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The Tomonaga-Luttinger model is the low-energy
fixed-point model under renormalization group flow
of a large class of gapless (metallic) one-dimensional

models of correlated fermions (and bosons)

% Tomonaga-Luttinger liquid

(Haldane 81)



Typical models /\9

e electron gas with screened Coulomb interaction (A = 1): X

kg, Vo
H= Z—ckacka dr | dz'p(x ') p(x")

e Hubbard model:

H = —tz ( et J+1U+H.c.> +UN iy,
9

e spinless fermions with nearest neighbor interaction:

i = —tz (eleji+HE) +U Y i
J

——> the two lattice models are integrable



Interacting metals in 3d—Fermi liquids

N-particle ground state is very complicated

e fundamental insight: (Landau '56)

1-to-1-correspondence of the low-lying excited states of the
interacting and the non-interacting system - quasi-particles

e.g. low-temperature specific heat: Cy = %*’YOT

e photoemission spectra (at 7' = 0):
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e quasi-particles: renormalized mass m™, weight Z < 1

e jump height Z in momentum distribution n(k) at k¢

—> the free electron gas is the low-energy fixed point model
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Add interaction and look closer: Tomonaga-Luttinger model

e spinless interacting electron gas: ground state has admixture of p-h excitations

e consider the high density limit (0(q) = 0 for ¢ > q.): kr > q.

e interaction sufficiently weak ‘]

= ground state and low-energy excited states:
no holes deep in Fermi sea and particles
with |k| — krp > q.

= linearize dispersion around kg

e kinetic energy:

decays

’
left moy

I movers

e screened Coulomb interaction in momentum space:

. 1 1 -
N st s 4 A2
s finite
la;rz = p-n
(Tomonaga '50)

n#0
e density:

Pn = E G iCht i T g C.iCptip = Pn,+ T Pn,—

n'>0 n'<0
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Add interaction and look closer: Tomonaga-Luttinger model

e spinless interacting electron gas: ground state has admixture of p-h excitations

e consider the high density limit (9(q) ~ 0 for ¢ > q.): kr > q.

e interaction sufficiently weak

= ground state and low-energy excited states:

no holes deep in Fermi sea and particles
with |k| — kp > k.
= linearize dispersion around kg

e kinetic energy:

decays

’
left mo)
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e screened Coulomb interaction in momentum space'
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Tomonaga-Luttinger model — the bosonized Hamiltonian

e Hamiltonian in the bosons:

n>0

o= zqn{(wﬁgﬁ)) (ith, + 01 ,5,) +M(ézéin+6_n5n)}

T A A 5 A
+ﬁ (UNN2 + UJj2) = Hy+ Hp .7

C(NLANL) =N (NN =7

oot . 3
e two velocities: vy = vp 4 0(0) /7, vy =vp
e diagonalize: &/ = cnlA)I,J + snl;_n
: ~2F -
H, = Z w(qn)al &, + const. o
S [ V(Q
w0 =
e dispersion of eigenmodes: g 4L Ve Q i
~ q_>0
w(gn) = UF|Qn|\/1 + 0(qn)/(mvR) = v|qn|
v=,/UNVJ O




Towards the Tomonaga-Luttinger liquid— g-ology
e generalized Hamiltonian: /_ class of mOdeIS)

i = oo (or+ 280) i, 0,5,) + 20 153

K 2 A2>
e forward scattering: inter-branch ¢- | i
_ _kF g kF
intra-branch g4 | 4 7 X
| >/
e two velocities: vy = ’UF—I-[g4(0) +gg<0)]/(27{'), il = UF+[g4(O)—92(0)]/<27T)
o diagonalization &} = ¢, b} + s,b_ : Hy = D oW (qn)a I &,, + const.
’UN/J(qn) F + [94(qn) £ 92(qn)]/(27) = vy g

|qn| \/UJ( )UN Qn |Qn|v<Qn) ~ U‘Qn'
Kn = \/’UJ (gn)/vNn(qn) =~ K = K, = 1for vanishing interaction

1 1 1 1
CFi(“”*m)““S“:§<VK"‘¢K7>”S




Finally: include the spin (which is straight forward)

e lan,:i: = lan,:i:,a = bn,a
/

® 92/4(9) — 9374 (4) = 05,0/ 92/4,1|(q) + 05,0 92/4,1(q)

A

¢ b ess= 5 (bt £ bn)

® Gu,c/s(0) = 9v,|(q) £ gu,1(q) with v = 2,4

e /\A/'a,c/s = % (J\A/Q,T :l:/\A/'a,Q with o = +, —

H(1/2> Hrr e HTL s with {]:ITL,Q ]:ITL,s} =0

=> one version of spin-charge separation

3
o wc(Qn) ~ ’Uc|Qn|, Ue = A/VJ,cUN,c » KC == \/UJ,C/UN,C
32
>
® ws(Qn) ~ vs|Qn|r Us = \/VJ sUN,s Ks — \/UJ,S/UN,S g 1k
%

e also coefficients ¢, and s,, for spin and charge




What one can compute from this: the compressibility

e what matters is the charge part of H(T /2).

[A{TLC ch dn &nCAnC—'—ﬁ(UNCN ‘|_U,]cj2)
n#0

e r~ Is proportional inverse of second derivative of F with respect to <Nc>:

=1

0% E,
™~ 0\ 2
O(N)
L
1
=% K~
UN,c
e temperature 7' = 0 compressibility:
K VF VF




What one can compute from this: specific heat

e what matters is the boson part of FI%{Q):

— Z wC<qn)&L,c&n,c T Z wS(qn)&L,s&n,s

n#0 n#0

e two contributions linear in T (non-interacting bosons, Debye):

= Cy =
~y

1( %)
Yo 2

’Yo=§



What one can compute from this: the spin susceptibility

e what matters is the spin part of ﬁ(1/2):

'HTLS Zws Qn é{ns/\ns—i_i(vNSN _I_UJSJQ)
sl

e add Zeeman term: ]ﬁIZ — —h/\73 = —h (N+,5 +N_,S>
e minimize ground state energy (no bosons!) with respect to <NS>:

- z”U]\/*,S<./\A/’S>—h:0

L
~ h
= (M)~
8 { N,
= Ae = <(9h>NfU]\1;S

Xs o (%3 VF
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What one can compute from this: the charge stiffness (Drude weight)

e what matters is the charge part of FI&M):

HTLC_chqn&LcAnC—I—E(UNCN —l_v C\72>
n#£0

e add magnetic flux: jc — jc — éﬁr

e take second derivative of ground state energy with respect to é:




Low-temperature thermodynamics

e g-dependence of boson dispersion (and thus of interaction) kept

« spinless: only two independent parameters, e.g. specific heat
can be computed from Drude weight and compressibility

o spinfull: only four independent parameters

o spinfull: if SU(2) symmetry —5 K,=1, e.g. specific heat can be
computed from Drude weight, compressibility and spin
susceptibility

> TL liquid parameters



Add terms to the model

e curvature of fermionic single-particle dispersion

e two-particle backscattering m

[:[91 — Z/dﬂf (gl,H 50,0’ + g1,1 50,—0’) ’QET{-,J(@)&T_ 0/($)¢+,a/(5’7)"€2_,a($)

0.0

e umklapp scattering (lattice)

——> as long as system stays gapless all RG irrelevant

(Solyom “79)



Consider microscopic models
1. barely doable
» perform RG analysis starting from high energies
* determine fixed-point values of g,,(0) and g, (0) which depend on all parameters

 obtain the low-temperature thermodynamics and its dependence on all parameters

2. often doable
» compute F((A%) T, h, §) or Eg((A:), h, ¢)

» use numerical (DMRG) or analytical (Bethe ansatz) method
 take derivatives and obtain TL liquid parameters
« verify consistency

« if gapless, model is in the TL liquid universality class

obtain the low-temperature thermodynamics and its dependence on all parameters

—> one part of TL liquid universality



Correlation functions of the TL model at low-energies

« contain additional (more interesting) physics
« here: focus on single-particle (2-point) functions
* use exact bosonization of the fermionic field operators

 |eads to expressions in x and t

f’l\.\'/
+ (G Wx.1) = (Y (.Y}, (0,0) oan) = lanlo(a)
G, (x,1) =Gy (—x,—1) non-linear
finite system, PBC i G (x,1) = i [G_T_]O(x,t)eF(x’t)

1 — 1. . | _ .
F(x,t) = 5 Z Z ;[eIan (e_za)v(qn;t . e—lqunt) + 2)/,,(qn)(Cos(qnx)e_“"”(q”)t _ 1)]

v=c,s n=1

depends on q

w(q) =[K\(q) +1/K,(q) —2]/4 <

ol ke+7/L)x

. x| oo ke
(G (x,1) = 7 exp =

Z _eiq,,(x—vl:t+i0+) =
n 2 x — vpt +10T

n=1




large x asymptotics?

Momentum distribution function TL model /
Vv

no(k) =["_dx e_ikxin(x,O)

use asymptotic analysis to show

/
| (k= kp|®sign(k—kp) for 0<a<1
5_”l+(k)’v< (k_kF)ln|k_kF| for a=1
( (k—kp) for a>1
o (k)
O =1v,(0)+ v (0) 4/\
A [~
to show this it is not required to replace 2 7

Y,(9)=7,(0) P

and regularize the g-integral in F(x,0) by hand

till often d !
(still often donel!) (Theumann 67, V.M. "99)



| n(k) — 0.5 |

Can this be verified in a microscopic lattice model?

J

) +UY Ay
J

half filling, gapless for -2<U/t<2, use infinite size DMRG

A=0.95

0.001 0.01

(k—kg)/m

bond dimension

(Karrasch, Moore "12)
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Even more interesting physics: single-particle spectral function (TL model)

1 o0 ' L/2 .
o5 (ky,w) = —/ dt e"‘”/ dx e~ n* iG7(x,1)
27 —00 —L/2

i G”(x,t) =i [G71(x,1) eF )
F(x,t) = % Z Z l[eian (e—iwu(qn)t _ e—iqunt) I zyv(qn)(COS(an)e_iw”(q”)t _ 1)]

n

—— directly perform q, t, x integrals numerically?

-~ momentum dependence of potential such that integrals doable analytically?

~ approximations such that (at least) F(x,t) explicit?



Approximated Green functions
i G (x,t) =i[G71(x,t) e" ™D

o0
F(x,l') o % Z Z %[eiqnx (e_iwv(Qn)t _ e_i"r‘Qnt) _I_ zyv(qn)(COS(qn-x)e_in(qn)t _ 1)]
v=c,s n=1

o0

0 ei(kF+7T/L)x 1 . e
[G_T_] (_X,t): 7 exp Z_el%v«t VRl 1

)24
n=»\

—> restis UV divergent

linearize and regularize by hand in the UV—,hope” that this does not affect the IR



Approximated Green functions =Yy exp(—qg, )
X €Xp (_Qno—l_)

i Gj(x ) =i[G>1(x,1)ef ™

F(x,t) = Z Z el dnX (p—iov(an)t _ e_i"r‘Qnt) 1 2yv(qn)(Cos(qnx)e_iw“(q”)t _ 1)]
V=c,S§ n= 1

o0

: ol ket/L)x Lo
> W
(G (x,t) = 3 exp Z ;e’q o= URET

n=»\

wy,(q) = v,q

pikEx i 1/2
G lix,t) =
G0 =7 | |:x—vvt—|—i0+]

v=c,s

A2 Vv/z
X
[(x — vt +iA)(x 4+ vyt —iA)]

(done by many people, e.g., Luther, Peschel 74, V.M., Schonhammer "92, Voit ‘93)



Approximated Green functions

X €XP (_Qn A)

iG> (x,t) =i [G7](x,1) eF ™V

1 =1, . . .
F(x,t) = 5 Z Z ;[elCInx (e—lwv(qn)f _ e—l"r‘qnt) 1 2yv(q,.)(COS(qnx)e_lw“(q”)t _ 1)]

V=5 n=1

o0

0 ei(kF-HT/L)x 1 . e
[G_T_] (X,t)z 7 exp Z_elql’\/‘ VRl 1

)24
n=»\

w,(q) — v,q

eik}:x 1 1/2
(G 1y (x,1) = 1_[ [ ]

27T X —v,t+IiA

AZ

(x vt +iIA)xF vt —iA)

Yo /2



What they have in common: decay in x-t plane

4"'“},* \65/1 /\ .t

o t55%

X= \t

K=-\s%



What they have in common

AV g /]
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. K-K_>0
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(V.M., Schénhammer "92, Voit *93)



But...

take momentum dependence serious (no ad hoc regularization and linearization)

i G~ (x,1) =i [GZ](x,1) eF ™)

I 1. | |
F(x,t) = 5 Z Z _[elqnx (e—lwu(qn)f _ e—lqunl‘) i 2)/v(qn)(COS(qnx)e_lw”(q")t _ 1)]

n
arbitrary.
4 N

Go(s,s)=Go(x[s.s',l[s,s']) s=x—Ct s =x+cet

¢ #v(0), v (0)

Gi(S,SI)NSI—(I-I-a)

/4/;+\§5%W/1
c=v(0) ¢
4 X
(N;i(s,s')’vs' —(12%F y +y 2+ 1[2p, +2]+7, /[2p, +2])

K=-\g¥

Pc smallest number n e INU{} with [v,]"(0)#0 (V.M. “99)

/\-\'NL‘(\SS/Q_ /\ .b




But...

take momentum dependence serious (no ad hoc regularization and linearization)

N g)= Byl N )= Bylq) A, 4)= By (4
A\ AN | N

?cz R ?C? R |

Gauss
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\
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C
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o @
& i
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0 *uﬁ.‘:.’x’:f'x_;‘-_rz‘
10

FIG. 1. Re{F(05")) T FIG. 2. Re{F(s,s")} as a function of s’ ¢, for different sq. .
. 1. Re ,s")} as a function of s'¢, for different p, . (VM ‘99)



What happens to the spectral function?

all energy scales to 0
%-e \K; @) ~ Jw | o
N\
/ \ /JK-' Kp)o finite energy scale
\3 $p+(q, @)
(w-Vg CI) R A
lw ‘qu
|
St Vs/2. | |
('Vc q-w) | |
| | |
: : : (Schonhammer, V.M. "93)
I l
- | S L >
Veq Vs q Vg q Ve q W



Exact spectral function with momentum dependent potential

50

recursive method for large but finite L

use FFT for time Fourier transform

requires multiplication by exp{—x|t|]} —>» broadening of delta peaks

consider spinless case B-A
LYy-
ol [‘*”"W\"’\ﬂ]\
&) / 'box (ana) 30 () | | K
box (FFT) K
R [ N ALY
s e
s LY
= [Q‘\'\‘ (V- V\'.FTS
2
.10 —0.05 0.00 0.05 0.10 —8.10 -0.05 0.00 0.05 0.10
w/(vgq.) w/(vpq.)
-3 4 q
> - 0)=— V= = 2>
. A0 7 V=g V=2V =240



Exact spectral function with momentum dependent potential
. (@) —  box (éna) |
b | om box (FFT) — box (decon)
-------- Gauss (FFT) ~ — Gauss (decop)
-------- exp (FFT) — exp (decon)
—0.784- N K= K F

dIn[p} (k)]
dIn|w — Wpax|

-1.00

~0.50
(b)

aF
o |3
i+ —0.75 ~0.75|
23 '
Ele
SR

_1.00 _1.00

Qe (Markhof, V.M. *16) T - A0



Conclusion
« there is no indication that the spectral function of the TL model

shows power-law behavior for k-k. # 0 and generic two-particle
interactions

« as the TL model is the low-energy fixed point model: k-k- # 0
power-laws are not part of TL liquid theory

* microscopic (integrable) models: if power laws other reason(s)

* be aware how difficult it is to ,prove” power-law behavior from
numerical data

 non-linear TL liquid phenomenology: does not properly deal with
the UV (ad hoc regularization) (Imambekov et al. 12)






Excitations in 1d — non-interacting electrons

reminder of your statistical mechanics/solid state physics class

e low-temperature (T /ep < 1) specific heat of electrons (Sommerfeld)

2
T
CV —Tg(EF)—Qz—, kB:1
3 3UF

e specific heat of phonons in d dimensions (Debye)
wp(F)
Cv = dT Z/ d pwy(F)/T _

low-energy and d = 1, single branch: w(k) = c4|k|

d _ [®dk  c.k
~ — 2
Cv dT /O o ecsk/T — 1

d c 5 feo T
— = { — d

dTﬁ(cS>/0 Y 1

T T

303

e same spectrum and degeneracy of low-energy excited states!?

(Schonhammer & V.M., Am. J. Phys. 64, 1168 (1996))



Approximated Green functions x eXp (—qn )

iG> (x,t) =i [G7](x,1) eF ™V

0
F(x,t) = % Z Z %[eiCInx (e—iwv(qn)f _ e—iqunt) 1 2)/1)(61,;)(COS(qnx)e_iw”(q”)t _ 1)]

V=5 n=1

0 gt krtm/Lix 1 Gmvprioh
G 1'(x,t) = ex — ! ¥ URT
[G71°x.0) ——expi )~

n=1

wy,(q) — v,q

. ; 1/2
¢ 1 X —vpt +1A
G Lin(x,1) =
LG Jain(x. 1) 2mr x — vpt +10% vl;[S [x - vvt"'iA}
- A2 7 Vv/2
- X
purely fermionic (x =t +iA)x+vi—iA)

Y

(Dzyaloshinskii, Larkin “73, Voit 93, Maebashi, Takada ‘14)



