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@ Motivations

© Results
¢ analytical predictions
e numerical verifications

© Mathematical theory
o ergodicity & emergent disorders
e concentration of measure & modified logarithmic
Sobolev inequality
e statistics of temporal/out-of-equilibrium entanglement
fluctuations



@ Motivations



Entanglement: a key concept in quantum physics and technology

Einstein-Podolsky-Rosen, Schrodinger, ...




Entanglement: an elementary property of many-body state

Product state Entangled state
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Adapted from Greiner group’s paper Nature 528, 77-83 (2015)

@ When no entanglement, subsystem state remains pure = EE =0
@ When entangled, subsystem state is mixed = EE> 0
@ Maximally entangled = EE=InN (N: dim of subsystem Hilbert space)


https://doi.org/10.1038/nature15750

Entanglement probes

subsystem A subsystem B

total system L

@ Pure state density matrix (total system):
p=¥)(¥|
@ Reduced density matrix (subsystem A):
pa = Trp(p)
o Entanglement entropy (EE):

S = —Tra(palogpa)

o nth order Rényi entropy

1
Sn = 1-n log TTA(PZ)



Ubiquitous entanglement noise
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Greiner’s group, Science 353,794-800(2016)


https://doi.org/10.1126/science.aaf6725

Why noise (temporal fluctuations) matter?
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A key difference between entanglement and traditional observables

@ symmetries vs. observables

charge transport spin transport heat transport
€ [Hopping| €
Y T
$ | ‘
—_— 9 ‘
+
U(1) symmetry SU(2) symmetry time translation symmetry

e information measures are not related to any symmetries

Photon with Photon with
quantum state |¢) Two bits quantum state |¢)

(classical channel)
A ———=\ B




Pure-state statistical mechanics

.0 evolution of pure state F(¢) | ¥
. te = A" In(A/R)
quantum free gas
confined in a chaotic cavity T

Complex spatial structure
of entanglement of
indistinguishable particles

Traditional Statistical Physics:

CANNOT ‘l’
thermalize Thermalization!

CT and K. Yang, Phys. Rev. B 104, 174302 (2021)


https://doi.org/10.1103/PhysRevB.104.174302

Pure-state statistical mechanics
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CT and K. Yang, Phys. Rev. B 104, 174302 (2021)


https://doi.org/10.1103/PhysRevB.104.174302
https://doi.org/10.1007/BF01339852

Pure-state statistical mechanics

Big Puzzle:
Where is quantum coherence?
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CT and K. Yang, Phys. Rev. B 104, 174302 (2021)


https://doi.org/10.1103/PhysRevB.104.174302
https://doi.org/10.1007/BF01339852

Pure-state statistical mechanics

Hint:
Temporal fluctuations of
macroscopic observable & observational entropy

Neumann, J.v. Beweis des Ergodensatzes und des H-Theorems in
der neuen Mechanik. Z. Physik 57, 30-70 (1929)

fiir den Erwartungswert einer jeden makroskopisch mefibaren Gréfe 4 c
und fiir die Entropie im Zeitmittel:
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CT and K. Yang, Phys. Rev. B 104, 174302 (2021)



https://doi.org/10.1103/PhysRevB.104.174302
https://doi.org/10.1007/BF01339852

© Results
¢ analytical predictions
e numerical verifications



Formulation of problems: noninteracting

@ Rice-Mele model

L L
_ ; i i t
Hrm = — Z (JCiACiB +J'Ccima t h.c.) +MZ (ciAciA - cchiB)
i=1 i=1

@ quench parameters (J,J’,M): (1,0.5,0.5) — (1,0.5,1.5)

@ pre-quench state: \g(k)-l-/

S(t)

u

What happens to long-time
entanglement dynamics?

5000 10000 15000 20000 25000 30000
t



Formulation of problems: interacting

° spin—% Heisenberg XXZ model

i+1

L
Hyz =J ) (SiS5, +5IS), +ASES5, )
i=1

@ initial state: Neel state |T] ... T|)

- - s - » | I—
| ' [

& What happens to long time
01 entanglement dynamics?




Fluctuation statistics of entanglement probes: noninteracting

@ Models

@ Rice-Mele model
© Transverse field Ising chain

L
1
Hreie = -3 Z (07 07y + o)
i=1

@ Analytical predictions: universal w.r.t. system’s details and probes

@ Variance:
Var(0) = 1/L + Lg/L2 ,0=S55,...

sub-Gaussian
/ sub-Gamma
E2
e for 0)>0

€2
e -+ forO—-(0) <0

© Large deviation probability:

P(|0-(0)| z ¢) =



Fluctuation statistics of entanglement probes: noninteracting

@ Numerical verifications
@ Scaling law of the variance
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Fluctuation statistics of entanglement probes: noninteracting

p(S)

@ entanglement entropy distribution

sub-Gamma
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Fluctuation statistics of entanglement probes: interacting

e model: spin-% Heisenberg XXZ model

@ Variance:
Var(0) = Lie ™t

o Large deviation probability: b Gaussian
R - US

62
e‘m%— (0) >0

€2
e_2(b7+c5) \w_ <O> < 0

sub-Gamma

P(|0-(0)| z €) =



Fluctuation statistics of entanglement probes: interacting

@ numerical verifications
@ scaling law of variance
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A new class of mesoscopic fluctuations

entanglement fluctuations mesoscopic conductance
fluctuations

MAGNETORESISTANCE (ohms)

5000 10000 15000 20000 B00 3000 MAGNETIC FIELD (T)

disorder realization

¢:(900’¢]""790N*1) VE(Vr]»Vr27'~')
distribution of disorder realizations

uniform in TV Gaussian in RY
examples of probes

entanglement entropy, Rényi entropy conductance, shot-noise power



© Mathematical theory
o ergodicity & emergent disorders
e concentration of measure & modified logarithmic
Sobolev inequality
e statistics of temporal/out-of-equilibrium entanglement
fluctuations



A key property of evolving observables

@ The matrix elements of the correlation matrix: C;; = (¥(?) |c;rcj|‘P(t))

Cror o (1) = % 3 et [wa k) + oo (k)cos(ZEfkt) +Boro (k)sin(ZEﬂz)]
k

Time-dependence enters here.

By frequencies
- | T associated with the energy gap
‘ at each quasi-momentum k
l ] k=2zn/L
\_/o—/—

Post-quench energy spectrum.



A key property of evolving observables

@ The matrix elements of the correlation matrix: C;; = (¥(?) |cjcj|‘P(t))

Ciojo (1) = % Z k=1 [)’(r(r’ (k) +ago (k)COS(ZE/kt) +Boo (k)sin(ZE/;(t)]
3

‘C(l‘) = CQ+C1(a)1t,a)2t,. . .,th)‘

@ N = L/2 independent frequencies
@ They enter as phase factors, so they are 27 periodic

@ The quantum time-evolution is mapped onto a classical trajectory on the

N-dimensional torus
'



Ergodicity and statistical equivalence
@ Trajectory on N-torus:
Gz

7
o, 1 e —) 0,
o’ 0 atlong
- times
@,

@ incommensurate wi, wa, ... , WN,

Xiwi +xwy + - +xywy =0
{ et NN Sx=x=...=x3=0

for integers x1, x2, . . ., Xy

Trajectory will be dense on the torus at long times.



Ergodicity and statistical equivalence

o ergodic theorem

w ,w ,...,w SD,QD,...,SD

T—

@ incommensurate wi, wa, ..., wWN
Statistics of the
ensemble of matrix
Statistics of the —
time series of the e C(e1, 92,5 ¢N)

correlation matrix oy .
with independent, uniformly drawn

C(t) = C(wit, wot, . . ., wnt
® (@it w2 wi) 01, 92,...,¢n € [0,27)




Ergodicity and statistical equivalence: numerical verification

S(¢) = / dLe(A) Te 6(4 - C(9))

S(t) =/d/le(/l) Trg 6(2 — C(1))
e(l)=-AlnA-(1-2)In(1 -2)
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Histogram: S(7). Dash line: S(¢)



The concentration of measure phenomenon: an example

@ The area of the earth is 47 x (6371km)>.

@ The area is uniformly distributed over the
surface.

@ What happens to the area of a
high-dimensional “earth”?




The concentration of measure phenomenon: an example

N
gA . The area measure of the strip:
u(s) =

12 . o
/_7;/2s1n2N zgodga

A unit sphere $2V=1 in 2N dimension and a
strip around the equator of latitude €/2

Let u(S) = 0.9, what’s the width of the strip namely the value of €?



The concentration of measure phenomenon: an example

A . The area measure of the strip:

S 5?2 o dg
#(S) = —7 -
S st 2 ody

A unit sphere §2N=1 in 2N dimension and a
strip around the equator of latitude €/2

N 1 2 20 200 | 2000
e/m | 090 | 0.59 | 0.17 | 0.05 | 0.02

e-values for u(S) = 0.9
N=2 N =20 N =200



For sufficiently large N, the area of the high-
dimensional sphere is concentrated around
the equator!




How to probe the concentration of measure?

‘

analysis

tool: regl functionf : M — R

h nice” properties

Ol
Ty d(e,c)

geometric body M

‘A random variable that depends (in a smooth way) on the influence of many
independent variables (but not too much on any of them) is essentially
constant.”’

— M. Talagrand



How to probe the concentration of measure?

analysis

tool: real functionf : M — R

h “nice” properties

@ =f@l
T d(e.d)

a high-dimensiona

geometric body M

New perspectives of
probability theory!



Modified logarithmic Sobolev inequality

@ generic entanglement probe O = S, S, ... as a highly nonlinear function
over TV
O0:9=(¢0.¢1,....,on-1) €TV 5 O(p) €R

@ logarithmic moment-generating function
G(u) =1n <e”<0—<0>)> ,ueR
e modified logarithmic Sobolev inequality

d G _ 1 T (107 g (—u (0 - 0n)))
du u ~ w2 (ex(0-(0))

Om : So;/n = (‘100’ Pl s Pm—15Pm+l15 - - -’(PN—I) € TN_I = 0m(‘P},n) € R



The upper tail of the distribution

@ a special class of O,
Om = lslz‘]l’fO(‘pO’ IR ‘10;”’ B ‘)ON—l)

@ reduction of modified logarithmic Sobolev inequality

dGw b, & T

u>0 o 57,b+._n;)((0—0m))
b 2
= G(u) < +2u

@ sub-Gaussian upper tail

)
P(O—-(0) 2 ¢€) <e 2+



The lower tail of the distribution

@ a special class of O,

Om :=supO(go, -+ @+ oN-1)
P

@ reduction of modified logarithmic Sobolev inequality

. d G(u) b_ = .
u<0: = 37+6F(u),b_._r;)<(0—0m)>
O0F(u) <c- dG(u)’ c_ <0
du
bo  u?
< —
= G = 2 1—-c_u

@ sub-Gamma lower tail

62
P({(O) — O > €) < e 20=+c-T9)



Lipschitz continuity and fluctuations of entanglement probes

@ Lipschitz continuity
10(p) = 0| < OllLiplle = ¢ll, Ve, " € TV

Lipschitz constant: ||Ol|;, = sup ||8¢0||
peTN

@ relation between variance factor b, and a.e. Lipschitz continuity
2
b = ([[9,0])
@ variance of entanglement probes

var(0) « (l3,0[)



Scaling law of the variance: noninteracting

@ separation of the correlation matrix nonrandom random

E@) = T Cilp)

matrix elements of Cy: (C;), = — Z [Re (k) cos @y, + 1p(kyy) sin @,
m 1

@ separation of Var(S)
84,8 = Tr [Had,,, C1 |

H, = In [Z“l(q:) ~ ]I] } = Var(S) = + Var; (S)

bulk contribution:
N-1
Var;(S) = const. Z <[TrA (((1[ - CQ)C0)71C18¢”,C1)]> +

m=1



Scaling law of the variance: noninteracting

@ separation of the correlation matrix

C(p)=Co+Cilp)
N

1
matrix elements of Ci: (C)), = Z Z [R¢ (ki) cOS @ + 1 (kyyy) sin @y, ]

m=1

@ separation of Var(JS)

6¢mS =Tr ['7'{,469% Cl]

Hy = 1In [6_1((,0) _ ]I] } = Var(§) = + Vary (S)

bulk contribution:
Var, (S) = b Lj/L2



Scaling law of the variance: interacting

o separation of RDM py = 3, , e (@@l 3 Trp |, XP, |
nOnrandOm random

Pa(P) = pao + par (@)

5A1 (SD) = Z e_i(%”_(p”)XmX; TrB |qjm><lpn|

m#n
e nonrandom part of RDM (1 < L4 < L)
pa0 = 1/Ds, (D4 : dimension of subsystem Hilbert space)

@ general expression of variance

Var(0) o D3 <|TYA (5A15¢5A1)|2>

U
scaling law: Var(Q) ~ Lfe‘KL, k>0,2<B<4



Concluding remarks

o universal statistics of temporal/out-of-equilibrium
fluctuations in entanglement dynamics

o a new class of mesoscopic fluctuations
o novel universality

© w.r.t. entanglement probes
@ w.r.t. particle statistics (C.Z. Lou, CT, Z.X. Zou, T.
Shi and L.K. Lim, to appear very soon)

e relations to black hole physics
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