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Entanglement: a key concept in quantum physics and technology

Einstein-Podolsky-Rosen, Schrödinger, ...



Entanglement: an elementary property of many-body state

 

When entangled, get a mixed state 

Maximally entangled:

Probability is 1/N equally likely to be in any N subsystem states

Maximally entangled =                                                         = maximum entropy

When no entanglement, bipartition remains pure state

Minimum information/knowledge
  from subsystem

Adapted from Greiner group’s paper Nature 528, 77–83 (2015)

When no entanglement, subsystem state remains pure ⇒ EE = 0
When entangled, subsystem state is mixed ⇒ EE> 0
Maximally entangled ⇒ EE= ln N (N: dim of subsystem Hilbert space)

https://doi.org/10.1038/nature15750


Entanglement probes

total system L

subsystem A subsystem B

Pure state density matrix (total system):

d = |Ψ〉〈Ψ|

Reduced density matrix (subsystem A):

dA = TrB(d)

Entanglement entropy (EE):

S = −TrA(dA log dA)

nth order Rényi entropy

Sn =
1

1 − n
log TrA(dn

A)



Ubiquitous entanglement noise

Greiner’s group, Science 353,794-800(2016)

https://doi.org/10.1126/science.aaf6725


Why noise (temporal fluctuations) matter?

Fractional Quantum Hall Effect Cosmic Microwave Background
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Nyquist Noise

Q = 1/3, 2/5, . . .

Vrms =
√
4kBTRΔf



A key difference between entanglement and traditional observables

symmetries vs. observables

charge transport spin transport heat transport

U (1) symmetry SU (2) symmetry time translation symmetry

information measures are not related to any symmetries

A B

Photon with
quantum state |q〉

Photon with
quantum state |q〉Two bits

(classical channel)

EPR pair

(quantum
channel)



Pure-state statistical mechanics

quantum free gas
confined in a chaotic cavity

evolution of pure state F (t)

tE = _−1 ln(A/ℏ)

Complex spatial structure
of entanglement of

indistinguishable particles

Thermalization!

Traditional Statistical Physics:
ensembles
ergodicity
interactions

CANNOT
thermalize

CT and K. Yang, Phys. Rev. B 104, 174302 (2021)

https://doi.org/10.1103/PhysRevB.104.174302


Pure-state statistical mechanics

evolution of pure state F (t)

tE = _−1 ln(A/ℏ)
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CT and K. Yang, Phys. Rev. B 104, 174302 (2021)

Big Puzzle:
Where is quantum coherence?

Neumann, J.v. Beweis des Ergodensatzes und des H-Theorems in
der neuen Mechanik. Z. Physik 57, 30–70 (1929)

Beweis  des E r g o d e n s a t z e s  and  des  H - T h e o r e m s  in der  n e u e n  Mechan ik .  5 7  

Dies besagt, da[l die s,.,s im YerhglLnls zu ihrer Anzshl 5 a rechL grotl 
sein mitssen (d. h. die Phasenzellen im Verh~ltnis zu ihrer Zah! auf einer 

Energieflache), nnd nicht nnr, wie in 4,  gro~ schlechthin. Was das [iir 
die VerLeilung der s,.,~ genauer bedeuLeL werden wir noch priifen. 

Es sei abet nochmals anf den provisorischen Charakter unserer Ab- 
schatzungen hingewiesen. Es ist miiglich, da~ die obige Versch~rfung 
der Forderung fiber die OrVille der Phasenzel[en wirklich notwendig ist, 
damit Ergodensatz and H-Theorem gei~en. Vielleicht ist sie abet nut 
dutch die Unvollkommenheit unserer Abschatzungsmethoden veranlal]L, 
so dat] in Wahrheit schon die Bedingung }, ~ 1 aus 4. genital. Es 
ware ~'on Interesse, bier Klarheit zu schaffen. 

III, Diskussion der Resulfate. 

1. Wir formulieren zusammenfassend das bisher Erreichte. Wit 
zeigten: 

Sei ~, irg'end ein Zus~and, ~'t der daraus naeh Ablauf der Zeit t ( ~  0) 
hervorgehende Zustand, (J~ seine mikrokanonisehe Gesamtheit (vg]. I., 30, 
H der Energieoperator, lI~, c, seine Eigenwerte (a~-~ t, 2, . . . ;  0 ~-  1,..., S~; 
blo13 die mit verschiedenen a sind voneinander makroskopisch unterscheid- 
bar, vg]. I., 2.) - -  sowohl $, wie /-/ sind die exakten (nicht die makro- 
skopischen!) Ausdrticke. Wir machen i~ber H die Annahme, dab (bei 
festem a) alle l]qo, a voneinander versehDden sind, und ebenso alle 
~ ,  a -  tI~, a, 0 :/:  S, d.h. dal] H innerh~lb einer makroskopisch un- 
trennbaren Gruppe von Termen keine Entartungen ha~ und keine Re- 
sonanzen mi~ einem (v~rtuellen) zweiten ebensolchen System~-. (Nicht 
allzu h~ufige Dnrchbreehungen dieser Yerbofe si~d zul~ssig.) Dann gilt 
far den Erwar~ungswert einer ieden makrosko~isch met~ba.ren GrSl]e ~q 
und fiir die Entropie im Zeitmittel: 

" fl'(Z X 
/ 

1 "~r~ ,'g / '  

�9 *Ya 

-ZIIt{IS((..]~)--S(g',)[} ~ h f a x a = i  .2, ( X" Sa (]l,.a+N,,j). 
- -  " " " S r ,  r ~  r 

1 / 

[Vgl. II.; 3.; es gen~igL, das ~[ax auf diejenigen a zu beziehen, deren 
(makrosko[,ische) Energie~lachen in der mikrokanonisehen Oesamtheit (d'V' 

-~ W e a n  n~ml ich  JK.o. a - -  115~, a : I I ' , ' ,  a - -  B o ' ,  a ist ,  so h a t  der  Z u s t a n d  ~sr a 

beim e r s t en  und  der  Zus t and  9~o,, c~ beim zwei t en  S y s t e m  dieselbe  O e s a m t e n e r g i e  
wie ~/O', a be im e r s t en  a n d  Ts, a be im zwei~en. 

https://doi.org/10.1103/PhysRevB.104.174302
https://doi.org/10.1007/BF01339852
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Hint:
Temporal fluctuations of

macroscopic observable & observational entropy
Neumann, J.v. Beweis des Ergodensatzes und des H-Theorems in

der neuen Mechanik. Z. Physik 57, 30–70 (1929)
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Formulation of problems: noninteracting

Rice-Mele model

HRM = −
L∑

i=1

(
Jc†

iĀ
ciB̄ + J′c†iB̄c(i+1)Ā + h.c.

)
+ M

L∑
i=1

(
c†

iĀ
ciĀ − c†iB̄ciB̄

)
quench parameters (J, J′,M): (1, 0.5, 0.5) → (1, 0.5, 1.5)
pre-quench state:

k

� � (k )



Formulation of problems: interacting

spin- 12 Heisenberg XXZ model

HXXZ = J
L∑

i=1

(
Sx

i Sx
i+1 + Sy

i S
y
i+1 + ΔSz

i S
z
i+1

)
initial state: Neel state |↑↓ . . . ↑↓〉



Fluctuation statistics of entanglement probes: noninteracting

Models
1 Rice-Mele model
2 Transverse field Ising chain

HTFIC = −1
2

L∑
i=1

(
fx

i f
x
i+1 + hfz

i
)

Analytical predictions: universal w.r.t. system’s details and probes
1 Variance:

Var(O) = 1/L + L3
A

/
L2 , O = S, S2, . . .

2 Large deviation probability:

P( |O − 〈O〉| ≥ n) =
 e−

n 2
2b+ for O − 〈O〉 > 0

e−
n 2

2(b−+cn ) for O − 〈O〉 < 0

sub-Gaussian
sub-Gamma



Fluctuation statistics of entanglement probes: noninteracting

Numerical verifications
1 Scaling law of the variance

This relation is confirmednumerically (Fig. 3a), and the proportionality
coefficient is found to be ≈ 1/8. Equation (12) uncovers a relation
between entanglement entropy fluctuations and continuity properties
of the N-variable function S(φ). It resembles the so-called
concentration-of-measure phenomenon, a modern perspective of
probability theory54,55, where fluctuations of an observable are
controlled by its Lipschitz continuity. This continuity is a key ingredient
of universal wave-to-wave fluctuations in mesoscopic transport45.

By definition of S(φ), we have ∂φm
S=TrAðlnð~C

�1 � IÞ∂φm
C1Þ.

Because of C1 =Oð1=
ffiffiffi
L

p
Þ, we expand the logarithm in C1 up to the first

order. Taking into account that C0 is short-ranged, we obtain

∂φm
S= � TrA ðH0 + ð∂C0

H0ÞC1Þ∂φm
C1

h i
, ð13Þ

where H0 = lnðC�1
0 � IÞ is the entanglement Hamiltonian in the

absence of disorder. Substituting Eq. (13) into Eq. (12), we find that the
two terms in Eq. (13) contribute to the variance separately. The con-
tribution by the first term is a/L and that by the second is bL3A=L

2,
and the former (latter) is found to be a subsystem’s edge (bulk) effect.
Here the coefficient a is proportional to the square of the size of the
subsystem’s edge, and both a and b have nodependenceon L,LA. Upon
rescaling: L,LAby

ffiffiffiffiffiffiffiffi
a=b

p
andVar(S) by

ffiffiffiffiffiffi
ab

p
, weobtain the scaling law (1)

for noninteracting models, which is confirmed by simulations
(Fig. 3b–d). By Eq. (1), one enters the regime Var(S) = L−1 for LA≪ L1/3 (b)
and the regime VarðSÞ= L3A=L2 for LA≫ L1/3 (c).

Let us consider other entanglement probes such as the
second-order R�e nyi entropy S2. As said above, in this case, we have
an expression similar to Eq. (4), with e(λ) changed (see Supple-
mentary Note 2). Repeating the analysis above, we find for S2
the same relation as (12). Furthermore, we can calculate 〈∣∂φS2∣2〉 in
the same way as 〈∣∂φS∣2〉. As a result, we find that Var(S2) obeys the

same scaling law as Eq. (1) for noninteracting models. These sta-
tistics of S2 are confirmed numerically (Fig. 3). In Supplementary
Notes 5–7 we further show that Eqs. (1), (2) and (12) hold for more
general probes.

To understand physically the scaling behavior we use the concept
of coherent entangled quasiparticle pair1. Consider a quasiparticle
inside the subsystem A. When pairing with another outside, it
contributes to the bipartite entanglement. Due to the Heisenberg
uncertainty, this particle’s position fluctuates with time, leading to
the temporal fluctuationΦ(t) of the pairing amplitude. In the simplest
case, the particle hops virtually from a site i to j (in A as well)
and back to i. Since the entangled pair is a correlation
effect, ΦðtÞ∼P

ijðC1ðωtÞÞijðC1ðωtÞÞji and thus by Eq. (5) ΦðtÞ∼
1
L2
∑ij∑mneiðkm�knÞði�jÞeiðωm +ωnÞt=2, where km,

ωm
2 are respectively the Bloch

momentum and the particle eigenenergy associated with the hopping
i→ j, and kn,

ωn
2 with j→ i. The variance of a generic entanglement probe

is given by

Z
dtjΦðtÞj2 ∼ 1

L4
X
iji0 j0

X
mnm0n0

δωm +ωn ,ωm0 +ωn0

× eiððkm�knÞði�jÞ�ðkm0 �kn0 Þði0�j0 ÞÞ,

ð14Þ

where (km−kn)(i−j) and ðkm0 � kn0 Þði0 � j0Þ are the phases of the paths:
i→ j→ i and i0 ! j0 ! i0, respectively. Becauseω’s are incommensurate,
we obtain ðm,nÞ= ðm0,n0Þ or ðn0,m0Þ. So the first sum is dominated by
those terms with two phases being identical. As a result,R
dtjΦðtÞj2 ∼ L3A=L

2, with the numerator (denominator) given by the
first (second) sum: This is the second term in the first line of Eq. (1).We
see that it arises from the constructive interference between the two
hopping paths (Fig. 4).
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Fig. 3 | Universal scaling behaviors of the variance in noninteracting models.
We perform simulations for both Rice-Mele (RM) model and transverse field Ising
chain (TFIC), whose Hamiltonian HTFIC = ð�1=2ÞPL

i= 1ðσx
i σ

x
i+ 1 +hσ

z
i Þ with σα

i the
Pauli matrices and h the external magnetic field, for different sizes and different
quenchprotocols to study the variance of two entanglement probesO = S, S2. a For
bothO the data confirm the relation (12). b-c They also confirm the limiting scaling
behavior described by the first (second) term of the first line of Eq. (1) for

sufficiently small (large)L3A=L.d Fordifferentmodels, after rescalingVar(O), L, LA all
data collapse to the universal curve described by Eq. (1) for noninteractingmodels.
Inset: Zoom-in view of the regime near the origin. All theoretical predictions are
presented by dashed lines. The quench protocols of ðJ, J0,MÞ for RM are I:
(1, 0.7, 0.3)→ (0.3, 1.0, 0.001) and II: (0.6, 1.0, 0.8)→ (1.0, 0.2, 10), and for TFIC are I:
h = 3→ 2; II: h = 3→ 5 and III: h = 5→ 2.

Article https://doi.org/10.1038/s41467-024-46078-1

Nature Communications |         (2024) 15:1775 5



Fluctuation statistics of entanglement probes: noninteracting

2 entanglement entropy distribution

statistical independence of the components ofφ and applies to any L.
A related approach has recently been used to find novel universalities
in mesoscopic transport45.

Fluctuation statistics. Uncovering the randomstructure, we show that
fluctuations in entanglement evolution exhibit intriguing universal
behaviors for each class of models, independent of microscopic
details. First, when the variance Var(S) of the entanglement entropy S,
as well as L and LA (the subsystem size), are rescaled by appropriate
microscopic quantities, the universal scaling law:

VarðSÞ= 1=L+ L3A=L
2, for noninteracting

LβAe
�L, for interacting

(
ð1Þ

models follow, where β is between 2 and 4, depending on both the
initial state and the system’s parameters. Second, the distribution of S
has a universal shape, and is asymmetric with respect to its mean 〈S〉,
displaying a sub-Gaussian upper and a sub-Gamma lower tail. In
particular, for both classes, the probability of large deviation ϵ is

PðjS� hSij≥ ϵÞ= e�
ϵ2
2b+ , for S� hSi>0

e�
ϵ2

2ðb� + cϵÞ, for S� hSi<0

8<
: , ð2Þ

where b± / VarðSÞ and c>0 depend on the ratio LA/L. Third, Eqs. (1)
and (2) hold for other probes, e.g., the R�e nyi entropy. These universal
fluctuation behaviors are irrespective of the location of 〈S〉 in Page’s
curve26. By Eq. (1) at fixed LA the variance vanishes in the limit L→∞ (cf.
Fig. 2a), implying the full suppression of temporal fluctuations beyond
some critical time, in agreement with a benchmark result of entan-
glement evolution1 and for the first time generalizing that result to
interacting spin models analytically. How the entanglement entropy
saturates in interacting systems is crucial to understanding experi-
ments on entanglement dynamics6,7. In contrast, at fixed L, as LA
increases the variancedisplays a power-lawgrowth (cf. Figs. 2b and 5c),
which is faster than ~LA displayed by typical extensive quantities. We
shall see below this enhanced growth results from quantum
interference.

Theory and numerical verifications
Noninteracting models. Having summarized the main results, we
outline the derivations and present numerical verifications. A com-
plete description is given in Supplementary Notes 1–8 for non-
interacting models and Supplementary Note 9 for interacting models.
We start from the free fermion case, and focus on theRice–Melemodel

with the Hamiltonian (see Supplementary Note 1)

HRM = �
XL
i = 1

Jcy
i�A
ci�B + J

0cy
i�B
cði + 1Þ�A +h:c:

� �

+M
XL
i= 1

cy
i�A
ci�A � cy

i�B
ci�B

� �
:

ð3Þ

Here J, J0 are the hopping amplitudes,M is the staggered onsite mass,
cyiσ ,ciσ (σ = �A ,�B) are, respectively, fermionic creation and annihilation
operators at the σ-sublattice sites belonging to the ith unit cell. The
system has a total of L unit cells and is subjected to the periodic
boundary condition. Generalizations to othermodelsmappable to free
fermions are straightforward. Let the system be at the half-filling
ground stateΨ(0). At t =0, we suddenly change the parameters of the
Hamiltonian. So the pre-quench stateΨ(0) evolves unitarily under the
new Hamiltonian to state Ψ(t) at a later time t. Because Ψ(0) is a
Gaussian state and the system is fermionic, the instantaneous
entanglement entropy can be expressed as

SðtÞ=
Z

dλ eðλÞTrA δðλ� CðtÞÞ ð4Þ

using the method in refs. 46–49. Here eðλÞ= � λ ln λ� ð1� λÞ lnð1� λÞ
is the binary entropy function. TrA δð:::Þ gives the spectral density of
the correlation matrix C(t) with element Ciσ,i0σ0 ðtÞ= ΨðtÞ�

∣cyiσci0σ0 ∣ΨðtÞ�.
The trace is restricted to the subsystem A. When replacing e(λ) by an
appropriate function of λ, we obtain other entanglement probes such
as the R�e nyi entropy. This kind of expression indicates that the evol-
ving spectral density underlies out-of-equilibrium behaviors of
different entanglement probes. They are analogous to the expressions
for probes of mesoscopic transport. Indeed, if we replace C(t) with the
product of the transmission matrix and its hermitian conjugate, we
transform Eq. (4) to the Landauer formula for conductance with e(λ)
changed to λ, and to formulas for other transport probes with e(λ)
changed to appropriate functions of λ43.

Because the eigenenergy spectrum displays a reflection and a
particle-hole symmetry, when particle eigenenergies ωm

2 (Planck’s
constant set to unity) at Bloch momenta
km = 2πðm�1Þ

L ,m= 1,:::,N = ½L2�+ 1, are given, all other particles and all hole
eigenenergies are known. Due to the translational invariance of
the system, the time parameter enters the correlation matrix through
the dynamical phases ωt associated with ω ≡ (ω1, . . . ,ωN). Specifically,
we can define a function ~CðφÞ=C0 +C1ðφÞ on theN-dimensional torus.
Leaving its detailed form for Supplementary Note 2, here we only
expose its key properties. First, C0,1 are block-Toeplitz matrices, with
elements ðC0,1Þii0 being 2 × 2 blocks defined in the sublattice sector and
dependingon theunit cell indexes i,i0 via ði� i0Þ, i.e., ðC0,1Þii0 � ðC0,1Þi�i0 .
Second, C0 is φ-independent, whereas C1 is not and its elements take
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Fig. 2 | Entanglement entropy distribution of Rice-Mele model. We perform
statistical analysis of the temporal fluctuations in the simulated entanglement
entropy evolution. a Variation of the distribution with increasing L at fixed LA.
b Same as a., but with increasing LA at fixed L. c The large deviation probability P(∣S

−〈S〉∣ ≥ ϵ), with upper and lower tail respectively, is well fitted by Eq. (2) (dashed
lines), implying that the upper (squares) tail distribution is sub-Gaussian and the
lower (circles) is sub-Gamma. The ratio LA/L is 0.1 (yellow), 0.2 (green) and 0.5
(blue), with the same quench protocol as Fig. 1.
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Fluctuation statistics of entanglement probes: interacting

model: spin- 12 Heisenberg XXZ model
Variance:

Var(O) = LV

Ae−L

Large deviation probability:

P( |O − 〈O〉| ≥ n) =
 e−

n 2
2b+ for O − 〈O〉 > 0

e−
n 2

2(b−+cn ) for O − 〈O〉 < 0

sub-Gaussian

sub-Gamma



Fluctuation statistics of entanglement probes: interacting

numerical verifications
1 scaling law of variance

Interacting models. For interacting models, the correlation function
method and Eq. (4) do not hold in general. What happens then? In this
case, wehave to retreat back to themore general expression of various
information-theoretic observables in terms of the instantaneous
reduced density matrix ρA(t). Below we generalize the theory above to
the spin-1/2 anisotropic Heisenberg XXZ model56 defined by the
Hamiltonian

HXXZ = J
XL
i = 1

ðSxi Sxi+ 1 + Syi Syi + 1 +ΔSzi Szi+ 1Þ, ð15Þ

where Sαi are spin-1/2 operators,Δ is the anisotropy parameter, and the
periodic boundary condition is imposed; generalizations to other
interacting models are possible, which we will not discuss further. For
simplicity here we consider the initial state Ψ(0) to be an unpolarized
random state; see SupplementaryNote 9 for their detailed description.
Other Ψ(0) will be studied in that note.

Let Ψ(0) =∑mχmΨm, where Ψm’s are eigenstates and χm’s are
superposition coefficients. The number of excited eigenbases, D, may
be estimated as the participation ratio ðPmjχmj4Þ

�1
, which grows

exponentially in L36. As the wavefunction evolves, ρA(t) = ρA0 + ρA1(t),
where ρA0 =

P
mjχmj2TrB∣Ψm

�
Ψm

�
∣ and ρA1(t) =∑m≠ne�iðωm�ωnÞt

χmχ
*
nTrB∣Ψm

�
Ψn

�
∣ with ωm’s being eigenenergies, and B is the com-

plement of A. Importantly, all eigenenergy mismatches: ωm−ωn here
are completely determined by N (=D − 1) mismatches: ωm−ω1 ≡ωm1

(m = 2,...,D), because of ωm−ωn =ωm1−ωn1. So, similar to the free fer-
mion case, the time parameter enters through the N phases ωt, with
ω ≡ (ω21,...,ωD1). Introducing a function ~ρAðφÞ= ρA0 + ~ρA1ðφÞ on the N-
dimensional torus,

~ρA1ðφÞ=
X
m≠n

e�iðφm�φnÞχmχ
*
n TrB∣Ψm

�
Ψn

�
∣, ð16Þ

and associating with ~ρAðφÞ various entanglement probes, e.g. S(φ) =
−TrAð~ρA ln ~ρAÞ and S2ðφÞ= � ln TrAð~ρ2

AÞ, we then obtain corresponding
instantaneous probes from S(φ), S2(φ), etc., by setting φ =ωt.

The components of ω are incommensurate in general. Thus var-
ious probes:S(t), S2(t), etc. displayquasiperiodic oscillations,which are
seen in long-time simulations (by using the standard numerical
method57). Most importantly, because the trajectory φ =ωt is ergodic
on torus, the temporal fluctuations of an entanglement probe say S(t)
are statistically equivalent to the sample-to-sample fluctuations of
S(φ), with each sample having adisorder realizationφ and represented

by ~ρAðφÞ. Moreover, the sum in Eq. (16) is dominated by ∼ LμAD
1 + ν

terms, where 1 ≤ μ ≤ 2, 0 ≤ ν < 1, and the value of μ, ν depends on Ψ(0)
and Δ (see Supplementary Note 9 for details). Taking χmχ

*
n ∼ 1=D into
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Fig. 5 | Entanglement fluctuations of XXZ model. We perform long-time simu-
lations for this model to study the mesoscopic fluctuations in entanglement evo-
lution. Initially, the system is at an unpolarized random state. a Main panel: The
statistical distribution of entanglement entropy for different ratios of LA/L. Inset:
The large deviation probability P(∣S−〈S〉∣≥ϵ), with upper (squares) and lower

(circles) tail respectively, iswellfitted by Eq. (2) (dashed lines).Δ =0.1.bCalculating
the matrix elements ðρA0ÞIJ numerically, it is confirmed that ρA0 is proportional to
the unit matrix. c The simulated Var(S) (symbols) follows the scaling law described
by the second line of Eq. (1) (dashed lines). In the main panel (inset), LA (L) is fixed.
d For different Δ and small LA/L, simulations show that Var(S)∝Var(S2).

ij

i’i’j’j’

Fig. 4 | Wave origin of entanglement fluctuations. The pairing amplitude of the
coherent entangled quasiparticle pair (solid lines) fluctuates with time. Con-
structive interference between two paths due to virtual hopping (blue and red
dashed lines), that underlies such fluctuations, leads the variance of a generic
entanglement probe to exhibiting the scaling behavior ∼ L3A=L

2 for noninteracting
models.
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Interacting models. For interacting models, the correlation function
method and Eq. (4) do not hold in general. What happens then? In this
case, wehave to retreat back to themore general expression of various
information-theoretic observables in terms of the instantaneous
reduced density matrix ρA(t). Below we generalize the theory above to
the spin-1/2 anisotropic Heisenberg XXZ model56 defined by the
Hamiltonian

HXXZ = J
XL
i = 1

ðSxi Sxi+ 1 + Syi Syi + 1 +ΔSzi Szi+ 1Þ, ð15Þ

where Sαi are spin-1/2 operators,Δ is the anisotropy parameter, and the
periodic boundary condition is imposed; generalizations to other
interacting models are possible, which we will not discuss further. For
simplicity here we consider the initial state Ψ(0) to be an unpolarized
random state; see SupplementaryNote 9 for their detailed description.
Other Ψ(0) will be studied in that note.

Let Ψ(0) =∑mχmΨm, where Ψm’s are eigenstates and χm’s are
superposition coefficients. The number of excited eigenbases, D, may
be estimated as the participation ratio ðPmjχmj4Þ

�1
, which grows

exponentially in L36. As the wavefunction evolves, ρA(t) = ρA0 + ρA1(t),
where ρA0 =

P
mjχmj2TrB∣Ψm

�
Ψm

�
∣ and ρA1(t) =∑m≠ne�iðωm�ωnÞt

χmχ
*
nTrB∣Ψm

�
Ψn

�
∣ with ωm’s being eigenenergies, and B is the com-

plement of A. Importantly, all eigenenergy mismatches: ωm−ωn here
are completely determined by N (=D − 1) mismatches: ωm−ω1 ≡ωm1

(m = 2,...,D), because of ωm−ωn =ωm1−ωn1. So, similar to the free fer-
mion case, the time parameter enters through the N phases ωt, with
ω ≡ (ω21,...,ωD1). Introducing a function ~ρAðφÞ= ρA0 + ~ρA1ðφÞ on the N-
dimensional torus,

~ρA1ðφÞ=
X
m≠n

e�iðφm�φnÞχmχ
*
n TrB∣Ψm

�
Ψn

�
∣, ð16Þ

and associating with ~ρAðφÞ various entanglement probes, e.g. S(φ) =
−TrAð~ρA ln ~ρAÞ and S2ðφÞ= � ln TrAð~ρ2

AÞ, we then obtain corresponding
instantaneous probes from S(φ), S2(φ), etc., by setting φ =ωt.

The components of ω are incommensurate in general. Thus var-
ious probes:S(t), S2(t), etc. displayquasiperiodic oscillations,which are
seen in long-time simulations (by using the standard numerical
method57). Most importantly, because the trajectory φ =ωt is ergodic
on torus, the temporal fluctuations of an entanglement probe say S(t)
are statistically equivalent to the sample-to-sample fluctuations of
S(φ), with each sample having adisorder realizationφ and represented

by ~ρAðφÞ. Moreover, the sum in Eq. (16) is dominated by ∼ LμAD
1 + ν

terms, where 1 ≤ μ ≤ 2, 0 ≤ ν < 1, and the value of μ, ν depends on Ψ(0)
and Δ (see Supplementary Note 9 for details). Taking χmχ
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lations for this model to study the mesoscopic fluctuations in entanglement evo-
lution. Initially, the system is at an unpolarized random state. a Main panel: The
statistical distribution of entanglement entropy for different ratios of LA/L. Inset:
The large deviation probability P(∣S−〈S〉∣≥ϵ), with upper (squares) and lower

(circles) tail respectively, iswellfitted by Eq. (2) (dashed lines).Δ =0.1.bCalculating
the matrix elements ðρA0ÞIJ numerically, it is confirmed that ρA0 is proportional to
the unit matrix. c The simulated Var(S) (symbols) follows the scaling law described
by the second line of Eq. (1) (dashed lines). In the main panel (inset), LA (L) is fixed.
d For different Δ and small LA/L, simulations show that Var(S)∝Var(S2).
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coherent entangled quasiparticle pair (solid lines) fluctuates with time. Con-
structive interference between two paths due to virtual hopping (blue and red
dashed lines), that underlies such fluctuations, leads the variance of a generic
entanglement probe to exhibiting the scaling behavior ∼ L3A=L

2 for noninteracting
models.
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A new class of mesoscopic fluctuations

entanglement fluctuations mesoscopic conductance
fluctuations

disorder realization

> = (i0, i1, . . . , iN−1) V ≡ (Vr1 ,Vr2 , . . . )
distribution of disorder realizations

uniform in TN Gaussian in RN

examples of probes

entanglement entropy, Rényi entropy conductance, shot-noise power



Outline

1 Motivations

2 Results
analytical predictions
numerical verifications

3 Mathematical theory
ergodicity & emergent disorders
concentration of measure & modified logarithmic
Sobolev inequality
statistics of temporal/out-of-equilibrium entanglement
fluctuations



A key property of evolving observables

The matrix elements of the correlation matrix: Cij ≡ 〈Ψ(t) |c†i cj |Ψ(t)〉

Cjf,j′f′ (t) = 1
L

∑
k

eik (j−j′ )
[
Wff′ (k) + Uff′ (k)cos

(
2Efk t

)
+ Vff′ (k)sin

(
2Efk t

)]

Time-dependence enters here.

k = 2 � n / L

E f k

Post-quench energy spectrum.

frequencies
associated with the energy gap
at each quasi-momentum k



A key property of evolving observables

The matrix elements of the correlation matrix: Cij ≡ 〈Ψ(t) |c†i cj |Ψ(t)〉

Cjf,j′f′ (t) = 1
L

∑
k

eik (j−j′ )
[
Wff′ (k) + Uff′ (k)cos

(
2Efk t

)
+ Vff′ (k)sin

(
2Efk t

)]

Time-dependence enters here.

C(t) = C0 + C1(l1t, l2t, . . . , lN t)

N = L/2 independent frequencies
They enter as phase factors, so they are 2c periodic
The quantum time-evolution is mapped onto a classical trajectory on the
N-dimensional torus

  

Thus we have the structure:

N independent frequencies, related to the total system length ~L/2
 
They enter as phase factors, so they are 2\Pi periodic 

The time-evolution becomes a trajectory on the N-dimensional 
torus



Ergodicity and statistical equivalence

Trajectory on N-torus:

  

Thus we have the structure:

N independent frequencies, related to the total system length ~L/2
 
They enter as phase factors, so they are 2\Pi periodic 

The time-evolution becomes a trajectory on the N-dimensional 
torus

  

Trajectory on N-torus:

For visualization, we take 2-torus

at long
times

incommensurate

implies
for integers

Trajectory will be dense on the torus at long times

Ifincommensurate l1, l2, . . . , lN ,{
x1l1 + x2l2 + · · · + xNlN = 0

for integers x1, x2, . . . , xN
⇒ x1 = x2 = . . . = xN = 0

Trajectory will be dense on the torus at long times.



Ergodicity and statistical equivalence

ergodic theorem

lim
T→∞

1
T

∫ T

0
dt f (l1t, l2t, . . . , lN t) =

∫
dNi

(2c)N f (i1, i2, . . . , iN )

incommensurate l1, l2, . . . , lN

Statistics of the
time series of the

correlation matrix

C(t) = C̃(l1t, l2t, . . . , lN t)

Statistics of the
ensemble of matrix

C̃(i1, i2, . . . , iN )

with independent, uniformly drawn

i1, i2, . . . , iN ∈ [0, 2c)

⇔



Ergodicity and statistical equivalence: numerical verification

S(>) =
∫

d_ e(_) TrA X(_ − C̃(>))

S(t) =
∫

d_ e(_) TrA X(_ − C(t))

e(_) = −_ ln_ − (1 − _) ln(1 − _)

Histogram: S (t) . Dash line: S (>)



The concentration of measure phenomenon: an example

The area of the earth is 4c × (6371km)2.
The area is uniformly distributed over the
surface.
What happens to the area of a
high-dimensional “earth”?



The concentration of measure phenomenon: an example

A unit sphere S2N−1 in 2N dimension and a
strip around the equator of latitude n/2

The area measure of the strip:

`(S) =

∫ n /2
−n /2 sin2N−2 i di∫ c/2
−c/2 sin2N−2 i di

Let `(S) = 0.9, what’s the width of the strip namely the value of n?

For sufficiently large N , the area of the high-
dimensional sphere is concentrated around
the equator!



The concentration of measure phenomenon: an example

A unit sphere S2N−1 in 2N dimension and a
strip around the equator of latitude n/2

The area measure of the strip:

`(S) =

∫ n /2
−n /2 sin2N−2 i di∫ c/2
−c/2 sin2N−2 i di

N 1 2 20 200 2000
n /c 0.90 0.59 0.17 0.05 0.02

n -values for ` (S) = 0.9
N = 2 N = 20 N = 200

For sufficiently large N , the area of the high-
dimensional sphere is concentrated around
the equator!
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How to probe the concentration of measure?

a high-dimensional

geometric body M

tool: real function f : M → R

with ”nice” properties

‖f ‖Lip. = sup
c,c′

|f (c) − f (c′) |
d(c, c′) < ∞

geometry analysis

‘‘A random variable that depends (in a smooth way) on the influence of many
independent variables (but not too much on any of them) is essentially
constant.’’

– M. Talagrand



How to probe the concentration of measure?

a high-dimensional

geometric body M

tool: real function f : M → R

with ”nice” properties

‖f ‖Lip. = sup
c,c′

|f (c) − f (c′) |
d(c, c′) < ∞

geometry analysis

New perspectives of
probability theory!



Modified logarithmic Sobolev inequality

generic entanglement probe O = S, S2, . . . as a highly nonlinear function
over TN

O : > ≡ (i0, i1, . . . , iN−1) ∈ TN ↦→ O(>) ∈ R

logarithmic moment-generating function

G(u) ≡ ln
〈
eu(O−〈O〉) 〉 , u ∈ R

modified logarithmic Sobolev inequality

d
du

G(u)
u

≤ 1
u2

∑N−1
m=0

〈
eu(O−〈O〉)q (−u (O − Om))

〉〈
eu(O−〈O〉)

〉
Om : >′

m ≡ (i0, i1, . . . , im−1, im+1, . . . , iN−1) ∈ TN−1 ↦→ Om(>′
m) ∈ R



The upper tail of the distribution

a special class of Om

Om := inf
i′

m
O
(
i0, · · · , i′

m, · · · , iN−1
)

reduction of modified logarithmic Sobolev inequality

u > 0 :
d
du

G(u)
u

≤ b+
2
, b+ :=

N−1∑
m=0

〈
(O − O+

m)2
〉

⇒ G(u) ≤ b+u2

2

sub-Gaussian upper tail

P(O − 〈O〉 ≥ n) ≤ e−
n 2
2b+



The lower tail of the distribution

a special class of Om

Om := sup
i′

m

O
(
i0, · · · , i′

m, · · · , iN−1
)

reduction of modified logarithmic Sobolev inequality

u < 0 :
d
du

G(u)
u

≤ b−
2

+ XF (u), b− :=
N−1∑
m=0

〈
(O − O−

m)2
〉

XF (u) ≤ c−
dG(u)
du

, c− < 0

⇒ G(u) ≤ b−
2

u2

1 − c−u

sub-Gamma lower tail

P(〈O〉 − O ≥ n) ≤ e−
n 2

2(b−+|c− |n )



Lipschitz continuity and fluctuations of entanglement probes

Lipschitz continuity

|O(>) − O(>′) | ≤ ‖O‖Lip.‖> − >′‖, ∀>, >′ ∈ TN

Lipschitz constant: ‖O‖Lip. = sup
>∈TN



m>O




relation between variance factor b± and a.e. Lipschitz continuity

b± ∝
〈

m>O



〉2
variance of entanglement probes

Var(O) ∝
〈

m>O



2〉



Scaling law of the variance: noninteracting

separation of the correlation matrix

C̃(>) = C0 + C1(>)

matrix elements of C1: (C1)ℓ ≡
1
L

N∑
m=1

[Rℓ (km) cos im + Iℓ (km) sin im]

separation of Var(S)
mimS = Tr

[
HAmimC1

]
HA = ln

[
C̃−1(>) − I

] }
⇒ Var(S) = Var1(S) + Var2(S)

edge contribution:

Var1(S) = const.
N−1∑
m=1

〈[
TrA

(
ln
(
C−1

0 − I
)
mimC1

)]2〉
bulk contribution:

Var2(S) = const.
N−1∑
m=1

〈[
TrA

(
((I − C0)C0)−1C1mimC1

)]〉
+ · · ·

randomnonrandom



Scaling law of the variance: noninteracting

separation of the correlation matrix

C̃(>) = C0 + C1(>)

matrix elements of C1: (C1)ℓ ≡
1
L

N∑
m=1

[Rℓ (km) cos im + Iℓ (km) sin im]

separation of Var(S)

mimS = Tr
[
HAmimC1

]
HA = ln

[
C̃−1(>) − I

] }
⇒ Var(S) = Var1(S) + Var2(S)

edge contribution:
Var1(S) = aL−1

bulk contribution:
Var1(S) = b L3

A

/
L2

randomnonrandom



Scaling law of the variance: interacting

separation of RDM dA =
∑

m,n e−i(lm−ln )tjmj
∗
n TrB |Ψm〉〈Ψn |

d̃A(>) = dA0 + d̃A1(>)

d̃A1(>) =
∑
m≠n

e−i(im−in ) jmj
∗
n TrB |Ψm〉〈Ψn |

nonrandom part of RDM (1 � LA � L)

dA0 ' 1/DA , (DA : dimension of subsystem Hilbert space)

general expression of variance

Var(O) ∝ D2
A

〈��TrA
(
d̃A1m> d̃A1

) ��2〉
⇓

scaling law: Var(O) ∼ LV

Ae−^L, ^ > 0, 2 ≤ V ≤ 4

randomnonrandom



Concluding remarks

universal statistics of temporal/out-of-equilibrium
fluctuations in entanglement dynamics
a new class of mesoscopic fluctuations
novel universality

1 w.r.t. entanglement probes
2 w.r.t. particle statistics (C.Z. Lou, CT, Z.X. Zou, T.

Shi and L.K. Lim, to appear very soon)
relations to black hole physics
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