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PROBLEM TIMELINE: CRITICAL LATTICE MODELS → CFTS
• Kramers–Wannier (KW) duality in models like the Ising model, where 

criticality is often tied to self-dual points.

• Discrete holomorphicity (e.g., Bernard 1991), providing early hints of 
hidden integrable structures governing critical couplings.

• Golden chain (Feiguin et al. 2006) showing criticality protected by non-
invertible symmetries.

• Strange correlator (You-Xu 2014) probes SPT phases, later reinterpreted 
as boundary conditions of higher-dimensional topological models. 

• Topological holographic principle (Ji-Wen, Kong, Gaiotto, Freed, et al.): 
transfer matrices with non-invertible symmetries = path integrals of higher-
dimensional symTOs / symTFTs

• CFTs as critical boundary conditions of higher-dimensional symTOs
• Integrable lattice models as strange correlators (Aasen, Vanhove, Huang)
• Active efforts to systematically classify CFTs via controlled exploration of 

SymTO boundaries (open question)

Before 1980s: KW Duality

1990s: Discrete holomorphicity

Early 2000s: Golden chain

2010s: Strange correlator
& holography

Late 2010s–2020s: 
Sandwich construction & beyond



CRITICAL 2D ISING MODEL AS A STRANGE CORRELATOR

Critical State:          ⟨Ω|ୡ୰୧୲୧ୡୟ୪∼
2 + 1

1
   on each edge

Toric Code Ground State:        |Ψ⟩ = ෍ ໆ |𝑠௜𝑠௝⟩

୉ୢ୥ୣ :⟨௜௝⟩௦೔ୀ±ଵ

𝑍 𝛽 = ෍ ෑ 𝑒ఉ௦೔௦ೕ

୉ୢ୥ୣ:⟨௜௝⟩

                      𝛽ୡ୰୧୲୧ୡୟ୪ =
1

2
ln( 2 + 1)

௦೔ୀ±ଵ

Constructed State:                     ⟨Ω(𝛽)| = ෍ ໆ 𝑒ఉ⟨1| + 𝑒ିఉ⟨−1|

୉ୢ୥ୣୱ:⟨௜௝⟩௦೔ୀ±ଵ

𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑃𝑎𝑡ℎ 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙

Strange correlator formulation: 𝑍 𝛽 = Ω(𝛽) Ψ

𝑇𝑟ansfer
𝑀𝑎𝑡𝑟𝑖𝑥

Red dots: Ising spins
Octagon edges: 1, −1
Square edges: 1 + (−1)

𝑠௜

𝑠௝

𝑠௜𝑠௝

𝛽

𝑥

𝑇𝑟ansfer
𝑀𝑎𝑡𝑟𝑖𝑥

𝑍ଶ toric code anyons: 1, e, m, em



CRITICAL ISING TRANSFER MATRIX AS COMPETING ANYON CONDENSATES

Chargeon condensation  𝑃௘
ா =

𝐼 + 𝑊௘

2
=

1 0
0 0

 

−Λ ෍ 𝑃௘
ா

ா

                    Ω ௘ =
1
0

    Fluxon condensation       𝑃௠
ா =

𝐼 + 𝑊௠

2
=

1

2
1 1
1 1

        −Λ ෍ 𝑃௠
ா

ா

                   Ω ௠ =
1

2

1
1

Competing condensates       Ω ௘ + Ω ௠ ∼ 2 + 1
1

Transfer Matrix: 

Ω 𝑟 = 𝑒ఉ

𝑒ିఉ
=

• 𝛽 = ∞ ⟹ 𝑂𝑟𝑑𝑒𝑟 
(𝑍ଶ symmetry breaking)

• 𝛽 = 0 ⟹ 𝐷𝑖𝑠𝑜𝑟𝑑𝑒𝑟
(dual 𝑍ଶ symmetry breaking)

• 𝛽 =
୪୬( ଶାଵ)

ଶ
⟹  𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝐼𝑠𝑖𝑛𝑔!

𝐶𝑜𝑢𝑝𝑙𝑖𝑛𝑔 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑠𝑝𝑖𝑛𝑠

Toric Code String-Net Model

𝜎௭

𝜎௫



WE CAN SYSTEMATICALLY COMBINE
COMPETING ANYON CONDENSATION & STRANGE CORRELATOR 

TO BE A PARADIGM OF CONSTRUCTING CRITICAL LATTICE MODELS 

Physical and technical foundations: 
• Topological holographic principle
• Generic anyon condensation in the string-net model



TOPOLOGICAL HOLOGRAPHIC PRINCIPLE

𝑑-dim QFT

𝑑 + 1 -dim SymTO

Path integral of 𝑑-dim QFT with symmetry described by fusion category ℱ

∼ Path integral of 𝑑 + 1 -dim TQFT/TO with input data ℱ

- Bulk: 𝑑 + 1 -dimensional SymTO

- One boundary is the topological boundary |Ψ⟩

- Another boundary is the dynamical boundary Ω

- Strange correlator is an explicit realization

𝑍 𝛽 = Ω 𝛽 Ψ

SymTO

Open question: How to design 𝛀 ?

• Gapped: SPTs        e.g.

• Gapless: CFTs        e.g.

Ω ௘ =
1
0

,  Ω ௠ =
1
1

Ω ୡ୰୧୲୧ୡୟ୪ = 2 + 1
1

ArXiv: 1912.13492

𝑹𝑮 𝑭𝒊𝒙𝒆𝒅 𝑷𝒐𝒊𝒏𝒕𝒔



𝑨𝒏𝒚𝒐𝒏𝒔
• 𝐹𝑙𝑢𝑥 𝑀𝑜𝑛𝑜𝑝𝑜𝑙𝑒 : 𝑃𝑟𝑜𝑣𝑖𝑑𝑖𝑛𝑔 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑣𝑖𝑎 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝐺𝑎𝑢𝑠𝑠 𝐿𝑎𝑤

• 𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝐶ℎ𝑎𝑟𝑔𝑒 𝑆𝑝𝑎𝑐𝑒: 𝐺𝑎𝑢𝑔𝑒 𝑈𝐹𝐶 𝑅𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑆𝑝𝑎𝑐𝑒

Vertices: Always satisfying Fusion Rules!
𝑇𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝐺𝑎𝑢𝑔𝑒 𝐹𝑖𝑒𝑙𝑑𝑠 𝑎𝑟𝑒 𝑎𝑙𝑤𝑎𝑦𝑠 𝐺𝑎𝑢𝑔𝑒 𝐹𝑙𝑎𝑡!

Tail Endpoint:  Guage Curvature:

Edges/Tails: 𝐆𝐚𝐮𝐠𝐞 Dofs

/

ENLARGED HU-GEER-WU STRING-NET MODEL

𝐸. 𝑔. : 𝜎𝜎ത, 1 , 𝜎𝜎ത, 𝜓

E. g. , 1, 𝜓, 𝜎 in Ising Fusion category

E. g. , 1, 𝜓, 𝜎 in Ising Fusion category

ArXiv: 2506.05319

11ത, 1𝜓ത, 𝜓1ത, 1𝜎ത, 𝜎1ത, 𝜓𝜓ത, 𝜓𝜎ത, 𝜎𝜓ത, 𝜎𝜎ത



ANYON CONDENSATION IN THE ENLARGED HGW STRING-NET MODEL

Certain dyon types in the parent model are condensed:

𝐻ℱ        ⇒       𝐻ℱ − Λ ෍ ෍ ෍  
𝜋௣௤

௃

𝑑௣𝑑௤
𝑊ா

௃;௣௤

௣,௤େ୭୬ୢୣ୬ୱୣୢ
୅୬୷୭୬ ୘୷୮ୣ ୎

୉ୢ୥ୣୱ ா

𝑃ா: Project out certain basic degrees of freedom!

ℋா
ℱ = 𝑎 ∈ Irr ℱ → 𝐻ா

𝒮 = 𝑃ாℋா
ℱ ⊂ ℋா

ℱ

Child Model Input Data: Subcategory 𝒮 ⊂ ℱ

𝐻ா
ௌ = 𝑟 ∈ Irr 𝒮

Dof ∈ Irr ℱ                        Dof ∈ Irr 𝒮
𝑃ா

In general, Irr 𝒮 ⊂ Irr ℱ  \

Local Projector 𝑃ா

ArXiv: 2509.05852



FULL ANYON CONDENSATION
Child phase becomes trivial: 
• Each edge of the lattice is fixed to take a Frobenius algebra object 𝒜 of the parent input UFC ℱ.

Frobenius algebra: 𝒜 = 𝐿𝒜, 𝑓 :

𝐿𝒜 = 𝑎ఈ|𝑎 ∈ Irr ℱ , 1 ≤ 𝛼 ≤ 𝑛௔
𝒜 ,

𝑓: 𝐿𝒜
ଷ → ℂ.

𝑓௠ഋ௖ംௗഃ

Z(𝒜): a Lagrangian algebra of Z(ℱ)
condensed anyon types  

Example: Ising UFC:
 

𝐿𝒜 = 1, 𝜓 ,
 

𝑓ଵଵଵ = 𝑓ଵటట = 𝑓టటଵ = 𝑓టଵట = 1

𝑃ா
𝒜 =

𝑊ா
ଵଵഥ;ଵଵ + 𝑊ா

టటഥ ;ଵଵ
+ 2𝑊ா

ఙఙഥ;టటഥ  

4

1, 𝜓, 𝜎 

condensed anyon types: 11ത, 𝜓𝜓ത, 𝜎𝜎ത



SAME ANYONS MAY CONDENSE DIFFERENTLY (GOLDSTONE MODES)

𝑃ா
𝒜బ =

𝑊ா
ଵଵഥ;ଵ,ଵ + 𝑊ா

టటഥ ;ଵ,ଵ
+ 2𝑊ா

ఙఙഥ;ଵ,ଵ

4
𝑃ா

𝒜భ =
𝑊ா

ଵଵഥ;ଵ,ଵ + 𝑊ா
టటഥ ;ଵ,ଵ

+ 2𝑊ா
ఙఙഥ;ట,ట

4
𝑷𝒓𝒐𝒋𝒆𝒄𝒕𝒐𝒓

𝑭𝒓𝒐𝒃𝒆𝒏𝒊𝒖𝒔
𝑨𝒍𝒈𝒆𝒃𝒓𝒂

𝒜଴ = 1 𝒜ଵ = 1 ⊕ 𝜓𝑴𝒐𝒓𝒊𝒕𝒂 𝑬𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕!

𝐵𝑢𝑡 𝒑𝒉𝒚𝒔𝒊𝒄𝒂𝒍𝒍𝒚 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕!
Can compete and lead to second order phase transition and critical Ising CFT

𝑪𝒐𝒏𝒅𝒆𝒏𝒔𝒆𝒅 𝒂𝒏𝒚𝒐𝒏𝒔 11ത, 𝜓𝜓ത, 𝜎𝜎ത

𝑷𝒖𝒓𝒆 𝑪𝒉𝒂𝒓𝒈𝒆𝒐𝒏 𝑪𝒐𝒏𝒅𝒆𝒏𝒔𝒂𝒕𝒊𝒐𝒏 𝑫𝒚𝒐𝒏 𝑪𝒐𝒏𝒅𝒆𝒏𝒔𝒂𝒕𝒊𝒐𝒏
11ത, 1  , 𝜓𝜓ത, 1 , 𝜎𝜎ത, 1 11ത, 1  , 𝜓𝜓ത, 1 , 𝜎𝜎ത, 𝜓



OUR ANSATZ OF ON A UNIT CELL?

Unit Cell

What’s 
here

What’s 
here

Such that ⟨𝛀| is a critical transfer matrix
and

𝒁 = ⟨𝛀|𝚿⟩ is destined to flow to a critical CFT under RG



CRITICAL ISING AGAIN: A MOTIVATION OF OUR ANSATZ

0,1

0 + 1

Recall
Critical 

Ising

⟨Ω|௖௥௜௧௜௖௔௟∼ 2 + 1
1

= √2 ⟨Ω|௘+⟨Ω|௠

=√2
1
0

+
ଵ

ଶ

1
1

0 ⊕ 1

0

0 ⊕ 1
0

0 ⊕ 1

1+

⟨𝒜଴
෢ | ⟨𝒜ଵ

෢ |

𝒜଴ = 0 𝒜ଵ = 0 ⊕ 1

0 ⊕ 1 is a common module of Frobenius algebras 𝒜଴ and 𝒜ଵ in ℤଶ 



 Given an HGW string-net model with input UFC ℱ, 
Select an anyon condensate described by a 𝐹𝑟𝑜𝑏𝑒𝑛𝑖𝑢𝑠 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝒜௜ of ℱ

 Place 𝒜௜ on each octagon edge

 Place a module 𝑀𝒜೔
 of 𝒜௜ on each square edge

 Construct the 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 child state

ANSATZ: SINGLE CONDENSATE ON A UNIT CELL

• Absorb tails

• Separate global condensation into unentangled local condensates in unit cells

𝑃𝒜೔
                           =

Unit Cell

𝒜௜

𝑀𝒜೔



ANSATZ: PAIR CONDENSATES COMPETING IN A UNIT CELL
• Place two anyon condensates 𝒜௜, 𝒜௝ on each octagon edge

• Place a common module 𝑀𝒜೔,ೕ
of 𝒜௜ and 𝒜௝ on each square edge

• Construct the two 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 child states ⟨𝒜௜
෢ |, ⟨𝒜௝

෢ |

• 𝐀𝐧𝐬𝐚𝐭𝐳:

• Strange Correlator:  Critical Partition function: 𝒁 = ⟨𝛀|𝚿⟩

𝐴𝑙𝑙 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙𝑙𝑦 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑡𝑎𝑡𝑒𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙𝑙𝑦 𝑚𝑎𝑡𝑐ℎ𝑒𝑑!

string-net ground state

Unit Cell

𝒜௜,௝

𝑀𝒜೔,ೕ

𝑃ா
𝒜బ

= largest eigenstate of 𝑃ா
𝒜೔ + 𝑃ா

𝒜ೕ⟨𝛀|𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍=



PHASE SPACE OF EACH UNIT CELL

• In principle, each simple object 𝑎 in each Frobenius algebra 𝒜௜ contributes a new coupling

• Shared simple object 𝑎 with same actions on common module -- contributes only ONE new couplings!

∀𝑥, 𝑦 ∈ 𝑀,    𝜌ெ
𝒜೔

௫௬

௔
= 𝜌ெ

𝒜ೕ

௫௬

௔

• E.g., Total dimension of phase space of two competing condensates:

𝑁 =#simple objects

𝑖𝑖

𝑖 𝑖



TENSOR-NETWORK RG
Tensor products of unit cells are no longer RG Fixed Points ⟹ Need RG.

𝜆௞ = 𝑒
ଶ௜గఛ ୼ೖି

௖
ଵଶ

Eigenvalue of Fixed Point 𝑇

Primary Field Label

Modular parameter
pure imaginary here

Confornal Dimension
Δ଴ = 0 for 𝑐𝑜𝑛𝑓𝑜𝑟𝑚𝑎𝑙 𝑣𝑎𝑐𝑢𝑢𝑚

𝑪𝒆𝒏𝒕𝒓𝒂𝒍
𝑪𝒉𝒂𝒓𝒈𝒆



EXAMPLE: ℤ௡ FUSION CATEGORY→ POTTS CFTS
ℤ௡ 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑛 𝑠𝑖𝑚𝑝𝑙𝑒 𝑜𝑏𝑗𝑒𝑐𝑡𝑠: 0, 1, 2, … , 𝑛 − 1

Frobenius algebras: 

𝒜଴ = 0 𝒜ଵ = ໄ 𝑖

௡ିଵ

௜ୀ଴

Common Module:

𝑀 = ໄ 𝑖

௡ିଵ

௜ୀ଴

Possibly a 
complex CFT



ANSATZ: MULTIPLE COMPETING ANYON CONDENSATION

• Phase boundaries: Ω଴ଶ(𝑝) = Ω଴ଶ  + 𝑝 |𝒜ଷ〉 −
ஐబమ 𝒜య〉

ஐబమ ஐబమ〉
𝐵଴ଶ

Likewise: Ω଴ଷ(𝑝) , Ωଶଷ(𝑝)
• Tricritical point: their intersection!

How will three anyon condensation compete?

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝑰𝒏 𝑸𝒖𝒂𝒏𝒕𝒖𝒎 𝑫𝒐𝒖𝒃𝒍𝒆𝒅 𝑹𝒆𝒑 𝑺𝟑  𝑷𝒉𝒂𝒔𝒆

𝑺𝒊𝒎𝒑𝒍𝒆 𝑶𝒃𝒋𝒆𝒄𝒕𝒔: 𝟎, 𝟐, 𝟒: 𝛿଴଴଴ = 𝛿଴ଶଶ = 𝛿ଶଶ = 𝛿ସଶଶ = 𝛿଴ସସ = 1

𝑭𝒓𝒐𝒃𝒆𝒏𝒊𝒖𝒔 𝑨𝒍𝒈𝒆𝒃𝒓𝒂𝒔 𝑇𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝐶ℎ𝑖𝑙𝑑 𝑃ℎ𝑎𝑠𝑒𝑠 :

𝒜଴ = 0,           𝒜ଶ = 0 ⊕ 4,            𝒜ଷ = 0 ⊕ 2 ⊕ 4
𝑝 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝐹𝑙𝑜𝑤

𝑪𝒐𝒎𝒎𝒐𝒏 𝑴𝒐𝒅𝒖𝒍𝒆: 𝑀 = 2

𝒄

𝐵଴ଶ = |𝒜଴〉 − |𝒜ଶ〉



WHEN SECOND-ORDER?
• #(Independent Couplings)> #(Gapped Phases)      ⟹    Enough rooms for degeneracy/first-order

• The key is to reduce the number of independent couplings

• Total dimension of phase space:

• The RG attraction basins would be restricted to those gapped phases that share common modules.

- Sufficient condition of Second order:
# Gapped Phases ≥ 𝐷୳୬୧୲

• Example: ℤே: 𝑁 ≥ 5: First order transition of Potts model with 𝑁 ≥ 5!



MORE EXAMPLES



𝐴௞ାଵ INTEGRABLE MODELS FROM PAIR COMPETITION
𝐴௞ାଵ 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑘 + 1 𝑠𝑖𝑚𝑝𝑙𝑒 𝑜𝑏𝑗𝑒𝑐𝑡𝑠: 0, 1, 2, … , 𝑘

𝑖 ⊗ 𝑗 = ໄ 2𝑚

ଵ
ଶ

୫୧୬ ௜ା௝, ଶ௞ି௜ି௝

௠ୀ
௜ି௝

ଶ

The Andrews-Baxter-Forrester (ABF) lattice realisation of
the RSOS integrable models 
Verstraete et al 2017: Aasen, Fendley, Mong 2016, 2020; Chen et al 2022

𝒜௜ = 0, 𝒜௝ = 0 ⊕ 2, 𝑀 = 1, ∀𝑘 recovers



𝐴ହ FUSION CATEGORY: PAIR COMPETITION
2 ⊗ 2 = 0 ⊕ 2 ⊕ 4,   2 ⊗ 4 = 2,    1 ⊗ 2 = 3 ⊗ 2 = 1 ⊕ 3,   1 ⊗ 4 = 3, 3 ⊗ 4 = 1



𝐴ହ FUSION CATEGORY: TRICRITICAL POINTS
2 ⊗ 2 = 0 ⊕ 2 ⊕ 4,   2 ⊗ 4 = 2,    1 ⊗ 2 = 3 ⊗ 2 = 1 ⊕ 3,   1 ⊗ 4 = 3, 3 ⊗ 4 = 1

0 ⊕ 2 ⊕ 4

0 ⊕ 4

0

𝑀 = 2 Recovers the Ashkin-Teller model



HAAGERUP CFTS
𝐻𝑎𝑎𝑔𝑒𝑟𝑢𝑝 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑆𝑖𝑥 𝑆𝑖𝑚𝑝𝑙𝑒 𝑂𝑏𝑗𝑒𝑐𝑡𝑠: 1, 𝛼, 𝛼ଶ, 𝜌, 𝛼𝜌, 𝜌𝛼

𝛼 ⊗ 𝛼ଶ = 1,   𝜌𝛼ଶ = 𝛼𝜌,   𝛼ଶ𝜌 = 𝜌𝛼,    𝜌ଶ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

Frobenius algebras: 

𝒜ସ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌

𝒜ହ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

𝒜଺ = 1 ⊕ 𝜌 ⊕ 𝜌𝛼

𝑁𝑜𝑛𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒!

𝒜଴ = 1

𝒜ଵ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼 ⊕ 𝜌

𝒜ଶ = 1 ⊕ 𝛼 ⊕ 𝛼ଶ

𝑀𝑜𝑟𝑖𝑡𝑎 𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡



BICRITICAL CFTS IN HAAGERUP
𝐻𝑎𝑎𝑔𝑒𝑟𝑢𝑝 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑆𝑖𝑥 𝑆𝑖𝑚𝑝𝑙𝑒 𝑂𝑏𝑗𝑒𝑐𝑡𝑠: 1, 𝛼, 𝛼ଶ, 𝜌, 𝛼𝜌, 𝜌𝛼

𝛼 ⊗ 𝛼ଶ = 1,   𝜌𝛼ଶ = 𝛼𝜌,   𝛼ଶ𝜌 = 𝜌𝛼,    𝜌ଶ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

Frobenius algebras: 

𝑁𝑜𝑛𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒!

𝒜଴ = 1 𝒜ଵ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼 ⊕ 𝜌 𝒜ଶ = 1 ⊕ 𝛼 ⊕ 𝛼ଶ

∗  is possibly the CFT that has been observed in arXiv: 2110.03532, 2110.03008 



TRICRITICAL CFTS IN HAAGERUP
𝐻𝑎𝑎𝑔𝑒𝑟𝑢𝑝 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑆𝑖𝑥 𝑆𝑖𝑚𝑝𝑙𝑒 𝑂𝑏𝑗𝑒𝑐𝑡𝑠: 1, 𝛼, 𝛼ଶ, 𝜌, 𝛼𝜌, 𝜌𝛼

𝛼 ⊗ 𝛼ଶ = 1,   𝜌𝛼ଶ = 𝛼𝜌,   𝛼ଶ𝜌 = 𝜌𝛼,    𝜌ଶ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

Frobenius algebras: 

𝒜ସ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌

𝒜ହ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

𝒜଺ = 1 ⊕ 𝜌 ⊕ 𝜌𝛼

𝑁𝑜𝑛𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒!

𝒜଴ = 1

𝒜ଵ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼 ⊕ 𝜌

𝒜ଶ = 1 ⊕ 𝛼 ⊕ 𝛼ଶ



NOVEL HAAGERUP CFTS
𝐻𝑎𝑎𝑔𝑒𝑟𝑢𝑝 𝐹𝑢𝑠𝑖𝑜𝑛 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑦: 𝑆𝑖𝑥 𝑆𝑖𝑚𝑝𝑙𝑒 𝑂𝑏𝑗𝑒𝑐𝑡𝑠: 1, 𝛼, 𝛼ଶ, 𝜌, 𝛼𝜌, 𝜌𝛼

𝛼 ⊗ 𝛼ଶ = 1,   𝜌𝛼ଶ = 𝛼𝜌,   𝛼ଶ𝜌 = 𝜌𝛼,    𝜌ଶ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

Frobenius algebras: 

𝒜ସ = 1 ⊕ 𝜌 ⊕ 𝛼𝜌

𝒜ହ = 1 ⊕ 𝛼𝜌 ⊕ 𝜌𝛼

𝒜଺ = 1 ⊕ 𝜌 ⊕ 𝜌𝛼

Common Module:

𝑀 = 𝜌 ⊕ 𝜌𝛼 ⊕ 𝛼𝜌

𝐍𝐨𝐯𝐞𝐥

𝑁𝑜𝑛𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒!



MINIMAL (NONINVERTIBLE) SYMMETRY
The minimal symmetry preserved in the critical is determined by 

the first common ancestor node 
of the competing pair in the condensation tree

ℤଶ ℤଷ𝑆ଷ 𝑆ଷ



CONCLUSION & FUTURE WORK
• By means of competing anyon condensates in the HGW string-net model and strange correlators, 

we provide a paradigm for systematically constructing critical lattice models and 2D CFTs with 
minimal (noninvertible) symmetries.

• We found several novel 2D CFTs with the Haagerup symmetry.

• Our paradigm is UV complete and non-perturbative by construction.

• Future work: 

 Better numerics
 Different lattice shapes, 
 Larger unit cells 
 3D CFTs



THANK YOU FOR YOUR ATTENTION!





HAAGERUP CONDENSATION TREE


