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Quantum thermalization

 Quantum thermalization

 Explained by the eigenstate thermalization hypothesis (ETH) for generic systems. 

 Several exceptions exist. 

“All the energy eigenstates cannot be distinguished from 
  the thermal state by macroscopic variables. ”

Many-body localization        ⇒ Macroscopic violation of spatial homogeneity.

Integrable systems
Hilbert space fragmentation

⇒ Exponentially many fragmentation of the Hilbert space

Completely non-thermalizing models. 

(Never thermalizes by starting from
 any initial state. )

[Deutsch (1991), Srednicki (1994)]

[Retort et al. (2003), 
 Pai et al. (2019)]

[Basko et al. (2006)]



Quantum thermalization

 Quantum many-body scars (QMBS)

 Non-thermal energy eigenstates of non fully non-thermalizing models. 

 Typically appear for Hamiltonians with small invariant subspaces. 

Excluding QMBL, integrable systems, HSF

A generic initial state thermalizes. 
An initial state in W does not thermalize. 

⇒ Partially non-thermalizing model. 

cf.) Projector embedding
      Restricted algebra

[Turner et al. (2017)]

[Shiraishi et al. (2017)]

[Moudgalya et al. (2018)] + an exactly solvable state

: solvable spectrum in W



Quantum many-body scars

 Example: Perturbed spin-1 XY model

 Trivial energy eigenstate (Reference states)

 Solvable energy eigenstate

 rSGA holds in W. 

[Schecter et al. (2019)]

Non-integrable model 

Not all energy eigenstates are solvable. 
Some energy eigenstates are solvable (QMBS). 

is the solvable & dynamically isolated 
small subspace (dim = L+1 ≪ 3L). 

⇒ Produces long-lived oscillation in W. 
[Chandran et al. (2023)]



Quantum many-body scars

 Example: AKLT model

 MPS ground state

 Bimagnon excitations

 rSGA holds in W. 

[Affleck-Kennedy-Lieb-Tasaki (1987)]

Non-integrable model 

Not all energy eigenstates are solvable. 
Some energy eigenstates are solvable (QMBS). 

: Frustration-free condition

are the solvable & dynamically isolated 
small subspace (dim = L/2 ≪ 3L). 

[Moudgalya et al. (2018)]

Repulsive property of bimagnons that 
forbids adjacent or double occupation. 

⇒ Produces long-lived oscillation in W. 



Quantum many-body scars

 Characterization

 Long-lived oscillations.  

 Relatively small entanglement entropy            . 

[Bernien et al. (2017)]

Domain-wall density after the 
quench from 
on the Rydberg atom chain.  

(●: Excited state; ○: Ground state)

These properties are quite similar  to the ground state properties! 

⇒ Can we “reprint” the ground state properties on the QMBS?

Ex.) Quantum phase transition

cf.) Thermal pure states have EE behaving as               . 

[Chandran et al. (2003)]

Half-chain EE of the spin-1 XY model 
in zero-magnetization sector. 
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Symmetry protected topological phase

 Symmetry protected topological (SPT) phase 

 A quantum phase that is defined for short-range entangled states with an on-site 
symmetry at zero temperature. 

 No local order parameter. 
⇒ Characterized by hidden long-rage order (String order), Topological response, 
     Projective rep. on the bond space, Robustness under perturbations, and etc. 

i.e. the ground state

cf.) Spin-1 model On-site symmetries: Inversion, Time-reversal, Z2×Z2

Different phases cannot be adiabatically connected without 
closing the energy gap or violating the on-site symmetry!

[Gu-Wen (2009), Pollmann et al. (2010), Chen et al. (2013)]

The phases are protected by the on-site symmetry 
                                                   + the energy gap. 

Energy gap

D

Non-trivial
phase

Trivial
phase

MPS gs DPS gs0



Symmetry protected topological phase

 Symmetry protected topological (SPT) phase 

 Sophisticatedly classified by the language of cohomology once the ground state is 
written by the matrix product state (MPS). 

 Affleck-Kennedy-Lieb-Tasaki (AKLT) model is a typical model that belongs to the 
non-trivial SPT phase. 

This is approximately possible since the SPT discusses short-range entangled states. 

SPT phases are distinguished by the representations (linear/projective) of the on-site 
symmetry that appear on the bond space. 

Exact ground state is written in a MPS form. 

Existence of a tower of QMBS is known. 
⇒ AKLT model is a good platform to test 
     the emergence of SPT properties in QMBS. 

[Chen et al. (2012)]

[Pollmann et al. (2010)]



SPT property of the AKLT ground state

 AKLT model

 Matrix product ground state

On-site symmetry + Injectivity

⇒ 

On-site symmetries: 
Inversion    , Time-reversal    , Z2×Z2

On-site symmetry appears 
on the bond space!

Ex.) Z2×Z2-symmetry

Emergence of non-trivial phase factor
(Projective representations) 

cf.) 
Abelian group

Spin-1 model
⇒ 3-components

[Affleck-Kennedy-Lieb-Tasaki (1987)]

No phase appearance

[Pollmann et al. (2010), Chen et al. (2012)]



SPT property of the AKLT ground state

 Topological response

…

Boundary twisting operator 
associated with Z2×Z2. 

Denominator …

…

Numerator
…

…

…

…

: Z2×Z2 invariance

…

…

…

…

…

…

Extra phase ⇒ Non-trivial topological property!

[Gu et al. (2013), Gu-Wen (2014)]



SPT property of the AKLT ground state

 String order parameter

 
⇒ The intermediate operators can be
    rephrased in the bond space.

[den Nijs-Rommelse (1989)]

…

…

…

…

…

…

Finite value independent of 
the system length & operator interval. 

Charge carried by Sz 

Can take a non-zero value only when 

Projective rep. 
(non-trivial topological property)

Dominated by the largest eigenvalue of T1

in magnitude. 

Normal 2pt correlation decays exponentially 
w.r.t. the interval. 

[Schuch et al. (2011), 
 Pollmann-Turner (2012), 
 Pollmann et al. (2012)]
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QMBS of the AKLT model

 Quasiparticle description

 Quasiparticle creation MPO

 Repulsive properties 

[Chandran (2023)]

: Local excitations

: χM=2 dimensional bond space

Any local excitation can be created by MPO with a 
small bond dimension by finite state automaton. 

: n-quasiparticle excitation

in the quasiparticle subspace 

Adjacent or double occupation is 
forbidden in W. 

: 2n dimensional bond space

[Moudgalya (2018)]

⇒ 2n+1 dimensional bond space
     in total (stays finite for finite n). 



SPT property of the AKLT QMBS

 Bimagnon excitations

 Bimagnon excitations violate time-reversal & Z2×Z2 sym. 

[Moudgalya (2018)]

Inversion, Time-reversal, 
& Z2×Z2-symmetric

: Single-site excitations

⇒ Witten in the MPS with 
     a bond dimension χM= 2n+1

: Inversion symmetric

: Time-reversal exchanges the quasiparticle species

: Invariant under the π-rotation along the z-axis. 
  The π-rotation along the x-axis exchanges 
  the quasiparticle species. 

We may target the scar subspace 
as the platform where the SPT-like 
properties emerge.

[CM-Quella-Tsuji (in preparation)]

: rSGA

The scar subspace is invariant 
under inversion, time-reversal, 
& Z2×Z2. 



SPT property of the AKLT QMBS

 Topological properties of the bimagnon creation MPO

 We assume the local on-site symmetry appears on the bond space of bimagnon 
MPS as a linear or projective representation. 

 We also assume this representation on the bond does not depend on the species. 

Inversion

Time-reversal

Required for the topological properties of 
the scar subspace to be well-defined. 

Z2×Z2

Scar MPS is not necessarily injective.

The bond transformation can depend on species. 

⇒ Satisfied by bimagnon MPS of the AKLT model.

[CM-Quella-Tsuji (in preparation)]

: Not depend on the species. 



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS

 The entire topological property is determined by the combination with the 
topological property of the ground state MPS. 

Ex. ) Z2×Z2-symmetry

… … …… … …

[CM-Quella-Tsuji (in preparation)]

Ground state MPS

[Moudgalya et al. (2018)]

-1 (projective rep.) indicating the non-trivial topological property. 
Bimagnon MPS

-1 (projective rep.) ⇒ Bimagnon MPS also has the non-trivial topological property! 



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS [CM-Quella-Tsuji (in preparation)]

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations
The same value as 
in the ground state!!

(a) L=10, Sz
tot=0   (b)  L=10, Sz

tot=2
(c)  L=12, Sz

tot=4   (d)  L=12, Sz
tot=6 

The finite-size effect is very large for QMBS (S2, S4, S6), 
but QMBS behave differently compared to 
the other states (a signature of finite values). 

cf. ) Asymptotic calculation tells that the normal 
       Sz-Sz correlation decays exponentially for small n. 

Long-range string order survives in the scar states. 



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS
Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

The phase is protected by 
the on-site symmetry 
+ the energy gap. 

The topological properties protected by 
the on-site symmetry
+ the restricted algebra. 

⇒ No level-crossing in W. 

The ground state The scar subspace

Ex. ) Hamiltonian with the scar subspace & Exactly solvable MPS ground state
                                                                              that fits the SPT classification. 

The Hamiltonian has an on-site symmetry. 
The gs is unique & gapped with the on-site symmetry of H.

[CM-Quella-Tsuji (in preparation)]

Energy gap

D

Non-trivial
phase

Trivial
phase

MPS DPS0

Energy gap

D

Non-trivial
phase

Trivial
phase

AKLT0



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS
Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

① Hamiltonian

: Translationally invariant, Locally interacting

② Exactly solvable MPS ground (zero-energy) state

: Translationally invariant MPS 
  with a fixed bond dim. 

①&② are sufficiently realized by the frustration-free condition

: A map from the bond space 
  to the physical space.

[CM-Quella-Tsuji (in preparation)]



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS
Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

③ two towers of bimagnon excitations

n=1 (single bimagnon excitation)

[Moudgalya (2018), CM (2024)]

: Guarantees the single bimagnon state is 
  the energy eigenstate. 

General n

: Adjacent or double occupation are forbidden. 

: Restricted spectrum generating algebra!

④ Z2×Z2 on-site symmetry

[CM-Quella-Tsuji (in preparation)]



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS
Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

①,②,③, & ④ require the Hamiltonian to be 

Contains 2 free parameters for 
the fixed restricted spectrum. 

The MPS ground state

⇒ The last two lines are commuting 
     terms with Q± in W. 

One shows up in the MPS gs. 

[CM-Quella-Tsuji (in preparation)]



SPT property of the AKLT QMBS

 Topological properties of the bimagnon QMBS

 Representation of the Z2×Z2 symmetry on the bond space.

 Long-range string order 

Non-trivial topological response, Non-zero long-range string order, Robustness under perturbations

: The ground state stays in the non-trivial SPT phase.

: The bimagnon excitations are topologically trivial. 

⇒ The scar subspace always exhibits the non-trivial topological properties
    for any value of the free parameters.  Robust topological properties under perturbations

that keep both on-site symmetry & the rSGA. 

Non-zero finite value for ω≠0. 
(Degenerate gs. )

[CM-Quella-Tsuji (in preparation)]
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Summary

 Quantum many-body scars 

 are local excitations that inherit ground state properties. 

 exhibit similar SPT properties to the ground state for the AKLT model. 
(checked by string order, topological charge, edge states, robustness by perturbations. )

 We further have to verify 

 Existence of the scar-like subspace with SPT-like properties on top of the unsolvable gs. 

 Connecting paths between scar Hamiltonians with trivial & non-trivial SPT properties.
(in order to extend the SPT “phase transition” to the scar subspace…)  

Thank you for listening!
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