ou)
Ox2  Ox2  s+10x '
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LetB=(a,b) CRandQ=Bx (0, T) CR2 If u: Q — R, then u(x, t) = 0, for each
(x,t) e (R \ B) x [0, T]. Let1 < g < oo, and

Leq(Q) = {f f(, ) € Ly(B) for each t € [0, T]}.
Define

1/q o
Iflleg = ( [ircx, t)\qu) L Vi€ Leg(@),
JB

:/7f(x, Hg(x, t)dx, Vf,g € Ly2(9)
B

Definition

Let « € Rand n € N be such that n — 1 < a < n. The Riesz fractional derivative of
u: Q — R of order a with respect to x is

ovu(x,t) —1 o" /* u(g, t)de

Alx|®  2cos(ZE)M(n—a) Ox" J_o |x — £lot1=n’

v(x,t) € Q.
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Ifa € (1,2] and u, v € Hy(Q), then
(i) (oo
olxl”"/ N7 olx|e
@ Letpe Nand ay,

@ Let G7 G1 s Gz,
Consider the IBVP

o%/2y  ga/2y
, Vte[o,T].
<3|X|a/2’ 3|X|a/2 [ ]

...,ap € (1,2] be constants.
..., Gp : R — R be functions.

2u(x, t) ou(x,t)  dG(u(x,t))
o2 o T
p /2 ) aj/2
o OUT dG 0T ) e q,
= olx|i/® dv \  ax|*ir?

u(x,0) =¢(x), VxeB,
such that 9u(x,0) =1(x), Vxe€B,

u(x,t) =0, V(x,t) € B x [0, T].
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The associated local energy density is

ozl/2

2
H(x, t) = % (a”(a);’ 0) +Gu(x, 1) + £, G (W) :

The total energy attime t € (0, T) is given by | £(t) = / H(x, t)dx.
R

Particular fractional models

Lety=0and p = 1.
sG equation: G(v) =1 — cos(v) and Gy(v) =

NLKG equation: G(v) = J.v2 — L v*and Gi(v) = 1v2.

Tv2
=4
DsG equation: G(v) =1 — J cosv — £ cos(2v) and Gy (v) = 3v2.

FPUT equation: G(v) = 0and G;(v) = —vz + ﬁv”‘ ,wheree > 0and s > 2.

Esastic string: G(v) =0 and G;(v) = /1 + v2.
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Theorem (Dissipation of energy)

If u satisfies IBVP, then £'(t) = —v|ut|1Z ,-

Notice that
82u du
2 dt o’ ot |

%/Re(u(x, t))dx:<dG(“),@> ,

av ot

g/ @ a;’//ZU(X7 ) e §%/? ﬁ a;lj/ZU @
dt Jr T\ ox|%/? alx|i/2 dv \ a|x|*/2 | " ot
x

Take then the derivative of £(t) to reach the conclusion. O
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Corollary (Energy positivity)

Suppose that G, Gy, Gp, ..., Gp are all nonnegative. Then
- /2
1|0ou &l
— || = G(u vte (0, T
> H ot ||, , TG e +Z (dx|&//2) H ©,7).

Boundedness is obtained as a consequence. Indeed, notice that

H au 8;""/2u
ax —_— Gj —
ot ||« 8|x\a//2

2
NGl } v max
2
t
< 26(1) = 28(0) — 27 / el 0t < 26(0) =
[,

aal/2¢
a‘xlal/Z

J€

x,1

where

= 19115 2 + 21G(¢) lx.1

x,1
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Fix M, N € N, and use the step-sizes h = (b — a)/M and 7 = T/N. Fix partitions
Xm = a+ mhand t, = nr,forme lyyand n € Iy. Let

Vi ={: Dt o = Rt f(x0) = (xu) = 0} .
Agree that fm = f(xm), and let U]}, = u(xm, tn). Set
U™ =(Ug,Uu7,...,Ug) € V.
Foreach U,V € Vy,and 1 < p < oo, define
(U,Vy=h>" UnVm,

mely

1/p
lUllp = {h > IUmI"} ;

mely

|Ulloe = max{|Un| : m € Tu}.
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Let (U™) C V. Introduce the difference operators

1 1
suts = Un = Un Ut = U+ Un
T 2
UFH»1 _oyn Un71
552)Ug _ Ym 2mJr m_ 5(2)U”+2 _ 5( ) tUn+2~
T

Letf: R — R, h> 0and a > —1. The fractional centered difference of order o of f
at the point x as

AR f(x) = Z of(x — kh), Vx €R,

k=—o0

where

(a) _ (=) (a+1)
() =

, VKkeZ.
MG —k+DI(F+k+1)
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LetO<a<2anda #1.
@ The coefficients (g,((a)),‘§°:7oo satisfy

Ma+1
o) = ( )

Mo/2+1)2’
g = (1- 2T V@) e nu o).
et a/2+k+1) 7K
Q 4V >o.
Q g,((“) = g(_“k) < Oforall k> 1, and
Qo > g,((“) = 0. It follows that g(()a) == > g,((a).
k=—o0 k=—o0

Simulations
00000000
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Ifoe € (0,1) U (1,2] and f has its derivatives up to order 5 in L' (R):
1 _ def(x)

—Aff(x) =

= +O(h?), VxeR.

dlx‘u

Let U € Vyand o € (0,1) U (1,2]. We define

M
[e% 1 «@
5)(( )Um = 7/77“’ Zg,(n,)kuk
k=0

Lemma (Macias-Diaz)

Ifo € (1,2] then (=6 U, V) = (672U, 5*/P vy, for any U, V € Vy,. Moreover,
ifa € (1,2] and g{* = 2g8* =<, then

Q 15°72 V|2 < g{*|| V|2, for each V € Vy, and
Q 15V|2 < (|| V|I2)2, for each V € V.




Preliminaries Numerical method Numerical properties Simulations
0000000 00000000 00000000000 00000000

(Definition ]

Let (U™) C Vpand G : RP2 — R. We define

nEly

G(UR™) = GWUR) ¢ vt 4 o
’ m m»

1
suG(Up ?) = Ut —ug,
G'(Un'?), it upt! = U,

nEy (j/2) | n+3
and let 66§(ﬂ//2jUGj(Um 2) = 66§((,//2)UGI'(5X Um 2 )

The following is the FDS to solve the IBVP:

N 1 1 1
SOUNZ 4y Up 2 + 5yG(U 2) =

p 1
(xj/2) N+
= E 5y ! |:6 (a;/2, Gi(Un 1,
= 5%y

St Uy = Yu(Xm),  Vm € Iy_1,

U3, = ¢u(xm), vme Iy-1,
such that
Ug:Uﬁﬂ:O7 ‘v’nEIN.
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Stencil

Theorem (Existence and uniqueness)

If G, Gy, Ga, . .., Gp € C'(R), then the FDS has a unique solution.
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We define the discrete energy density as

n+2

HE = 1(6¢Up

_1 aj/2
)(6iUp 2) + G(UR) + PG5S P up).

M
The discrete total energy at the time t, is given by | E” = h Z H7.

Lemma

If (U™ C vy, then
Q@ SPUE UM E) = L6,(5UME, 5,UM2);

1 1
© (5:U™2,65,U"2) = |5 U2 |2 — 1r2)I5P U2
© (uG(U™2),5U™2) = 6,(G(U"2),1); and

aj/2 1 aj/2
©Q (57206 (072, Gi(Up )1 8U™3) = 8(Gy(8,™ P U ), 1),

X
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Theorem (Dissipation of energy)

Let (U™) C Vy be solution of the FDS. Then §,E™ 2 = —~|6,U""2||2.

Multiply both sides of the FDS by 6,U"+%, use the identities in the previous lemma and
collect terms to check that

1
0= Eamatu"*%,afu"*h +l18:U7 2 3 + 61(GU™ 2),1)

+26 5P urid) 1)

= 5t’—:n+§ I 'Y||5tUn+§ 113,

whence the result readily follows. |
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Let ufl, = u(xm, tn), and define the operators D and D, by
%u(x,t ou(x,t)  dG(u(x,t
uGt) | du(x.t) | dG(u(x, 1)

D 1) =
et ="5e ot dv
4 8aj/2 dGI 8041/2‘.1()(7 t)
= alx‘aj/2 dv 6|X‘aj/2
and
~ 1 1 1
Dufy = 6P up2 4 y6um 2 + 5uG(up 2)
P 1
aj/2 + 1
- Z(SX I/ ) |:5 (aj/2) Gj(UIZI 2)j| ’
= Oy u

Definition

If U= (U") C Vy, then we define [||U]||so = max{[|U"[loc : N € Ty}
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Theorem (Consistency)

Letu € Cff(ﬁ), G € C?(R) and Gy, Go, . . ., Gp € C3(R). There exist constants
C, C' € R*, which are independent of h and T, such that

IDu — Dullles < C(+2 + 12,
M — Hullloo < C'(r + ).

We will require the following results in the sequel.
@ 11U,V eV, then2|(U, V)| < |UIZ + ||V|3.
@ lfneNand U, U2,...,U" € Vy, then
JU"+ U+ 4+ U5 < n(|UM5 + [R5 + - + 1U713)-
Q If(UNN, CVyandne {1,... N}, then

n—1
1075 < 2| U015 + 2T+ > [|8:U“I5.
k=0
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Let oy = (¢u,vuy), where ¢y, ¢y : B—Rand U=V, W.

Lemma (Macias-Diaz)

Let G € C3(R) and (R™ 2 )N C V. Let (VMN_ and (WM)N_, be solutions of the
FDS for ®\, and ¢y, respectively. Lete" = V" — W",

Av wG™3 = 6, G(V™2) — 6y G(W2).
Then there exists C' € R U {0} which depends only on G, such that

k k
4rY[(R™E — AV WG, e )| < ar ST IIATRIE + C'l)B

n=1 n=0

k
1
+CTY 6™ 2|3,
n=0

k k
1 1
4kr2 > " |IAv,wG 2|5 < C'T?I0)5 4+ C' T3 [|6e™ 2 |15

n=1 n=0
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Lemma

Let G; € C3(R) for each j, and let (V")_ and (W™)_, be solutions of the FDS for ®
and oy, respectively. Lete" = V" — W", and define

1 o (aj/2 1
@v,WG;I+2 ( 7/2) {6 (@172 G/(V”+2)} j/2) {65("1/2)WG/'(WH2)} )

There is C"" € R™ U {0} depending only on G, such that for each k,

47%2 (

n=1 j=1

k
1
< C|ICIE+C T Y NS 2 13,
n=0

1
N+ 1
@V’WG}- 2,5[5n+2>

k
1
4pk7222||@ WG 23 < C'T2%3 + C" T3 > 6™ 2.
n=1 j=1 n=0

00000000
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By the lemma, there is ij € R* U {0} depending on G;, such that

k

472

n=1

+3 1
<9v,WG;7 2 5z

k

:472

n=1

J

n+1 (2/2) prd
A (o o G. 2 619, "2
< 5£ ,/2>v’6£ i/2) » 0t0x

k
i/2 i/2 1
< Gl PLIB+ G Y Nl e
n=0
& 1
< G + Cf'r D lisee™ 2 3,
n=0

whence the conclusion readily follows. O
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Lemma (Pen-Yu)

Let (wmN_, (p"N_, € R* U {0}, and let C > 0 satisfy

k—1
Wk < pf + CTZwk, Vk € In_1.
n=0

Then w" < p"e®"™ foreachn € Iy.

Theorem (Stability)

LetG, Gy, Go,...,Gp € C?(R). Let ®\, and &y be two sets of initial conditions for the
FDS, and let (V") and (W) be the respective solutions. Lete" = V" — W",

and define

| A\

nely nely

1
Wk = (|62 3,

1 2
p=Ci(1+ T2)|I°)13 + 2 ll6ee 2 |13 + 4T2||5Pe 3.

There exists C € Rt U {0} independent of 7, such that wk < peCT.
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Theorem (Convergence)

Letu e ij?(Q) be the solution of IBVP, and suppose that G € C(R) and

Gy, Go, . .., Gp € C3(R). Then the numerical solution converges to the exact one with
O(12 + h?).

v
Let ¢” = u" — U", and notice that

m )

A L4 1 1
6;2)6n+1§ +751€n+% +Au,UGn+% _ ZGU,UGF+2 _ R
=1
such that { 6?7" - 61M69(") =0, vm,
0

where Rjy' 2 is the local truncation error, and ||| R|||co < Co(72 + h2), for some Cy > O.
Now, take inner product with 6,5”*1? (to be continued).

\
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Proof (continued).

We obtain

3 1 2
15:€¥42 |13 < 2pu]|6¢e2 |13 + 72|56k )12

k
+47 >0 [(R™E = Ay wGE, 52
n=1

kK p

+4TZZ

n=1 j=1

1 1
(O, WGjn+ 2 5t 2)

k
1 2 1
< 2pugl|8re? 13 + 216 R 2+ 4r 3 |R™M 23
n=0

k
1
+CilI1Z + Cim > 1™ 2 2.
n=0

We estimate now the term 72||5(®)ek+1|2 (to be continued).
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Proof (continued).

Using induction, we prove that

K
5§2)6k+1 _ (71);(552)61 _ 2(71)n+k [’Y‘StG’H% + /\v,wG”%

n=1
2 n+d 1
- Z eV,WGj 24 Rz
J=1

Using now Young’s inequality

k
2 2 1
2|6k 112 < 5T2| 5|3 1+ 592 T7 > [18te™ 2|13 + C} T2||<°)13
n=1
& 1 & 1
+ TS 6™ 2|3+ 5T > |IR™ 2|3

n=0 n=1

(to be continued).
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Proof (continued).

Substituting and regrouping, we reach

K
Wkt < CzTZwk, Vk € In—2,

n=0
where C, = C; + C| T® + 52T, and
1
wk = ||6re* 23,
1 2
P = (Cr + I T*) 113 + 2uellorez I3 + 5T 5¢)<" |3
K
1
+(4+5T)r > _[R™ 2|5
n=0

Pen-You's lemma yields wk < CzpX. Then [|6;e+2 2 < C2(v2 + h?)2, which yields

le”ll2 < C(72 + ). O

W
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Undamped elastic string

o
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08 Z“
1 o
0 100 200 300 400 500
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P —————————..,
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L T T T — 1 (M S T e e
0 100 200 300 400 500
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200 300 400 500
t

it
N
»
i)



Preliminaries
0000000

Numerical method
000000000

Numerical properties
00000000000

Simulations
00000000
Elastic string




Preliminaries Numerical method Numerical properties Simulations
o 000e0000

damped FPUT

a=1.6 a=1.2

: :
120 | I 120 ' l o
= U
80 102 80 {02
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Temporal convergence analysis
h=1 h=0.5 h=0.25
T €t,h Pr €t,h pr €t,h Pr
0.1/2°  2.6805 x 10~2 - 6.7596 x 1073 — 1.6854 x 1072 -
0.1/2"  6.4470 x 1073 2.0558 1.6881 x 10~°  2.0015  4.2704 x 10~*  1.9807
0.1/22 15595 x 1073  2.0475 4.1406 x 10~*  2.0275 1.0711 x 10~*  1.9952
0.1/2% 3.8014 x 10~* 2.0365 9.8730 x 10~° 2.0683 2.6528 x 10~°  2.0136
0.1/2*  9.1697 x 107° 2.0516 2.3789 x 107° 2.0532 6.4825 x 1076  2.0329
Spatial convergence analysis
T=5x10"° T =25x10"% T =1.25x 10~°
h €t,h Ph €t,h Ph €t,h Ph
4/2° 71887 x 1073 - 1.8178 x 1073 - 4.5327 x 1074 -
4/2"  1.8250 x 107°  1.9778 5.0045 x 10~* 1.8609 1.2482 x 10~*  1.8605
4/22 45941 x 107%  1.9900 1.2724 x 10~* 1.9756 3.1762 x 10~°  1.9745
4/2%  1.0807 x 104 2.0877 3.2302 x 10~° 1.9779  8.0961 x 10~°%  1.9720
4/2* 20730 x 1075 2.3822  7.8347 x 107®  2.0437 1.9029 x 107®  2.0890
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Conclusions

A fractional extension of the FPUT model was proposed.

A conserved energy functional was derived.

A conservative scheme was proposed and fully analyzed.
This is the first work in which these tasks have been achieved.

It is easy to extend the study to multiple dimensions.

@ Organization of this event.
@ National Council of Science and Techology (CONACYT).
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