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PROBLEM TIMELINE: CRITICAL LATTICE MODELS — CFTS

Before 1980s: KW Duality

!

1990s: Discrete holomorphicity

[

Early 2000s: Golden chain

[l

2010s: Strange correlator
& holography

!

Late 2010s—-2020s:
Sandwich construction & beyond

Kramers—Wannier (KW) duality in models like the Ising model, where
criticality is often tied to self-dual points.

Discrete holomorphicity (e.g., Bernard 1991), providing early hints of
hidden integrable structures governing critical couplings.

Golden chain (Feiguin et al. 2006) showing criticality protected by non-
invertible symmetries.

Strange correlator (You-Xu 2014) probes SPT phases, later reinterpreted
as boundary conditions of higher-dimensional topological models.
Topological holographic principle (Ji-Wen, Kong, Gaiotto, Freed, et al.):
transfer matrices with non-invertible symmetries = path integrals of higher-
dimensional symTOs / symTFTs

CFTs as critical boundary conditions of higher-dimensional symTOs
Integrable lattice models as strange correlators (Aasen, Vanhove, Huang)
Active efforts to systematically classify CFTs via controlled exploration of
SymTO boundaries (open question)




CRITICAL 2D ISING MODEL AS A STRANGE CORRELATOR

. 1 <\ 5 O
Z(,B) = z 1_[ eﬁsls] ﬁcritical = Eln(ﬁ + 1) '8 / Si \/ \
{s;=11} Edge:(ij) . s
\oisi A O
Euclidean Path Integral Ye—r Transf
/Sj : Ma.trixéx
Strange correlator formulation: Z () = (Q(B)|W¥)
O
XA
Constructed State: (Q(ﬁ)l = z ® (63(1| + e_‘8<—1|) —
{s;=%1} Edges:(ij) X
Red dots: Ising spins
Toric Code Ground State: W) = Z ® |sis;) Octagon edges: 1, —1
{s;=*1}Edge (ij) Square edges: 1 + (—1)

Critical State: (Q critical™ (\/El'l' 1) on each edge e Iransferg Z; toric code anyons: 1, e, m, em

Matrix



CRITICAL ISING TRANSFER MATRIX AS COMPETING ANYON CONDENSATES

Transfer Matrix:

260 = (%) =+ I

Coupling between spins

* B =0 = Order
(Z, symmetry breaking)

* [ =0 = Disorder
(dual Z, symmetry breaking)

In(v/2+1
. 'an(z )

= C(ritical Ising!

Toric Code String-Net Model

Oz

I+ We 1 0
. E __ —
Chargeon condensation P, = > = (O O)
1
— E ==
AZ P! Q) = (0)
E
Oy
I+wm 1,1 1
. E __ —
Fluxon condensation P, = 5> 2 (1 1)
1 1
_ E = —
AzE: PE |V ﬁ(l)

Competing condensates  [Q), + [Q),, ~ (ﬁf— 1)



WE CAN SYSTEMATICALLY COMBINE
COMPETING ANYON CONDENSATION & STRANGE CORRELATOR
T0 BE A PARADIGM OF CONSTRUCTING CRITICAL LATTICE MODELS

Physical and technical foundations:
* Topological holographic principle
* Generic anyon condensation in the string-net model



TOPOLOGICAL HOLOGRAPHIC PRINCIPLE arxiv:1912.13492

Path integral of d-dim QFT with symmetry described by fusion category F
~ Path integral of (d + 1)-dim TQFT/TO with input data F

SymTO
d-dim QFT
- Bulk: (d + 1)-dimensional SymTO g
- One boundary is the topological boundary |¥)
- Another boundary is the dynamical boundary |()
- Strange correlator is an explicit realization 1 1
RG Fixed Points * Gapped: SPTs e.g. [)e = (O)’ |V = (1)

Z(B) =(Q (P)|¥)
* Gapless: CFTs e.g. |Decritical = (ﬁ;_ 1)
Open question: How to design |Q)? t




| ENLARGED HU-GEER-WU STRING-NET MODEL arxiv: 2506.05310

A" Edges/Tails: Gauge Dofs

E.g., 1,1, 0 in Ising Fusion category

Vertices: Always satisfying Fusion Rules!
Topological Gauge Fields are always Gauge Flat!

Tail Endpoint: Guage Curvature:

E.g., 1,4y, 0 in Ising Fusion category

E.g.:(03d,1),(0ad,¢)

f 1 Anyons 11, 1y, Y1, 16,01, Yy, Ya&,oyp, oG
* Flux (Monopole): Providing curvature via magnetic Gauss Law

Internal Charge Space: Gauge UFC Representation Space



ANYON CONDENSATION IN THE ENLARGED HGW STRING-NET MODEL Arxiv:2509.05852

Certain dyon types in the parent model are condensed:

Hy = Hy—A z Z deq Wlpq

Edges E| Condensed p,q
nyon Type ]

Local Projector Pg

Pg: Project out certain basic degrees of freedom! Dof € Irr(F) wemm— Dof € Irr(S)
P

HE ={a € Irr(F)} » Hp = PeHT c HT

Child Model Input Data: Subcategory S € F
= {r € Irr(S)}

In general, Irr(S) & Irr(F)



FULL ANYON CONDENSATION

Child phase becomes trivial:

* Each edge of the lattice is fixed to take a Frobenius algebra object A of the parent input UFC F.

Frobenius algebra: A = (L4, f):
L, ={ay|la € Irr(F),1 < a < nd'},

fil3, - C.

fm#cydg

Z(A): a Lagrangian algebra of Z(F)
condensed anyon types

Example: Ising UFC: 1,¢y,0
Ly ={1,v},
fi11 = flt/ﬂ/) — fwzpl — fl/)ll/) =1

WE1T}11 + WEllnT);ll + ZWEO-B-;IIJITJ

Pt = 7

condensed anyon types: 11, l/)l/j, o0



SAME ANYONS MAY CONDENSE DIFFERENTLY (GOLDSTONE MODES)

- L 0% (z)o® Jv 0
BiE)= V2 ¢ v+ h(z)

Condensed anyons 11,9, oG
A
[ |
(11,1, @y, 1), (05, 1) (11,1, @, 1), (05,9)
Pure Chargeon Condensation Dyon Condensation
wibit W1p171;1,1 4 oW ool Wittt 4 W1p171;1,1 Ay 2
. A E E E A E E E
Projector P = 7 P = y
Frobenius _ . ; _
Ay=1  Morita Equivalent! A =1y
Algebra

But physically dif ferent!

Can compete and lead to second order phase transition and critical Ising CFT



OUR ANSATZ OF |€2) ON A UNIT CELL?

What's
here
? Such that (| is a critical transfer matrix
. | and
Unit Cell N\ Z = (Q|W) is destined to flow to a critical CFT under RG




| CRITICAL ISING AGAIN: A MOTIVATION OF OUR ANSATZ

(Qcriticar™ (ﬁ;_ 1) =2 (Qe+HQ|m

~2[()+%(3)

L(|0+(|1

0b1 0b1 0b1
— ‘ L '
(Aol (A4l
Ay =10 A, =001

0 @ 1 is a common module of Frobenius algebras Ay and A4 in Z,

y M| M
N S—r E pMﬂ]gy ﬂfi — A
\\\ T a [ 1 M
\\\ A $say€€ Ij{ M v M‘ 1 '




ANSATZ: SINGLE CONDENSATE ON A UNIT CELL

=  Given an HGW string-net model with input UFC F,
Select an anyon condensate described by a Frobenius algebra A; of F

" Place A; on each octagon edge

= Place a module M4, of A; on each
* Absorb tails

qu. _ — Unit Cell N

l

* Separate global condensation into unentangled local condensates in unit cells

=  (Construct the normalized child state
1 1

x y
(AilMa, = ——( |4 > D Q;XFI YAEAIY AN

N(ﬂ-i'ﬂ'fﬂi) N(ﬂt ._A[_,qi) GEA ;r.y.u.,veﬁfﬂ

N(Qfli,M,li.) = g A ] - Y= d?wﬂidﬂi



ANSATZ: PAIR CONDENSATES COMPETING IN A UNIT CELL

* Place two anyon condensates A;, A; on each octagon edge

* Place a common module qul.jofc/li and A; on each

PEC'Q0 Unit Cell
* Construct the two normalized child states (A;]|, (A;|

e Ansatz:

= ’y oy _ . A A j
(ﬂlcritiCal_<I(-Ai:MJli):(AjuMﬂj)|(:riti{:a.l = <ﬁ?|Mﬂ; + <Jq'j‘M~’|j = largest eigenstate of PE t PE !

All topologically trivial states are equally matched!

» Strange Correlator: Critical Partition function: Z = (Q|¥)

string-net ground state



PHASE SPACE OF EACH UNIT CELL

—~ 1 ] I y
(Ailay, = (& |= :E a2y ([P Jun)”
Aj; N(ﬁ'i?ﬂ"[ﬂz') N(‘Af'ﬂf-’q;‘) aEz;-lI.y.'l%:EAIA <.u "L‘I AlTy i A i

i

* In principle, each simple object a in each Frobenius algebra A; contributes a new coupling

* Shared simple object a with same actions on common module -- contributes only ONE new couplings!
.1a

wem [l = [,

* E.g., Total dimension of phase space of two competing condensates:

N =#simple objects

Dynit (-Aza -A]) — Nflg— = N}lj — Nobjccts a with shared p



TENSOR-NETWORK RG

Tensor products of unit cells are no longer RG Fixed Points = Need RG.

{Ar #

- 3 T4 o 0 =Vl ¢ ] eoitan
{i} p LS

fk

OJ

Tike" = Vaddd,dyd, [” i’ £l=
Y
AR
Central
b - b
By . \:],/ gf'-’ -. Modular parameter Charge
i \ / _ pure imaginary here ‘

Eigenvalue of Fixed Point T \

/{k — 0 Zinr(?k—l—cz)

) T ) Confornal Dimension
Primary Field Label Ao = 0 for conformal vacuum

four old tensor T M two new tensor h’f



EXAMPLE: Z,, FUSION CATEGORY— POTTS CFTS

4, Fusion Category:n simple objects:0,1,2,...,n

Frobenius algebras:

c/10=0

Common Module:

Qi x(VN+D) S P+ Y Y F

0<z u<N

1<a<n 0<zx, u<n

u®

-1

Cat Z9 73 Z4 Zs

Az 0 0 02 0

A 0l (0bl1p2| 0D2 0bl1b2d3 Oblo203d4

M 0l (0bl1ld2| O0B2 Obl1b2d3 Obl1d203D4
Dyt 2 3 2 4 4 5
Type Sccond order First order
CFT Ising 3-Potts Ising | 4-Potts | Ising Possibly

c = (. c=08 |c=058]| e=1 |e=05 complex CFT
T®a




ANSATZ: MULTIPLE COMPETING ANYON CONDENSATION

How will three anyon condensation compete?

z=(2++v2)y—1
c= (.5

Example: In Quantum Doubled Rep(S3;) Phase

Simple Objects: 0,2,4: 6599 = 8p22 = 022 = 0422 = 8paa =1 106
10.5
104

Frobenius Algebras (Topological Child Phases):

2 0.3

Ag =0, A, =0D 4, Az;=0D2D4 0.2
0.1
Common Module: M = 2 _ .
0 0.2 0.4 0.6 0.8 | C
. _ _ {Qo2|A3) Bo) = | A — | A
 Phase boundaries: [Qq,(p)) = |Qq,) +p | |A3) o D) |By,) |Boo) = |Ag) — |A2)

Likewise: [Qg3(p)), |Q23(p))
e Tricritical point: their intersection!



WHEN SECOND-ORDER?

#(Independent Couplings)> #(Gapped Phases) = Enough rooms for degeneracy /first-order

Ty ¥
The key is to reduce the number of independent couplings (A; Mg, = D D) < %

acA z,y,u,veMy

[pﬁbl ]gy ( [pﬂfA ]gw ) "

Total dimension of phase space:

umt Z \-;L . Z (j\r:ummml » J.)

perfectly shared a

The RG attraction basins would be restricted to those gapped phases that share common modules.

- Sufficient condition of Second order:

#(Gapped Phases) = Dypit

Example: Zy: N = 5: First order transition of Potts model with N > 5!



MORE EXAMPLES



Ay 1 INTEGRABLE MODELS FROM PAIR COMPETITION

A 41 Fusion Category: k + 1 simple objects: 0,1, 2, ..., k Smin(i+j,[2k—i~j)
[QRj= 69 2m
Cat As Az Ay -,
A; 0 0 0 02 03
A; ([0@1|002| 002 063 (00162603 | 063 01263
M 01 1 1 0b3 162
y § I 2 2 2 2 4 3 4 4
Type Second order
CFT Ising tri-Ising | Ising Ising ® tri-Ising Ising | tri-Ising
) e=05 c=07 | c=0.5 e=12 c=05| ¢=0.7
A =0,A;=0 @D 2,M = 1,Vk recovers The Andrews-Baxter-Forrester (ABF) lattice realisation of
the RSOS integrable models c=1- e
< I | (\I,( | \/ 2cos (%) +1 Y Verstraete et al 2017: Aasen, Fendley, Mong 2016, 2020; Chen et al 2022
= ) + 2
critical =N

2 cos (ﬁ) +1



Ac FUSION CATEGORY: PAIR COMPETITION

2Q2=00D 2D 4, 2Q®4=2, 1®2=3QRQ2=103, 1®4=3, 3®4=1

Cat A5

A; 0 04 02

A; 02 04 |02 4 0k 2 0244

M 1 2 2 143 2 1 3" 1 3™
Dunit 2 2 3 3 3 4 4
Type Second order First order
CFT 3-Potts | Ising 4-Potts | Ising ® 3-Potts | Ising | 3-Potts

c=08 | e=05 g= g=1.3 c=05| ¢=0.8

* ek

uses a connected module function while ** uses a disconnected one for the algebra 0 & 2.



Ac FUSION CATEGORY: TRICRITICAL POINTS

2Q2=00D 2D 4, 2Q®4=2, 1®2=3QRQ2=103, 1®4=3, 3®4=1

1

z=(2+v2)y—1
c=\[0"5

0.9
0.8
0.7

0.6

M=2 T ba Recovers the Ashkin-Teller model

0 0.2 0.4 0.6 0.8



HAAGERUP CFTS

Haagerup Fusion Category: Six Simple Objects: 1, a, a?, p, ap, pa

a® a? =1, pa? = ap, a’p = pa, p’=1Dp® ap ® pa
Noncommutative!
Frobenius algebras:
Ay =1 A, =1DpDap
A1 =1Dap D pa®p As =1@ ap O pa Morita Equivalent

A, =1D a® a? Ag=1D p D pa



BICRITICAL CFTS IN HAAGERUP

Haagerup Fusion Category: Six Simple Objects: 1, a, a?, p, ap, pa

A, =10 a® a?

a® a? =1, pa? = ap, a’p = pa, p’=1Dp® ap ® pa
Noncommutative!
Frobenius algebras: A, =1 A =1Pap D pa®p

Cat Hjy
A; Aqg Ay Asz A6
Aj Ay As Asse | Az | Aase Ag5.6 A(5,6),(4,6),(4,5)
M PO apd o’ ol

i i 4 3 3 6 6 5 5

Type Second order First order

CFT | em20° [>T | cn13 -

c=028

is possibly the CFT that has been observed in arXiv: 2110.03532,2110.03008



TRICRITICAL CFTS IN HAAGERUP

Haagerup Fusion Category: Six Simple Objects: 1, a, a?, p, ap, pa

a® a? =1, pa? = ap, a’p = pa, p’=1Dp® ap ® pa

Noncommutative!
Frobenius algebras:

c/lo =1 Cat Hg

Ai Ao Ap Ao A | A HAp Az Ay
A1 =1DapBpa®p

Aj Ay Az A As Aas6 As
A, =1Qa®a’ A As HAase | Aase | Aase A(5.6),(4,6),(4,5) Ag

M ap @ o
Ay =10 p D ap pRapoa s

i ST 6 5 6 8 8 5 7 T
As=1@D ap P pa .
° PP Type Second order First order Second order

As=1Dp ® pa CFT |e=18 | e=18 |¢x21 — — |lerm18|ex21 | ex25




NOVEL HAAGERUP CFTS

Haagerup Fusion Category: Six Simple Objects: 1, a, a?, p, ap, pa

a® a? =1, pa? = ap, a’p = pa, p’=1Dp® ap ® pa

Noncommutative!

Frobenius algebras: Central Charge

25

A,=1DpDap

As =1 ap D pa

1.5

&y
/fjS

0, (
%

\'4

Ag =10 p D pa

Common Module:

l-‘irs( Order

M=p®padap



MINIMAL (NONINVERTIBLE) SYMMETRY

The minimal symmetry preserved in the critical is determined by

the first common ancestor node

K=%F

of the competing pair in the condensation tree

:A37

identity = Ag =10
Z(Asz) = Doubled Ising TO

Condense 1)

%Y = 2{Ty) =

X = VecZy = {0,2}
identity =AHAy=0
Z(X) toric code

Condense (oa,1) —/

K=4{0}=1,
identity = Ay
L=11oy ®od
electric condensate

1&e

\C}onden%e oa,1)

—{0@2) =1,
identity = A
L=11@yy ®oa
magnetic condensate

1é&m

{0,2,4} = RepSs

Z(Ss)
/ /0 N\E9
{0,4} {042 +4,0— 244} 044,91, %} {0+2,2+4}
= RepZ2 = VecZ> = RepZ3 = VecZs
2(Z2) %(22) 2(Z3) 2(Za)
(D,O}/ \ F,4) (B;},}/(D,Z) (F.0) 2((;,2)1 (B,‘-Q/ (D, o)i
{Ao =0} {A2=0+4} As =0+ 2+ 4} {As=0421 425 +4} {A1=0+2}
Lg L, Lo L, Ly
A®F@®D A®B®2F A®F&®D A®Ba®2C A®C®D
L S3 S3 Z3



CONCLUSION & FUTURE WORK

By means of competing anyon condensates in the HGW string-net model and strange correlators,
we provide a paradigm for systematically constructing critical lattice models and 2D CFTs with
minimal (noninvertible) symmetries.

We found several novel 2D CFTs with the Haagerup symmetry.
Our paradigm is UV complete and non-perturbative by construction.

Future work: /{

= Better numerics
= Different lattice shapes,
= Larger unit cells

= 3D CFTs
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Z(RepS3) Anyon Type

Z(RepS3) Dyon Type

Z(As) Dyon Types

A (4,0) (00,0), (44, 0)

B (B, 4) (04, 4), (40, 4)

c c.5 (22,2)

5 (D.,0) (11,0), (33,0)
(D,2) (11,2), (33,2)

. (E.2) (13.2),(31.2)
(E,4) (13,4), (31,4)

: (F,0) (22,0)
(F,4) (22, 4)

@ (G,4) (02,2), (42, 2)

H (H,4) (20,2), (24, 2)




HAAGERUP CONDENSATION TREE

Hs
Z(Hs3)
1 e T D T2 D 04 }i=1,23
VecZ3 = {1 o, o’} Veclg = {1 a,a’} {A456}
Lo
{1} {1dada®} {p®1®p} {p(1@ad?®) ®p}
Ly L Lo Ly

Figure 12: Condensation tree for the doubled Hz symTO. The right most branch ab-
breviates the 3 Morita equivalent branches, with the Frobenius algebras involved given in
(4.7e- 4.7g).



