\\\‘.’RSI TYOK\
A

Symmetry-Protected 1505 Yo
Topological Scar Subspaces

I 18"

“Challenges in Integrability” Workshop
@Wuhan, Nov 9-21

Chihiro Matsui (The University of Tokyo)

Collaboration work with : Thomas Quella (The University of Melbourne)

Naoto Tsuji (The University of Tokyo)




® Quantum thermalization & quantum many-body scars

® Symmetry protected topological (SPT) phase
m SPT-like properties of the scar subspace

= Summary



® Quantum thermalization & quantum many-body scars



Quantum thermalization

® Quantum thermalization

m Explained by the eigenstate thermalization hypothesis (ETH) for generic systems.
“All the energy eigenstates cannot be distinguished from

the thermal state by macroscopic variables. ”
m Several exceptions exist.

Many-body localization

Integrable systems
Hilbert space fragmentation

[Retort et al. (2003),
Pai et al. (2019)]

[Deutsch (1991), Srednicki (1994)]

= Macroscopic violation of spatial homogeneity. [Basko et al. (2006)]

= Exponentially many fragmentation of the Hilbert space

Wi

Wy

W3

Completely non-thermalizing models.

(Never thermalizes by starting from
any initial state. )



Quantum thermalization

B Quantum many-body scars (QMBS) (rurner et al. (2017

= Non-thermal energy eigenstates of non fully non-thermalizing models.
Excluding QMBL, integrable systems, HSF

® Typically appear for Hamiltonians with small invariant subspaces.

A generic initial state thermalizes.

|V.% g . :
An initial state in W does not thermalize.

= Partially non-thermalizing model.

Wthermal ] .
cf.) Projector embedding [Shiraishi et al. (2017)]

Restricted algebra [Moudgalyaetal. (2018)] + an exactly solvable state
H~W 5 Wtherma.l [H... Q] — gQi.ﬂ_‘, =0 H|"Iju)' = E{]|1pu}

= HQ"|Vy) = (Ey +n€)|Wo) :solvable spectrum in W




Quantum many-body scars

® Example: Perturbed spin-1 XY model ischecter etal. (2019)]
H = JZ (S;S:F-H + S}FSL-'[_H] + mz S; Non-integrable model
b W]

J b .
Not all energy eigenstates are solvable.

= Trivial energy eigenstate (Reference states) ~O™Me enersy eigenstates are solvable (QMBS).

HIQ) = —2mL|Q), Q) =[22...2)

m Solvable energy eigenstate mé | H ” ”
@) = (@), Q'=3,(-1)(5])?

= W = span{(Q")"|2)}. isthe solvable & dynamically isolated g
small subspace (dim = L+1 <« 3%).

= Nematic Néel

1 0.2 ~— Nematic ferro

= rSGA holds in W. 1WA | w \—sZprod.\state
0.0 x z .ﬁkf‘.%
[H: QT] + Zin iw = (0 = Produces long-lived oscillation in W. 0 TR L 15

[Chandran et al. (2023)]



Quantum many-body scars

O Example: AKLT model [Affleck-kennedy-Lieb-Tasaki (1987)]
—+ — 1 — — ¢ i
H — JZ (Sj Sir + E{Sj _ SjH)E) Non-integrable model

Not all energy eigenstates are solvable.
Some energy eigenstates are solvable (QMBS).

v
= MPS ground state

|Wo) = ) tr(Am, Am, + Am, ) |m1,ma, ..., mL) = h(Ag, A) =0
{my,...mg}e{0,1,2} & : Frustration-free condition

_1 _

U,) = (QF)" W), QF = 2. (=1) [Si] = W, = span{(Q™*)"|2)}.. are the solvable & dynamically isolated
small subspace (dim =L/2 <« 34).

—

= tra(AQp A®p-- @A), A=

L b

= rSGA holds in W. 1
|H, Qi] —2JQ% |]rjirr = () = Produces long-lived oscillation in W. Repulsive property of bimagnons that
+ forbids adjacent or double occupation.



Quantum many-body scars

. . =
| £06T e
Characterization Domain-wall density after the £ 9088 3088 8838800288
' 1At quench from [Zz) = [eoceo---) S 047 °og oo’ 4
| - S ®
Long-lived oscillations. on the Rydberg atom chain. 2 TR .
= lo (o]
(@: Excited state; O: Ground state) E 02 |° ° o1 afoms

(@)

= Relatively small entanglement entropy ~ o(V). O os 1%

Time after quench (us)
[Bernien et al. (2017)]

cf.) Thermal pure states have EE behaving as~ O(V).

Half-chain EE of the spin-1 XY model
in zero-magnetization sector.

These properties are quite similar to the ground state properties!
= Can we “reprint” the ground state properties on the QMBS?

1.0 - I S I »
. | [Chandran et al. (2003)] Ex.) Quantum phase transition

100 50 00 50 100




® Symmetry protected topological (SPT) phase



Symmetry protected topological phase

B Symmetry protected topological (SPT) phase

= A quantum phase that is defined for short-range entangled states with an on-site
symmetry at zero temperature. i.e. the ground state

= No local order parameter.

= Characterized by hidden long-rage order (String order), Topological response,
Projective rep. on the bond space, Robustness under perturbations, and etc.
cf.) Spin-1 model H = J Zj (53 : §j+l + D(Sf)z) On-site symmetries: Inversion, Time-reversal, Z,XZ,

Enerﬁy gap The phases are protected by the on-site symmetry

+ the energy gap.

Non-trivial Trivial Different phases cannot be adiabatically connected without
phase phase

- D closing the energy gap or violating the on-site symmetry!
MPS gs =— > DPS gs

[Gu-Wen (2009), Pollmann et al. (2010), Chen et al. (2013)]



Symmetry protected topological phase

B Symmetry protected topological (SPT) phase

m Sophisticatedly classified by the language of cohomology once the ground state is
written by the matrix product state (MPS). [chenetal. (2012)]

This is approximately possible since the SPT discusses short-range entangled states.

SPT phases are distinguished by the representations (linear/projective) of the on-site
symmetry that appear on the bond space.

= Affleck-Kennedy-Lieb-Tasaki (AKLT) model is a typical model that belongs to the
non-trivial SPT phase. [Polimann etal. (2010)]

Exact ground state is written in a MPS form. = AKLT model is a good platform to test
Existence of a tower of QMBS is known. the emergence of SPT properties in QMVIBS.



SPT property of the AKLT ground state

m AKLT model [Affleck-Kennedy-Lieb-Tasaki (1987)]

= = 1.2 =z .2 On-site symmetries:
H = JZ (Sj Sj41+ E{Sj Sj+1) ) Inversion Z, Time-reversal T, Z,XZ,
j

= Matrix product ground state
Wo) = trg(A®, --- @, A), Ag= \/§J+ AL o4 |2 - Spin-1model
0 al\1'@p >p 41/ 0 g~ 44 N 2 3 = 3-components
On-site symmetry + Injectivity Abelian group
ALI _ VAEIVT EX) ZZXZZ'Symmetry {1:9'3:1 Yz, 9z9= = gzgr} Cf-) |"1FI.’J'> = Ill vt 1)
=>u | A; e | VA VT V, =1,V, =1
Ay VA VT im§* - = Vo, Vo, = Vo Vg,
[u+\ | tg. = € = Vg, =07, 0,. =0 No phase appearance
— A — _.T Vo Vo, =€V Vo, = VoV, = w(gs, 9:)Vg. 0. = (s, 9:)V,. 0.
V V

- wWigz: 9z )/ w(gz, 92 Vg, Vi,
On-site symmetry appears  Emergence of non-trivial phase factor =[ ( )/l WVa.Va
on the bond space! (Projective representations)  [Pollmann et al. (2010), Chen et al. (2012)]

ug, =€ >V, =0", 0, =7

=

— A




SPT property of the AKLT ground state

® Topological response (Guetal. (2013), Gu-Wen (2014)]
wU“{q;]} _ u[ﬂr:gz]

(Wo(Vy. )| ug”

Boundary twisting operator
associated with Z,XZ,.

.'ql{

.'ql':

A

A

g'Paw 9z = g - = —[—1
(Wo| ug™ o) w(g:, ge) ; | O
G
|"l"u{'l":qul} = Z tr(VIAml“‘AmLHml ..mp) = treApP——AHMHAP
TILY 4000 TTR |,
Denominator .
| | trqA A AT tr—= A = — AH AT | tr— 4
(Wolufh|Wo) =y e ek =elfol ] [ T —ifal |
tr4q 4 et A AP tre{ A (oo A |ee] A |e- tr— A
Vﬁ'-: ‘E,.-’T Vﬁ'-: t VJ [
P;Tz F:'-.|'=- -
Numerator V. Ve. V.
- Ll treq A%p=- — A A e N o o trela”
(PolVo g1 ¥o(Veu)) = gk, v gk = e [ = el 5
t-.'A "_A_A_ tr.-.'A-.{_-- t tr...A
Vy.r VH V‘s‘ Vﬁl- Vqr

(W] W) : Z,XZ, invariance

AH

AI’C

A

A




SPT property of the AKLT ground state

m String order parameter Iden Nijs-Rommelse (1989)]

— o ey |
Gi:}jing(glﬁfg) = (Wo|SE, -Hﬁi}h - SZ |Wo)/(Wo|Wo), [lj_i €™ € Za x 2, AP - ofae

Jj=1 e e
Can take a non-zero value only when o = wig.. g.)/w(g:, g=) = The intermediate operators can be
[Schuch et al. (2011) ) 1+ rephrased in the bond space.
Pollmann-Turner (2012) Charge carried by S? Projective rep.
Pollmann et al. (2012)] g9 §2e i7" . piv g5 (non-trivial topological property)
Normal 2pt correlation decays exponentially
tr—A =AM A AT A"—---—A“—M | } w.r.t. the interval.
= | s= ¢ | [ ¢5° | Uy | Wy 0 47 1yl€2—£]
L ) ut O ) _ dbvthel . | ¢
.Tfl—l Ts- o” Tie‘z-sl-g aZ Ts: Tli.—h Pomlna'Fe y the largest eigenvalue of T,
in magnitude.
trg Ty Y Ts=02 Ty 2 02Ts- -lTlL_EEI _ 4 Finite value independent of
o trufluTiL ; 9 the system length & operator interval.

L — oo, |tz — 1] = 00



m SPT-like properties of the scar subspace



QMBS of the AKLT model

® Quasiparticle description [chandran (2023)]

® Quasiparticle creation MPO
¥,) = QT|¥y), Q= E_;.- E”jq;f : Local excitations
im i itati i
t_ M o M M= el g Any local excitation can be created by MPO with a
QT = (T IM @@ M| L), o 1/, small bond dimension by finite state automaton.

: xu=2 dimensional bond space [Moudgalya (2018)]

m Repulsive properties
q}‘ﬂﬂ w =10, ['ﬂﬂw — () in the quasiparticle subspace W = span{(QT)"|¥y)}
. Adjacent or double occupation is
W, ) = [Q*]”I*lw, QT = Z_;.- E“jq} : n-quasiparticle excitation forbidden in W.
@) =p(t M-+ @, M| )y, M=g}M
: 2" dimensional bond space = 271 dimensional bond space
in total (stays finite for finite n).



SPT property of the AKLT QMBS

Inversion, Time-reversal,

® Bimagnon excitations moudgalya (2018)] & £;XZz-symmetric
span{| V1), (¥ )} = W

T = (QF)"|¥e), [H, QF]— ZQi|W — () :rSGA

Q™ = E_‘?:l e”-’f{.‘j’f}g = {1t |M* Rp ++* Rp M¥*| )4 :Single-site excitations Wihermal
N eim] (S:I:]'.E.‘ = Witten in the MPS with
M~ = ( 0 1 ) a bond dimension x,,= 2"
b

® Bimagnon excitations violate time-reversal & Z,XZ, sym.

Up|¥EY = |WE) :Inversion symmetric

Ur|¥E) = (—1)E| W) : Time-reversal exchanges the quasiparticle species

{Ef”SI]ﬁL (WY = |F) : Invariant under the m-rotation along the z-axis.
(Ei?TS'I]-E-L (W) = (—1)L| ) The m-rotation along the x-axis exchanges
" ™" the quasiparticle species.

The scar subspace is invariant

under inversion, time-reversal,
& Z,XZ,.

We may target the scar subspace
as the platform where the SPT-like
properties emerge.

[CM-Quella-Tsuji (in preparation)]



SPT property of the AKLT QMBS

® Topological properties of the bimagnon creation MPO [cv-auella-Tsuji (in preparation)]

® We assume the local on-site symmetry appears on the bond space of bimagnon
MPS as a linear or projective representation. < Scar MPS is not necessarily injective.

® We also assume this representation on the bond does not depend on the species.

Inversion The b tdt : ‘i g q :
upM:uL _ (1) = V.F’,Mi'if?,? SVl = o e bond transformation can depend on species.
ud
Time-reversal CMi\— — oyt
urMiu;— _ imSY pyEimSY V{—M:FVJ;—T = Vi =1 Kuﬂ'} V VT : Not depend on the species.
e | : Required for the topological properties of
insS + —imSF _ yr! == Tl ro_
e”” M™e =V M7Vl =V, =1 the scar subspace to be well-defined.

e MFTe T =V MTVT =V =1 = Satisfied by bimagnon MPS of the AKLT model.



SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS (cv-auella-Tsuji (in preparation)]

"= The entire topological property is determined by the combination with the
topological property of the ground state MPS. [Moudgalya et al. (2018)]

EX.) Z,XZ,-symmetry

Ground state MPS  V,, V,_ =|w(gs, 9:)/w(gz: 9:) V. Vi

-1 (projective rep.) indicating the non-trivial topological property.

Bimagnon MPS

e MTeT T = MF =2V, =1 T ;—mlﬁ-; - ;-ML-;
e MFTe ST = MT = vV, =1 : B B : : B _[Cim :

(Ve @V, &V, )V, 0V, -ev,) M- M e e
=Hv. e vy eV eV, vy a]- pLAR AT A b

-1 (projective rep.) = Bimagnon MPS also has the non-trivial topological property!



SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations
(n,+) 4 fo— g= n 4yt 4  The same value as
Ostrlng(gl ) = {lI[ |S:E'1 H : 53 S§3|lpn)/{an |1:[":|'1)I = ==

e’ :
i= fl+1 9 inthe ground state!!

0.4 (a) ——1(GS)~+ 110-% 130 = 150 | 04’ (© e 45(Sy) - 110 ¥ 1305~ 150 |

N 100 120140 | 100 120~ 140 | (a) L=10, Sztotzo (b) L=10, Sztot=2

0.2

| ~ (c) L=12, §7 =4 (d) L=12,S%,=6
0.0 M | % 00 M |
] g \.,,-—-_.._._._4_._-—-\'/ |
02 02 ~ The finite-size effect is very large for QMBS (S,, S4, S¢),

Ostring((] £2)
Ostring(f1,£2)

e e e e e .4 but QMBS behave differently compared to
0 2 4 6 8 10 0 2 4 6 8 10 12 . . .
- - the other states (a signature of finite values).
0_4r (b). o +5(S2) 110+ 130 = 150 | 0_4r ) o +48(S6) 110~ 130 = 150 .
100~ 120—=— 140 | 100 -+ 120—=140
02 02 Long-range string order survives in the scar states.
% 00 M % 0w A - = =0 . .
S, S, ¢ cf.) Asymptotic calculation tells that the normal
N L. | S2-S? correlation decays exponentially for small n.
6 . 2 4 6 . ; '1:0 0 .2. 4 . 6. .8.. l.D ..1_'2



SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations
The ground state

The scar subspace

Energy gap
The phase is protected by W The topological properties protected by
Non-trivial the on-site symmetry the on-site symmetry
phase p t+ the energy gap. + the restricted algebra.
0 MPS DPS = No level-crossing in W.

Ex. ) Hamiltonian with the scar subspace & Exactly solvable MPS ground state
Energy gap that fits the SPT classification.

Non-trivial Trivial The Hamiltonian has an on-site symmetry.
phase phase The gs is unique & gapped with the on-site symmetry of H.

AKLT




SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

@ Hamiltonian
H = Zj h’j:j+1 - Mat({SL;E) : Translationally invariant, Locally interacting
@ Exactly solvable MPS ground (zero-energy) state
Ty) = Zml.mg.....mLE{ﬂ 1.2} tr( A, Ay - A, ) € {r{jﬁ)@'fﬂ : Translationally invariant MPS

A, : Mat(2; C) {E‘i)gz with a fixed bond dim.
¢ - Mat(2;C) — (C°)®=,

X my mamee{0.1,2) V(X Ami Amy -+ A, ) My, myg, ... ,mye) : Amap from the bond space
to the physical space.
D& are sufficiently realized by the frustration-free condition

h-A®, A=0+TImA; Ckerh



SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

® two towers of bimagnon excitations [Moudgalya (2018), CM (2024)]
|‘I'f} = {Q*)”I‘I'u}, Qi = Ej{_ljj(*g;cjz
n=1 (single bimagnon excitation)

(h—&1) - ((ST)%A4 Ry A- ﬁ*@p (§F)24) =0 = H|¥UT) = 2E|¥T) : Guarantees the single bimagnon state is
the energy eigenstate.

General n
(S_f]l‘g[ﬂ;ljzl'-l-'ﬂ} =0, [Sj.:}‘il'-ﬂn} = (0 :Adjacent or double occupation are forbidden.
= [H, Q:':] — £Q™ |, = 0 :Restricted spectrum generating algebra!

@ Z,XZ, on-site symmetry



SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

D,2,R), & @ require the Hamiltonian to be
hjj+1 = E(|00)(00] + [22)(22|)

E
+5 Y " (lal)(al]| + [1a)(la| + |al)(1a| + |1a){al]) H, Q*] - £Q*|,, =0
a=0,2 = The last two lines are commuting
+h32[|02) (02| 4+ |20) (20| 4 |02)(20| 4 |20)(02|) terms with Q* in W.

+p33(102) (11| + [11)(02] + [20)(11] + [11)(20]) + |e[2hG3|11)(11]

The MPS ground state

By = ). - mpe{0.1,2) Tr (A, A, - A, ) Cont.ains 2 fre.e parameters for
y ' the fixed restricted spectrum.

) + 1 , W _
_ o .
1+ w2 @ One shows up in the MPS gs.

SRR 2T

An = 51}1_
At




SPT property of the AKLT QMBS

® Topological properties of the bimagnon QMBS [cv-auella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

m Representation of the Z,XZ, symmetry on the bond space.
'™ A = g Ao’ :I -

I
=|—J,

o, : The ground state stays in the non-trivial SPT phase.

imST r g
e " A= —o,Ac,

inSTF ) pk —imSTT

I — M™* : The bimagnon excitations are topologically trivial.

= The scar subspace always exhibits the non-trivial topological properties

for any value of the free parameters. Robust topological properties under perturbations
- Long—range string order that keep both on-site symmetry & the rSGA.
fa—1 inrS* = — 2
~ (@157, - T2y, 11 €75 - 7, |®57) 2|w|
0™y ) = ' =0t 2 ~ — —~ Non-zero finite value for w=0.

(Degenerate gs. )



= Summary



Summary

® Quantum many-body scars
® are local excitations that inherit ground state properties.

= exhibit similar SPT properties to the ground state for the AKLT model.
(checked by string order, topological charge, edge states, robustness by perturbations. )

= We further have to verify
= Existence of the scar-like subspace with SPT-like properties on top of the unsolvable gs.

® Connecting paths between scar Hamiltonians with trivial & non-trivial SPT properties.
(in order to extend the SPT “phase transition” to the scar subspace...)

Thank you for listening!
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