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The Bose-Hubbard model

H= ZUN2+ZZJJ/<b by

J=1 k#j

is generally considered to not be integrable, even in the
homogeneous case U; = U, Jjx = J. It does conserve total particle
number.
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H= ZUN2+ZZ NNk—ZZJkaTbk
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offer multiple integrable classes with additional conserved
operators.
Moreover, they are gaining prominence in experimental settings.
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The potential between two electric charges g and ¢’ takes the form

Cqq’
V(r)= ;

where r is the distance between the charges, and C is a constant.

An electric dipole is a sepa-
ration of positive and nega-
tive charges. We can model
—b a dipole by a rod of fixed

g length with a positive charge
o at one end, and a negative
a charge of the same magni-

tude on the other end.

<4a$b_ 12(r-a)(r-b)>.

o

V — an Qb r5
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H=U(N; + N3 — Ny — Ng)? + WN?
a4 J12(b1b2 =+ b;bl) = J23(bJ2[b3 = bgbz)
“F J34(b§b4 4 bjlbg,) “F J14(bJ{b4 + bjlbl).

J12

J1a o3 J12J34 = J14 )3

J34
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Bennett, Foerster, Isaac, Links, Nucl. Phys. B 998 (2024) 116406

H = U(Ny + Nz + N3 — Ng)?
+ J1(blbs + blby) + Ja(biba + bibo) + J3(bba + blb3).

T J1, b, J3 arbitrary
o/.\o

Three conserved operators close under commutation to realise the
sl(2) algebra.
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H =U(Ny + N3 — No — Ng)?
+ J1(bl by + blby) + Ja(biby + bl bs3)
+ J3(bhbs + biby + blby + blby).

J

5 A

Intersects with Class 1
.4 3 when J1Jh = J3

J>




H = U(Ny — N3)? 4 J(bl by + bbby + bibs + b} b3)
+ J(bl by + bl by + bbs + blby).

Conserved operators: N, No + Ny — b;b4 — b};bg,
1
e = (b + b)(b} + b}) — bibl,

1
fo = Z(bZ + ba)(b2 + bs) — by bs.



H = U(Ny — Ny — N3)? + vV/2J(bl by + b} by)
+ J(bby + blby + blby + blbs).

Conserved operators: N, No + N3 — b£b3 — bgbg,

=

1
€0 = 5(b})* = —5b](b] + L),

N

1, 1
fo = §(b4) \ﬁbl(bz + b3).



H = Hy + Ho = Uy(Ny — No — N3 + Nyg)? + Us(Ny + Np — N3 — Ny)?
+ J1(blby + blby + blba + b} bs)
+ Jo(bl b3 + blby + bbs + blby).

Conserved operators: N, Hy, H>,

eo = blb} — blb],
fo = bybs — bab.



For U; = U>, set

H=H+ UN?
= 2U(N? + N3 + N3 + NZ) +2U(Ny + N3)(Na + Ny)
+ J1(blby + blby + blbs + b} bs)
+ Jo(blbs + blby + blbys + blby).




For N even let n € {0,2,..., N}, and for N odd let
ne€ {1,3,...,N}. The Bethe Ansatz equations are

L 2u£ 5
E — = —1 —1 k=1,...
Us_l (uk . Us) U(n )Uk + Jl(uk ) ) > 1,
sg_ék
- 2v,f 5
E — — -1 —1 k=1,...
U = (Vk - Vs) U(n )Vk + J2(Vk ) ) ) My
otk

U n
with energy eigenvalues E = 5 (N2 4F n2) — Z(Jluk + J2vi).
k=1
The reference states are of the form (eo)(N="/2|L.w.(n)) where
[Lw.(n)) is an o(4) lowest-weight state.



H = U3Ny + Ny — N3 — 3N,)?
+ V3J(bl by + blby + blby + blb3)
+2J(blbs + blby).

V3J 2J V3J

Conserved operators include

eo = —3v/3b bl b b} + /3b}b bibL + 613! b bLb]
— 4b} bbbl — 4b] bl bl bl

fo= e}



Square lattice model
°

Cavity mediated interaction

Figure 1 | lllustration of the experimental scheme that realizes a lattice
model with on-site and infinite-range interactions. Left, a stack of 2D
systems along the y axis is loaded into a 2D optical lattice (red arrows)
between two mirrors (shown grey). The cavity induces atom-atom
interactions of infinite range. Right, illustration of the competing energy
scales: tunnelling t, on-site interactions U and long-range interactions Uj.




N1UE IdI1ge O1 L€ PATrdIIIELEr SPACE, L1E SYSLEI CdIl D
ttice model with long-range interactions (see Mzt
ed Data Fig. 1), given by:

H=—tY (5:50+h.c.)+% 3

(e,0) ice,0

_U

2
zﬁe_zﬁo] - Z nu'iﬁi
K e 0

ice,0

and o denote all even and odd lattice sites respectivel




Let {aj, j=1,...,m}uU{b;, bjT :j=1,...,m} denote
mutually commutmg sets of canonical boson operators satisfying
[aj, af] = [b bl = 0yl
(a7, a] = [a], al] = by, bl = [B], bl] =0.

0 | B
For adjacency matrix A = | — — | the Hamiltonian reads
B | 0

m
H=U(N,— Nb)2 + Z Bjk(a}bk + bjak)
k=1

m m
where N, = Z a}raj, Ny = Z b}bj. The Hamiltonian admits a
j=1 j=1
set of mutually-commuting conserved operators.



Adjacency matrix

INE



Explicitly, [C(y), C(z)] = 0 where

C(2p) = Y Bif(aax + b]by).
j.k=1

C2p+1) = UZD 2p, i) + Z BiP ™ (albe + blax)
Jk=1
with
Z B’kB a JEXE] ak + bTb bTbk) i even,
D(2p, i) = ¢ =t

Z (B; sz ’+B2p ‘B )aTaqbibk, i odd.
j,k,r,qg=1



Let X denote a unitary operator that diagonalises B, viz.
Z X-pok = Ojk, Z ijququ = €j0jk,
p,q=1
with {5j :j=1,...,m} the spectrum of B. Introducing

m

T T T T i

3k—§:XkJCJ7 bk—E:ka ljs 3k—§:XJkCJ7 bk_E:Xjkdj’
Jj=1 J=1

leads to N, = Z clg = Ne, Ny = Z dfdj = Ny and
=1 j=1
H = U(N. — Ng)? + Zaj(c}dj . dchj).
j=1



Let X denote a unitary operator that diagonalises B, viz.

Z Xok = Ojk; Z X1 BoqXak = €78k,

p,q=1
with {e; : j =1,..., m} the spectrum of B. Introducing

m m m
a =y Xgg, b= Xgdj, a= ZXM’ bl = Xjd!
j=1 —i =i

j=1

leads to N, _Zc ¢ = N, Nb_Zd d; = Ny and
J=1 i j=1
H = U(Nc — Ng)> + Y _ej(c/d; + d ;). Note that
j=1

N; = cfcj + dJTdJ are conserved operators; let N; denote their
m

eigenvalues. Then Z N; = N is the total number of particles.
j=1



For {Ny, ..., N : N; € Zso} set | Ny, ..., Np) = (df )™ ... (df)N»|0)
where |0) denotes the vacuum. The energy eigenvalues are

E = UN?+ 4UZ Z subJect to
j=1 n=1 Vn
m
— )N
Ny, H(Vn 2 ™ Nie?
Z "4 J= - :N71+Z J 12'
oz Vn ™ Vi ) — Vo — &
16U ] (vo = vim) /
m#n

for n=1,..., N. The Bethe eigenstates read

N
[vi,.ooyvn; Nyy ooy Np) = H C(vp)|Nay..oy N,

m

1 2¢; +
j=t



Adjacency matrix

INE



The eigenvalues of the adjacency matrix for open boundary
conditions are of the form

mj Tk .
2COS(L+1>+2COS<L+1> Jyke{l,... L}

The eigenvalues of the adjacency matrix for cylindrical boundary
conditions are of the form

27 mk :
2COS<L>+2COS<L+1> Jyke{l,... L}

The eigenvalues of the adjacency matrix for toroidal boundary
conditions are of the form

27 21k
2cos<7LU>—|—2cos<7Z> Jyke{l,...,L}.

These provide the single quasi-particle energies.



Without loss of generality, the Hamiltonian
m
H = U(Nc — Ng)* + " j(c]d; + dl ;)
j=1
can be brought into a form where all £; > 0 through
transformations of the type d; — —d;.

If ej =¢€j41="...€j4r—1 then for s,t € {0,...r — 1} the operators

i i
Cj-&-scj—&—t + C7'J-+sd'+ta

gt oot
cj+sa’j.+t - dj+scj+t,

Cj+sdj+t = dj+st+t

commute with H, and close to form the Lie algebra o(2r).



%
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These models with defects are integrable, due to the preservation of re-
flection symmetry.



In the case of (b) on the previous slide, the characteristic
polynomial P(\) for B reads

P(X\) = A3 — 723 — 31039 4 3090 + 21728 — 5679)\%"
+ 3187X%% + 56798\ — 70399\%* — 33871473
+ 587333)\?2 4+ 1234858)\2! — 2750107A%° — 2672048\1°
+ 797596718 + 2056747 A7 — 14533255110 — 29937715
+ 16620705\1* — 324656113 — 11634583112 + 3872804\!!
+ 4737597\10 — 2021218)\° — 10101638 + 512874)\7
4 85077)\° — 55422)° 4 324)\* + 12963, (1)

and the characteristic polynomial of A is P(A)P(—A). Use of the
computer algebra package MAGMA, hosted by The University of
Sydney, indicates that (1) is not solvable in the Galois sense. That
is, the roots cannot be expressed in terms of radicals. The only
resort is numerical computation. However, the associated
Hamiltonian is superintegrable.



Reflection symmetry is broken. In particular the number of blue vertices
does not equal the number of red vertices.



The matrix B is no longer square. We remedy the situation by
making a reflection copy and consider an enhanced system. The
adjacency matrix reads

0 B | 0 0
BT 0| 0 0
A= — = _
0 0| 0 B
0 0 | BT 0
0 0| 0 B
0 0 | BT 0
0 B | 0 0
BT 0| 0 0
0| C
cC | 0

where C is symmetric.



While the individual latices do not have reflection symmetry, the total sys-
tem does. Setting the particle number to zero for one subsystem provides
conserved operators for the other. Obtaining a Bethe Ansatz solution for
this scenario uses a Singular Value Decomposition for B.



C(2p) = Z (BBT )5 ala + Z BTB)b bl by,

J.k=1 Jj,k=1
2p—|—1)—UZD 2p, i +ZZ (BT B)P) 2l by
Jj=1 k=1
+ZZ(BT(BBT>P)kjbIaj

j=1 k=1



with

D(2p,i) =

(

Z (BB )J',<2(BB ) ~i/2 aTaqa,ak
j?k7l7q_
+ Z (BTB)42(BTB)y 2blbgbfbk, i even,
Jqu 1
Z Z TB (i— 1)/2) (BT(BBT)p 1—(i— 1)/2)Iq
Jj,q=11,k=1
Xa; aqubk

+ Z Z BTBP 1—(i— 1/2) (BT(BBT)(I 1)/2)

J,q=11,k=1
xa}aqubk, i odd.



Extended Bose-Hubbard models offer integrability for special
choices of coupling parameters.

Small systems with few degrees of freedom provide candidates
for modelling systems with long-range magnetic dipole
interactions.

For global range cavity-mediated interactions on the square
lattice, exact solutions are available for open, cylindrical, and
toroidal bounday condistions.

The integrability of these global-range interactions models is
robust with respect to defects. The impacts with respect to
Bethe Ansatz solutions are more nuanced. This is work in
progress, based on implementing singular value
decompositions of the adjacency submatrix B, and
understanding the required pseudo-vacuum states.
Superintegrability was identified across a range of examples
for both interaction types.



J. Links, Bethe Ansatz solution for a model of global-range
interacting bosons on the square lattice, arXiv:2509.01989.
P.S. Isaac, J. Links, I. Lukyanenko, J.L. Werry, Explicit
conserved operators for a class of integrable bosonic networks
from the classical Yang-Baxter equation., arXiv:2507.00483.
J. Links, Yang-Baxter integrability of bosons hopping on the
square lattice with global-range interaction,

Presented at

“Baxter 2025 Exactly Solved Models and Beyond:
Celebrating the life and achievements of Rodney James
Baxter” September 8-11, 2025.

Available on YouTube
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