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Hall effect

• The classical Hall effect has been discovered by Edwin Hall in 1879. It is the observation of

a transverse voltage for a conductor in a magnetic field. It is due to the Lorentz force acting

on the electrons.

• As a result, the resistivity is expected to behave as follows
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Quantum Hall effect

• The quantum Hall effect (QHE) refers to the observation of plateaux in the resistivity at

low temperatures and strong magnetic field. The measured resistance is given by the formula

Rxy =
VHall

I
=

h

e2ν
.

 Plateaux are labeled by the filling factor ν, it takes either integer or fractional values.

 Integer QHE observed by Klaus von Klitzing in 1980 in MOSFET.

 Fractional QHE discovered by Daniel Tsui and Horst Störmer in 1982 in GaAs samples.
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Integer quantum Hall effect

• The integer QHE has a simple quantum mechanical explanation. It is due to the impurities

in the material that lift the macroscopic degeneracy of the Landau levels. Impurities also turn

extended states into localized states. Since these states cannot carry a current, they do not

contribute to the conductivity.

⇒ Observe plateaux of length proportional to the amount of impurities!
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Fractional quantum Hall effect

• The explanation of the fractional QHE is of a different nature and involve interactions

between electrons which was previously neglected.

• The filling factor ν takes a specific set of rational values. The first explanation of the FQHE

was proposed by Laughlin in 1983. He wrote the expression of an effective ground state wave

function for the values filling factors ν = 1/k with k odd,

ψ(x) =
∏
a<b

(xa − xb)ke−
eB
4~

∑
a |xa|

2
.

• The model exhibits excitations called quasi-holes with the wave function

ψ(ζi , x) =
∏
i<j

(ζi − ζj )1/k ×
∏
i

∏
a

(ζi − xa)×
∏
a<b

(xa − xb)ke−
eB
4~

∑
a |xa|

2
,

They carry a fraction of the charge of the electrons. They also obey a fractional statistics,

namely they are (abelian) anyons!
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• Model of the fractional QHE with more general filling factors ν = p/(k + pn) involve

non-abelian anyons. The statistics of these anyons (braiding) is given in terms of a non-trivial

matrix transformation.

 This property is particularly interesting to implement quantum computations!

• In fact, anyons are topologically protected quantum states. They are very good candidates

to realize fault-tolerant quantum processors!

• So far, there have been no confirmed observation of non-abelian anyons in condensed matter

systems, but they have been realized on quantum processors [G. Q. AI and Collaborators, Nature

618 (2023) 264–269]. Some cold atom systems are expected to also show similar properties.
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Motivations

• They are three main approaches to the fractional QHE:

Numerical calculations using realistic condensed matter models

Direct proposal of wave functions with good physical properties.

 Usually coming from a CFT correlator, e.g. WZW models with Kac-Moody

symmetry.

Field theory (IR) description using 3d Chern-Simons theory

 Abelian FQHE: U(1) Chern-Simons level k (ν = 1/k)

 Non-abelian FQHE: U(p) Chern-Simons level k (ν = p/(k + p)).

⇒ So, what’s new?
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• In [2401.03087], we introduce a new quantum model for the non-abelian FQHE. It is

obtained as the diagonalization of a matrix model proposed by [Dorey, Tong, Turner 2016]. This

model describes the vortices of 3d U(p) Chern-Simons theory.

• We recover some of the known wave functions obtained as CFT correlators. It is also

possible to show the emergence of a Kac-Moody symmetry in the large N limit.

 It relates the Chern-Simons and CFT approaches!

• The Hamiltonian of our quantum system is a higher spin version of the Calogero

Hamiltonian, it has been shown to be an integrable system.

 Use the algebraic techniques of integrable systems to do exact calculations!
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2. Spin Calogero model
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Definition of the model

• The model depends of the following parameters:

N ∈ Z≥0 the number of vortices in Chern-Simons theory

p ∈ Z>0 the rank of the non-abelian U(p) symmetry

k ∈ Z≥0 the level of the Chern-Simons theory (filling factor ν = p/(k + p)).

B ∈ R the magnetic field (strength of the confining potential)

• The model describes N particles of coordinates xa ∈ R carrying a representation of the U(p)

symmetry. The spin structure is introduced using the bosonic oscillators ϕ†i,a, ϕi,a,

[ϕi,a, ϕ
†
j,b] = δi,jδa,b, i , j = 1 · · · p, a, b = 1 · · ·N.

 At level k, each particle carries a state built from k oscillators ϕ†i1,a · · ·ϕ
†
ik ,a
|∅〉.

⇒ The model involves higher order symmetric representations of the U(p) symmetry!
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• The Hamiltonian of the model reads

H =
N∑

a=1

(
−
∂2

∂x2
a

+ B2x2
a

)
+ 2

N∑
a,b=1
a<b

Ja,bJb,a

(xa − xb)2
,

where Ja,b are the generators of gl(N) acting on the spin components,

Ja,b =

p∑
i=1

ϕ†i,aϕi,b, [Ja,b, Jc,d ] = δa,dJc,b − δb,cJa,d .

• The model exhibits a global U(p) invariance generated by

Ki,j =
N∑

a=1

ϕ†i,aϕj,a, [Ki,j ,Kk,l ] = δj,kKi,l − δi,lKk,j .

⇒ Let’s examine some specific values of p and k!
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Specializations

• For p = 1, we recover the Calogero Hamiltonian describing the abelian model

H(p=1) =
N∑

a=1

(
−
∂2

∂x2
a

+ B2x2
a

)
+ 2

N∑
a,b=1
a<b

k(k + 1)

(xa − xb)2
.

 This is a well-known integrable system!

• When k = 0, particles carry no spin degree of freedom and the interaction term vanishes.

 We are left with N decoupled Harmonic oscillators!

• When k = 1, particles carry a fundamental representation and the interaction term

simplifies. We recover the spin-Calogero model involving the permutation of spins Pa,b,

H(k=1) =
∑
a

(
−
∂2

∂x2
a

+ B2x2
a

)
+ 2

N∑
a,b=1
a<b

1 + Pa,b

(xa − xb)2
.

 This model is known to be integrable and has Yangian symmetry Y (slp)!

⇒ Let’s examine the main properties of this model!
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Simplification

• To simplify our analysis, we also perform the following technical manipulations:

Conjugation of the Hamiltonian,

H̃ = e
B
2

∑
a x

2
aHe−

B
2

∑
a x

2
a =

∑
a

(
−
∂2

∂x2
a

+ 2Bxa
∂

∂xa

)
+ NB +

∑
a 6=b

Ja,bJb,a

(xa − xb)2
.

 Wave functions have a common Gaussian factor e−
B
2

∑
a x

2
a omitted here.

Rescaling of the coordinates xa → B−1/2xa and energies H̃ → B−1H̃ to set B = 1.

Use a polynomial representation for the spin states,

ϕ†i1,a · · ·ϕ
†
ik ,a
|∅〉 → yi1,a · · · yik ,a, ϕi,a → ∂i,a =

∂

∂yi,a
.

 States are expressed as polynomial wave functions Ψ(x , y).

They are homogeneous of total degree k in yi,a for each particle a.
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Spectrum and eigenfunctions

• To express the wave functions, we first define the wedge states as N × N determinants,

Yr (x , y) = [yi1x
n1 ∧ · · · ∧ yiN x

nN ] =

∣∣∣∣∣∣∣∣∣∣
yi1,1(x1)n1 · · · yiN ,1(x1)nN

...
...

yi1,N(xN)n1 · · · yiN ,N(xN)nN

∣∣∣∣∣∣∣∣∣∣
.

They are labeled by N-tuple integers r = (r1, · · · , rN), ordered as 0 ≤ r1 < r2 < · · · < rN ,

which decompose as ra = nap + ia − 1 with ia ∈ [[1, p]] under Euclidean division.

 It vanishes trivially when two columns coincide (i.e. ra = rb for a 6= b).

• For k ∈ Z>0 fixed, we introduce the following set of wave functions

ψr(x , y) = ∆(x)
k∏
α=1

Y
r

(α) (x , y), ∆(x) =
∏
a<b

(xa − xb).

They are labeled by k tuples of p integers (ordered as before), r =
{
r

(1), · · · , r (k)
}

. We also

assume that re-ordering of r (α) in r does not give a new element.
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Main result: We proved that the Hamiltonian H has a triangular action on functions ψr(x , y),

H̃ψr(x , y) = E(r)ψr(x , y) +
∑

|s|=|r|−2

C(r, s)ψs(x , y),

where C(r, s) is a coefficient. This can be inverted to write down the eigenfunctions,

Ψr(x , y) = ψr(x , y) +
∑

|s|≤|r|−2

D(r, s)ψs(x , y) .

 We deduce the energy spectrum

E(r) = 2|r|+ N, |r| =
k∑
α=1

N∑
a=1

br (α)
a /pc =

k∑
α=1

N∑
a=1

n
(α)
a .

! These wave functions are not linearly independent!

 This can be seen e.g. from the existence of Plücker relations between determinants.
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We deduce the ground states wave function from the triangular action:

When p|N: When k = 1, the ground state is unique and corresponds to

r0 = (0, 1, 2, · · · ,N − 1),

Yr0 (x , y) = [y1 ∧ · · · ∧ yp ∧ y1x ∧ · · · ∧ ypx ∧ · · · ∧ y1x
m−1 ∧ · · · ∧ ypx

m−1].

 The ground state is also a singlet for k > 1, with the wave function ψr0 = ∆(Yr0 )k .

When N = mp + q with 0 < q ≤ p − 1: The ground state for k = 1 is
(

p
q

)
-fold

degenerate. It corresponds to a choice of spin for q extra particles,

Yr0 (x , y) = [y1∧· · ·∧yp∧y1x∧· · ·∧ypx∧· · ·∧y1x
m−1∧· · ·∧ypxm−1∧yi1x

m∧· · ·∧yiq x
m].

The corresponding ground state energy is E(r0) = pm(m − 1) + 2qm. When k > 1,

ground states wave functions are products of k determinants,

ψr0 (x , y) = ∆(x)
k∏
α=1

Y
r

(α)
0

(x , y), r0 = (r
(1)
0 , · · · , r (k)

0 ).

The corresponding energy is simply E(r0) = kE(r0).
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Other properties

• We show that the ground state wave functions obey the Knizhnik-Zamolodchikov equation,

(p + k)∂aΦr0 (x , y) =
∑
b 6=a

Ja,bJb,a

xa − xb
Φr0 (x , y), Φr0 (x , y) = ∆(x)−1ψr0 (x , y).

• Many known FQHE wave functions can be recovered from ψr(x , y). For instance, taking

k = 2, p = 2, N = 2m, we find a singlet ground state r0 = (r0, r0) with

r0 = {0, 1, · · · , 2m − 1}. The corresponding wave function reproduces the Moore-Read wave

function.

• Wedge states wave functions exhibits generalized statistics: Yr0 (x , y) do not vanish when

two coordinates coincide xa → xb due to the presence of the spin variables yi,a. But they do

vanish when p + 1 particles approach each other since at least two particles will have the same

spin.
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Free fermion formalism

• Realize wedge states for k > 1 as a (non-relativistic) free fermion correlator,{
ψi,α
n , ψ̄j,β

m

}
= δi,jδα,βδn,m,

{
ψi,α
n , ψj,β

m

}
=
{
ψ̄i,α
n , ψ̄j,β

m

}
= 0 .

 Fermionic modes carry three types of indices: a spin label i , j ∈ [[1, p]], a Chern-Simons

level α, β ∈ [[1, k]] and a mode number n ∈ Z≥0.

• Solve the problem of state overcounting by taking a quotient under su(k)-symmetry.

• Use this description to see the emergence of Kac-Moody symmetry ŝu(p)k in the large N

limit.
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Quantum algebras

• The main open question of our paper was the integrability of the model. Using a geometric

construction of the Hilbert space, and the action of the Deformed Double Current Algebra,

[Hu, Li, Ye, Zhou 2409.12486] obtained:

- Proof of integrability and Yangian invariance.

- Proof of emergence of Kac-Moody symmetry from DDCA generators as N →∞.

- Study of the Calogero-Sutherland version of the model,

HCS = −
N∑

a=1

(
xa

∂

∂xa

)2

+ 2
N∑

a,b=1
a<b

xaxb

(xa − xb)2
Ja,bJb,a.

 Spectrum of the Hamiltonian (labeled by Gelfand-Tsetlin patterns).

- ...
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3. Quantum Hall Matrix Models
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Matrix model approach to the quantum Hall effect

• In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

• Polychronakos introduced a U(N) matrix model as a regularization of Susskind’s model to

describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

• In 2004, Tong re-interpreted Polychronakos’s matrix model as a description of vortices in an

abelian commutative Chern-Simons theory.

• Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of

Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-abelian Chern-Simons theory.

⇒ In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

Matrix model approach to the quantum Hall effect

• In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

• Polychronakos introduced a U(N) matrix model as a regularization of Susskind’s model to

describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

• In 2004, Tong re-interpreted Polychronakos’s matrix model as a description of vortices in an

abelian commutative Chern-Simons theory.

• Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of

Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-abelian Chern-Simons theory.

⇒ In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

Matrix model approach to the quantum Hall effect

• In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

• Polychronakos introduced a U(N) matrix model as a regularization of Susskind’s model to

describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

• In 2004, Tong re-interpreted Polychronakos’s matrix model as a description of vortices in an

abelian commutative Chern-Simons theory.

• Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of

Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-abelian Chern-Simons theory.

⇒ In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

Matrix model approach to the quantum Hall effect

• In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

• Polychronakos introduced a U(N) matrix model as a regularization of Susskind’s model to

describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

• In 2004, Tong re-interpreted Polychronakos’s matrix model as a description of vortices in an

abelian commutative Chern-Simons theory.

• Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of

Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-abelian Chern-Simons theory.

⇒ In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

Matrix model approach to the quantum Hall effect

• In 2001, Susskind proposed a description of the abelian FQHE using a non-commutative

U(1) Chern-Simons theory at level k.

• Polychronakos introduced a U(N) matrix model as a regularization of Susskind’s model to

describe the microscopic dynamics of a droplet of N electrons. Diagonalizing the model, he

found that the dynamics of eigenvalues is governed by the Calogero Hamiltonian.

• In 2004, Tong re-interpreted Polychronakos’s matrix model as a description of vortices in an

abelian commutative Chern-Simons theory.

• Following this interpretation, Dorey Tong and Turner introduced in 2016 an extension of

Polychronakos’s matrix model with an additional U(p) symmetry to render the dynamics of

vortices in the non-abelian Chern-Simons theory.

⇒ In [JEB-Matsuo 2401.03087], we diagonalized the matrix model and obtained a spin version

of the Calogero Hamiltonian involving order k symmetric representations of U(p).



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

DTT matrix model

• The matrix model introduced by [Dorey, Tong, Turner 2016] describes the moduli space of

vortices. It involves a N × N complex matrix Z(t) and p N-dimensional vectors ϕi (t)

S =

∫
dt

[
1

2
iB tr(Z†DtZ) + i

p∑
i=1

ϕ†i Dtϕi − (k + p) trα− ω tr(Z†Z)

]

 It depends on the parameters B (magnetic field), ω (strength confining potential) and k

(Chern-Simons level)

• The model also contains a non-dynamical gauge field α entering in the covariant derivatives

DtZ = ∂tZ − i [α,Z ], Dtϕi = ∂tϕi − iαϕi . This gauge field imposes the constraint of the

Gauss law
B

2
[Z ,Z†] +

p∑
i=1

ϕiϕ
†
i = (k + p)1N .



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

DTT matrix model

• The matrix model introduced by [Dorey, Tong, Turner 2016] describes the moduli space of

vortices. It involves a N × N complex matrix Z(t) and p N-dimensional vectors ϕi (t)

S =

∫
dt

[
1

2
iB tr(Z†DtZ) + i

p∑
i=1

ϕ†i Dtϕi − (k + p) trα− ω tr(Z†Z)

]

 It depends on the parameters B (magnetic field), ω (strength confining potential) and k

(Chern-Simons level)

• The model also contains a non-dynamical gauge field α entering in the covariant derivatives

DtZ = ∂tZ − i [α,Z ], Dtϕi = ∂tϕi − iαϕi . This gauge field imposes the constraint of the

Gauss law
B

2
[Z ,Z†] +

p∑
i=1

ϕiϕ
†
i = (k + p)1N .



Introduction Spin Calogero model Quantum Hall Matrix Models A2 Calogero Model Discussion

• In [Dorey, Tong, Turner 2016], the complex matrix Z is diagonalized. Instead, we followed

Polychronakos’s original approach and decomposed the matrix Z in terms of Hermitian

matrices,

Z = X1 + iX2, Z† = X1 − iX2.

As a result, the action takes the form

S =

∫
dt

(
−
B

2
tr
(
X1Ẋ2 − X2Ẋ1

)
+ i

p∑
i=1

ϕ†i ϕ̇i − ω tr(X 2
1 + X 2

2 ) + tr
[
αG(X1,X2, ϕi , ϕ

†
i )
])

,

with G(X1,X2, ϕi , ϕ
†
i ) = −iB[X1,X2] +

p∑
i=1

ϕiϕ
†
i − (k + p)1N ,
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Diagonalization

• The diagonalization is done following the usual method. Exploiting the U(N) invariance, we

decompose X1(t) = Ω(t)†x(t)Ω(t) with (x)a,b = xaδa,b, Ω ∈ SU(N). We derive the momenta

and move to the Hamiltonian frame,

H = ω tr(x2 + (X2)2) = ω
N∑

a=1

(
x2
a +

p2
a

B2

)
+ 2

ω

B2

∑
a<b

(Ja,b − Π+
a,b)(Jb,a − Π−a,b)

(xa − xb)2
,

where Π±a,b are momenta associated to angular degrees of freedom, and

Ja,b =

p∑
i=1

ϕ†i,aϕi,b, pa =
δL
δẋa

= BX2 a,a,

• Then, we impose the canonical quantization conditions. The gauge constraint imposed on

physical states implies

Π±a,b |phys〉 = 0, Ja,a |phys〉 = k |phys〉 .

 The parameter k identified to a mode number is quantized!
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• Due to the Vandermonde determinant in the measure coming from the diagonalization

dX1 = dΩdx∆(x), the momentum pa acts on wave functions as

pa = −i∆(x)−1∂a∆(x), ∆(x) =
N∏

a,b=1
a<b

(xa − xb).

• Taking these facts into account, we find the Hamiltonian acting on physical states,

H =
ω

B2

 N∑
a=1

(
−∆(x)−1∂2

a∆(x) + B2x2
a

)
+ 2

∑
a<b

Ja,bJb,a

(xa − xb)2

 ,

 The Hamiltonian H of our model is obtained upon rescaling by a factor ω−1B2, and a

conjugation with the Vandermonde H → ∆(x)H∆(x)−1.

! In the following, set B = 1 upon rescaling of variables xa.
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Quivers

• The matrix model describes a quantum mechanics associated to the quiver

Frozen node Cp ,

Gauge node CN ,

Vertical arrows ϕ ∈ Hom(CN ,Cp),

Loop Z ∈ End(CN).

 The real moment map of the quiver coincides with the Gauss law,

1

2
[Z ,Z†] +

p∑
i=1

ϕiϕ
†
i = (k + p)1N .

⇒ This quiver describes the moduli space of vortices of the Chern-Simons theory.
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• A natural generalization of the previous quiver is the A2 quiver

Two frozen nodes Cp , Cp̃ ,

Two gauge nodes CN , CÑ ,

Vertical arrows ϕ ∈ Hom(CN ,Cp), ϕ̃ ∈ Hom(CÑ ,Cp̃).

Loops Z ∈ End(CN), Z̃ ∈ End(CÑ),

Horizontal arrow B ∈ Hom(CÑ ,CN).

 We now have two real moment maps (Gauss laws)

1

2
[Z ,Z†] +

p∑
i=1

ϕiϕ
†
i +

Ñ∑
c=1

Ba,cB
†
c,b = (k + p + Ñ)1N ,

1

2
[Z ,Z†] +

p∑
i=1

ϕiϕ
†
i −

N∑
c=1

B†a,cBc,b = (k̃ + p̃)1N .

⇒ Could this quiver describe states in the higher Landau levels?
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A2 Spin Calogero model

• After diagonalization, we find two Spin Calogero Hamiltonians coupled by the exchange of

spin excitations,

H =

1

2

N∑
a=1

(
−
∂2

∂x2
a

+ x2
a

)
+
∑
a<b

(Ja,b − JB
†

a,b )(Jb,a − JB
†

b,a)

(xa − xb)2


+ Λ

1

2

Ñ∑
a=1

(
−
∂2

∂y2
a

+ y2
a

)
+
∑
a<b

(J̃a,b + JBa,b)(J̃b,a + JBb,a)

(ya − yb)2

 ,

where we denoted Λ = ω̃/ω, xa and ya are resp. the coordinates of vortices and excitations.

• The spin structure is given by the gl(N) and gl(Ñ) symmetry generators,

Ja,b =

p∑
i=1

ϕ†i,aϕi,b, J̃a,b =

p̃∑
i=1

ϕ̃†i,aϕ̃i,b,

JBa,b =
Ñ∑

c=1

B†c,aBb,c , JB
†

a,b =
N∑

c=1

B†b,cBc,a.
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• The gauge constraint suppress the angular degrees of freedom, and impose(
Ja,a − JB

†
a,a

)
|phys〉 = k |phys〉 ,

(
J̃a,a + JBa,a

)
|phys〉 = k̃ |phys〉 .

 Thus, k̃ fixes the total number of B† and ϕ̃† excitations, while k is the difference

between ϕ† and B† excitations.

⇒ Let’s examine the abelian model more closely...
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4. A2 Calogero Model
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Abelian model

• To try to better understand the model, we make the following assumptions:

Since we are mainly interested in B† excitations, we take p̃ = 0, so there is no ϕ̃†

excitations.

We focus on the abelian model p = 1.

⇒ The Hamiltonian reduces to

H =

1

2

N∑
a=1

(
−
∂2

∂x2
a

+ x2
a

)
+
∑
a<b

(Ja,b − JB
†

a,b )(Jb,a − JB
†

b,a)

(xa − xb)2


+ Λ

1

2

Ñ∑
a=1

(
−
∂2

∂y2
a

+ y2
a

)
+
∑
a<b

JBa,bJ
B
b,a

(ya − yb)2

 ,

with Ja,b = ϕ†aϕb, JBa,b =
∑Ñ

c=1 B
†
c,aBb,c , JB

†
a,b =

∑N
c=1 B

†
b,cBc,a (J̃ = 0), andϕ†aϕa −

Ñ∑
b=1

B†a,bBb,a

 |phys〉 = k |phys〉 ,
N∑

b=1

B†b,aBa,b |phys〉 = k̃ |phys〉 .
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Case of a single excitation

• We first restrict ourselves to a single excitation (Ñ = 1),

Ja,b = ϕ†aϕb, J̃ = 0, JB
†

a,b = B†bBa, JB =
∑
a

B†aBa.

• The Hamiltonian takes the form

H = HCM
0 (x) + ΛHCM

0 (y) +
∑
a<b

(ϕ†aϕb − B†bBa)(ϕ†bϕa − B†aBb)

(xa − xb)2
,

where we introduced the notation for the Calogero hamiltonian with coupling λ,

HCM
λ (x) =

1

2

∑
a

(
−
∂2

∂x2
a

+ x2
a

)
+
∑
a<b

λ(λ+ 1)

(xa − xb)2
.

 When λ = 0, we it reduces to decoupled harmonic oscillators.
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• The constraints are
N∑

a=1

B†aBa = k̃, ϕ†aϕa − B†aBa = k,

 Each particle carries a state (B†a )na (ϕ†a)na+k |∅〉, with na ≥ 0.

 The CS level k̃ =
∑

a na controls the total number of B† excitations.

• We deduce the action of the interaction term on the basis |n〉 =
∏

a(B†a )na (ϕ†a)na+k |∅〉,

(ϕ†aϕb − B†bBa)(ϕ†bϕa − B†aBb) |n〉 = ((k + na)(k + nb + 1) + nb(na + 1)) |n〉

− nb(k + nb) |n + δa − δb〉 − na(k + na) |n − δa + δb〉

 This term can be diagonalized, leading to an expression of the Hamiltonian in different

spin sectors.

⇒ Let’s look at examples for small N!
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• Two vortices and one excitation: a general spin state takes the form

|n〉 = |n1, n2〉 = (B†1 )n1 (ϕ†1)n1+k (B†2 )n2 (ϕ†2)n2+k |0〉 .

 We find the following results for small k̃:

k̃ = 0 : Only one spin state with HI |0, 0〉 = k(k + 1) |0, 0〉, and so

H(x , y)||0,0〉 = HCM
k (x) + ΛHCM

0 (y).

k̃ = 1 : Two spin states {|1, 0〉 , |0, 1〉}, the interaction term has two eigenvalues k(k + 1)

and (k + 1)(k + 2) with eigenstates |±〉 = |10〉 ± |01〉,

H(x , y)||+〉 = HCM
k (x) + ΛHCM

0 (y), H(x , y)||−〉 = HCM
k+1(x) + ΛHCM

0 (y).

k̃ = 2 : Interaction term has eigenvalues k(k + 1), (k + 1)(k + 2), (k + 2)(k + 3),

H(x , y)||1〉 = HCM
k (x) + ΛHCM

0 (y), |1〉 = |20〉+ 2 |11〉+ |02〉

H(x , y)||0〉 = HCM
k+1(x) + ΛHCM

0 (y), |0〉 = |20〉 − |02〉

H(x , y)||−1〉 = HCM
k+2(x) + ΛHCM

0 (y), |−1〉 = |20〉 − 2
k + 2

k + 1
|11〉+ |02〉 .
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• Three vortices and one excitation: We can no longer factorize the coordinate dependence in

the interaction term,

H(x , y) = HCM
0 (x) +HI (x) + ΛHCM

0 (y), HI =
∑
a<b

Ha,b

(xa − xb)2

 We still have k̃ =
∑

a na acting as a natural grading:

k̃ = 0 : Only one state and Ha,b |0, 0, 0〉 = k(k + 1) |0, 0, 0〉,

H(x , y)||0,0,0〉 = HCM
k (x) + ΛHCM

0 (y).

k̃ = 1 : Three states {|1, 0, 0〉 , |0, 1, 0〉 , |0, 0, 1〉}, eigenvalues of the interaction term HI

are

k(k + 1)
∑
a<b

1

x2
ab

, (k + 1)2
∑
a<b

1

x2
ab

±
√

R(x),

with R(x) =
3

2

∑
a<b

1

x4
ab

−
1

2

∑
a<b

1

x2
ab

2

 For the first one, we recover again the Calogero-Moser system. For the others, it

becomes very non-trivial!
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Two vortices and two excitations

• In this case, we have four B matrices, with the commutators

[B11,B
†
11] = [B22,B

†
22] = [B12,B

†
21] = [B21,B

†
12] = 1.

Note that B12 is canonical conjugate to B†21, and conversely B21 to B†12.

• From the constraints

ϕ†aϕa −
∑
c̃=1,2

B†a,c̃Bc̃,a = k,

we deduce the general form of spin states

|n〉 = |
(

n11 n12

n21 n22

)
〉 = (B†11)n11 (B†12)n12 (B†21)n21 (B†22)n22 (ϕ†1)k+n11+n12 (ϕ†2)k+n21+n22 |∅〉 .

 Note that k̃ = n11 + n21 = n12 + n22 must be preserved.
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• The hamiltonian can be decomposed into

H(x , y) = HCM
0 (x) +

HI

x2
12

+ ΛHCM
0 (y) + Λ

H̃I

y2
12

,

with HI = (J12 − JB
†

12 )(J21 − JB
†

21 ), H̃I = JB12J
B
21.

The expression of the action of interaction Hamiltonians on states |n〉 reads

HI |n〉 = F (n) |n〉 − n21(k + n21 + n22) |n + δ11 − δ21〉 − n11(k + n11 + n12) |n − δ11 + δ21〉

− n22(k + n21 + n22) |n − δ22 + δ12〉 − n12(k + n11 + n12) |n − δ12 + δ22〉

+ n11n22 |n − δ11 − δ22 + δ12 + δ21〉+ n12n21 |n + δ11 + δ22 − δ12 − δ21〉

H̃I |n〉 = F̃ (n) |n〉+ n12n21 |n − δ12 − δ21 + δ11 + δ22〉+ n11n22 |n + δ12 + δ21 − δ11 − δ22〉 ,

F (n) = (k + n11 + n12)(k + n21 + n22 + 1) + n21(n11 + 1) + n22(n12 + 1),

F̃ (n) = n11(n12 + 1) + n21(n22 + 1)
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• k̃ = 0 : Single spin state, we find

H̃I |
(

0 0

0 0

)
〉 = 0, HI = |

(
0 0

0 0

)
〉 = k(k + 1) |

(
0 0

0 0

)
〉 ,

⇒ H(x , y)||∅〉 = HCM
k (x) + ΛHCM

0 (y)

• k̃ = 1 : We have four spin states,

|
(

1 1

0 0

)
〉 , |

(
1 0

0 1

)
〉 , |

(
0 1

1 0

)
〉 , |

(
0 0

1 1

)
〉 .

 We can find a common eigenbasis for HI and H̃I ,

H(x , y)||−〉 = HCM
k+1(x) + ΛHCM

0 (y),

H(x , y)||a〉 = HCM
k (x) + ΛHCM

1 (y),

H(x , y)||b〉 = HCM
k+1(x) + ΛHCM

1 (y),

H(x , y)||c〉 = HCM
k+2(x) + ΛHCM

1 (y).
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5. Discussion
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Summary on the A2 model

• We have just obtained preliminary results on this model, and there are many questions:

Have this type of spin couplings between two models been studied before?

Is this model integrable? Yangian symmetry? Probably (A2 version of Y (su(N)).)

Is this model interesting?

Need to perform a study for a general number of vortices N and at least two excitations!

Has this model any relevance for the Quantum Hall Effect?

 What could be the interpretation of these excitations? Quasiholes?

 Is there any relation to the second level of Jain’s hierarchy?
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Quasi-hole excitations

• The sum of two independent Calogero hamiltonian is reminiscent of the quasi-hole

excitations. Starting from the corresponding wave function

Ψ(x , y) = ∆(x)λ∆(y)1/λ
∏
a,b

(xa − yb)e−
1
2

(
∑

a x
2
a +λ−1 ∑

a y
2
a ),

and rescaling ya →
√
λya, i.e.

Ψ(x , y) = ∆(x)λ∆(y)1/λ
∏
a,b

(xa −
√
λyb)e−

1
2

(
∑

a x
2
a +

∑
a y

2
a ),

we find that it is an eigenfunction of a sum of two Calogero Hamiltonian,

HHL(x , y) = HCM
k (x) +HCM

k̃
(y), k = λ− 1, k̃ = λ−1 − 1 = −

k

k + 1
.

 Reminiscent of what we obtained here in the simplest cases (provided Λ = 1).
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Handsaw quiver

• Is this model merely a toy model for a more physical one?

E.g. the model one coming from handsaw quiver:

 It has two real and one complex moment map:

µR = [Z ,Z†] + B†B + I1I
†
1 − J†1 J1,

µ̃R = [Z̃ , Z̃†]− BB† + I2I
†
2 − J†2 J2,

µC = Z̃B − BZ + I2J1.
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• Having in mind the study of excitations upon vortices, we can restrict ourselves to the case

p̃ = ˜̃p = 0. Then, the maps J1, I2 and J2 become trivial, and only I1 remains, which we denote

ϕ. The two real moment map reduce to the ones we had before.

 We recover our model, with an extra gauge constraint coming from the complex moment

map:

GC
a,b =

∑
c

Z̃a,cBc,b −
∑
c

Ba,cZc,b.

 How do we implement this new condition in the matrix model? In the Calogero model?
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And more questions...

• Droplet model: Find corresponding Chern-Simons description of the matrix model? Explain

possible physical applications.

• CFT limit: Is there a CFT description in the large N limit? Introduce fermionic Fock space?

Emergence of Kac-Moody symmetry?

• Braiding: In the long run, we would like to use this type of integrable models to better

understand braiding properties of non-abelian anyons.

Thank you !!!
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