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Berry connection

Consider a time-dependent system with instantaneous eigenstates {|¢,(t))}

S

Berry connection matrix entries
Yum = Ubn (O] (©)) = i (dn(®)] 55 [Bm(O)

>

T
Berry phase p = f Vin dt
0

d .
Quantum geometric potential = Qn;(t) = Ynn(t) —y;; () + ;T8 Yin(0), V1 # j
JW* M. Zhao, J. Chen, and Y. Zhang, Phys. Rev. A 77, 062114 (2008)

Topological quantities can be further constructed.....



A theorem

Consider a time-dependent system whose low-energy physics can be organized by quantum integrable

field theory (QIFT) instantaneously. At each moment we have instantaneous eigenfunction
|Ppn(2)) = Ug () |pn(t = 0))
Ua®) =) 16m(®©)) b (O)]
m
_ Adiabatic Hamiltonian Higig = U7X () U, (1)

Yongde Zhang, Advanced Quantum Mechanics (Science Press, Beijing, China, 2010, in Chinese)

Focusing on the low energy sector if

No L
Hogia = Z/ [i(t)Oi(x)dz
i=1 0
then in the thermodynamic limit L = oo the corresponding Berry connection matrix entries

Yam = 1{Pn(t) ‘Qbm (t))

can be analytically determined as excitations up to two particles of the initial QIFT.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



A short background on QIFT

In QIFT,

The conserved charges [P, Hjpr] = 0

N
PilAa, (01) - Aay On)) 0 = Y e Mg (0D Ay On)) 41 1o
=1

g2 Y 2y 2 E = mcoshé
eg. PL=p°+p'=E+p=me? > d1,q; = Mg;: — P p = msinh@

L

® Stable quasiparticle excitations

Normalization <Aai(91)

® Systematic form factor bootstrap

Aa1(92)> = 27T5aiaj6(91 _ 92)

Dorey, P. Exact S-matrices. Lecture Notes in Physics, vol 498. Springer (1997).

V. Fateev, et.al, Int. J. Mod. Phys. A 05, 1025 (1990).
(O | 0 |01 . HTL> — FnO (81, ey Hn) A. B. Zamolodchikov, Int. J. Mod. Phys. A 04, 4235 (1989).

Form factor elements — Berry connection matrix » Quantum geometry



Preparation before proof: QIFT at finite size

QIFT with finite system size L: General formalism

The Bethe-Yang quantization condition,
eIl Hsjk(ej _6) =1
JET
Qj(Hl, i, HTL) — m]sthJL — lz logS]k(HJ — Hk) — 27'[[]
E2 . (64 ..,6,) J*k

_ ai,...an

(0|0|Aa1(11) ---Aan(ln))L - \/p(g 0 )
1, Yn

(6.0 6y = Det 00, (64, ..., 0,)
do; ..do, PRIL v U 00,
Z _f o POy ) :
Iy,dn NOTE: the measure transformation for one particle
. pAB = AQ = 2mAl

|---Aan(1n)>L RN |44,(61) ... Ag, (6))

\ B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 167(2008).

B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 209(2008).

Ag; (12)> L = 0a;a;01, K. Hodségi, ct.al, JHEP (2019).

Normalization L<Aai(11)
X. Wang, M. Oshikawa, M. Kormos*, and JW*, Phys. Rev. B 110, 195101 (2024).



Proof

Quenching from finite size QIFT .
& The initial state |Y,)ini 1 = |Aa1(11) ...AaN(IN))L

|pn (), = Ug ()| Pn)ini ,L»
A S S ("
: %) o Haagia = iUz Ug, Hagia = ZJ dx f;(t)0;(x)
. _ = Jo
: o i
: | The Berry connection matrix element:

Yam = {@n(€)|0¢ | (£))

= (pn (0 [iUZ U, [pm(0)) = (D ()| Hpgia|Pm (1))

v
Vam =L ) fi(®) (101l b

= LZfi(t) L{A1(I7) - AnUI10i|A1 (1) - A ()

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Proof

Quenching from finite size QIFT

A - 9%(t)

The initial state [y, )initr, = |Aa1 (1) ...AaN(IN))L

No |
Ya (O = UaOWnhintss  Hadia = Y. | dx (D00
7 0

The Berry connection matrix element y,,,,, = (W,,(t)|Hygiq | W (t)) =

( ynm NM(Hl + lT[ 91,\] + iT[, 91, IHM)
fl( )

nEm,—
\/pN(ell ey 91,\1)\/PM(91: ey HM)

Vnn O( Dp({A1, ..., An\A),L
" Zﬁ“)[“oh {Z} Py - An)s

\

FOi(A) = EpH({0, + im}, (6,))

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Proof

Quenching from finite size QIFT

A - 9%(t)

Theorem: Consider time-dependent many-body quantum
systems with emergent quantum integrable. field theory
instantaneously, if the effective adiabatic Hamiltonian
follows Hadiazzyofodefi(t)Oi(x) , then the
corresponding BCM entries with total quasiparcticle
number Z follow the asymptotic behavior LY7%/%

corresponding to excitations up to two particles in the
thermodynamic limit (L — o).

The initial state |¢y,)init = |Aa1(11) ...AaN(IN))L

No |
B0 = VOB dniess VO: Haaia = Y. | dx (D000
7 0

The Berry connection matrix element y,,,,, = i{y,,(t)|0;|Y,,,(t)) =

( ynm NM(Ql + lT[ 91,\] + iT[, 91, ,HM)
fl( )

n + m,——
Jp,v(el, B P @ Bor)

Vnn Oi( )p({Ay, .., AN\A) L
"= Zﬁ“) D) o ((Ay, - A
L Ac{A;,...AN}

FOi(A) = Fi ({04 + imt}, {0,))

Recalling p(04, ..., 60,)~L", as L — oo,
only contributions up to two particle matrix elements will be left.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Proof

QIFT with finite system size L: Expansion for diagonal matrix element

Crossing relation of form factor:

E9 (6., ..., 610, ..

 0n) = (4;,(61) ... 4;, (67)|014;,(61) ... Ay, (6,))

n
= FO_ 1 41 (0L, e, Oy 1100, + i, 61, ..., 6,) + z 216 ; \
k=1

Sitte (O = ORIFG g1 (O, O 4164, ., Op—1, Oy, e, 6)
1

FO(A) = F ({0, + i}, {643)

Finite size expansion:

Diagonal matrix element: disconnected term
All . .An

<A1(91) ---An(en)l()lAl(el) ---An(en)) >

B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 167(2008).

B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 209(2008).

K. Hodsagi, et.al, JHEP (2019).

X. Wang, M. Oshikawa, M. Kormos*, and JW*, Phys. Rev. B 110, 195101 (2024).

Ay L0 )y, = 1(0), +

C(Ap{Ay, ., A \A),

AC{Aq mAn) p({4y, .., An})y




Quantum geometric potential and effective enerm

Quantum geometric potential (QGP) Qy;(t) = Ypn(t) —v;;(t) + -arg Yin(£), V1 # j

> Local (in time) U(1)-invariant under transform |¢,,(t)) = e/nO . (¢))

» Qn (£)/2|ymn| characterizes geodesic curvature of Bloch sphere of 2-level system

H = A(t) + B(t)n(t) - 0, n(t) = [sinf(t)cose(t), sinf(t)sing(t), coso(t)]

)
|+, t) = COS&K)) + e“"smﬁu)

= o0 (1)
\I— ,t) = smTIO) — e“PcosT|1)

Qmn(t) (= o dn\ d*n
5 = p = (n X ds) =2, with ds = |dii].

> Gives effective energy gap A, (t) = Ej(t) — E,(t) + Qp; ()

JW* M. Zhao, J. Chen, and Y. Zhang, Phys. Rev. A 77, 062114 (2008)
C. Xu, JW, and C. Wu, Phys. Rev. A 97, 032124 (2018)



Quantum geometric potential and effective energy gap

Effective energy gap Aj,(t) =0 — Landau-Zener tunneling maximizes

[ 1.0
L PF) 5

0.5t

1
H(F,t) = mo? + vqo™ +§K"v2q203’

The tunneling probability (g = —Ft)

T[(m-l-K"ZF)Z . 2
P(F) = exp|— oIF] = exp[— TolF] ]

Landau-Zener tunneling FR,_
1 Aeff — E+ - E_ + 2

Calculate the QGP and effective energy gap Perfect tunneling Fpr happens at Ao = 0

Instantaneous energy
o
[\)
3
<=

05 =7 70 1 2

) R+_ = KV

How about quantum many 'bOdy SyStem? S. Takayoshi, JW, T. Oka, SciPost Phys. 11, 075 (2021)



Quantum geometry in a time-dependent quantum Ising chain

The model

B(t) \l 7 - -
‘\ 'l “
Y -

H(t) =—] [z oot +B(t) - 5’i]

B = (coswyt, —sinwgyt, h,), wg, h, = 0%,] =1

|y (0)) ground state of H(0)

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

The model «
B(t)

H()=—-] Iz oot + B(t) - 51]
i
B = (coswgyt, —sinwgyt, h,), wg, h, = 0%,] =1
|¥(0)) ground state of H(0)
l scaling limit, h ~ ]%Shz

HEg,t=O = He=1/2 — hf o(x)dx

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

The model «
B(t) w

H()=—-] Iz ofcf, + B(t) -
i
B = (coswyt, —sinwyt, h,), wg, h, = 0%,] =1
|1 (0)) ground state of H(0)
l scaling limit, h ~]1?5hz

HEg,t=O = He=1/2 — hf o(x)dx

— an instantaneous quantum Eg IFT
Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

The model
X

B(t)
Unitary transformation U(t) = exp {—éa)ot Y aiz}
f} Exact evolution |y (t)) = U™ 1(t)exp{—iHt} 1 (0))
H(t) = -] lz ofafey +B(2) - 3, Hegr = —]Z [O-izo-iz-l-l +oi + (h - (;_]0> Z]
i
= (coswyt, —sinwyt, h,), wy, hy = 07, ] =1 Hg,y eff = He=1/2 — (h — %) J o(x)dx
11(0)) ground state of H(0) Instantaneous eigen functions

15 , = l‘Pn(t) -1 —
l i NS 00, [ (6)ins = €PnOUTL(E) 1 (0)), En(£) = Ey (0)
_ U~1is also an adiabatic transformation!
Hegr=0 = He=1/2 hf o(x)dx Reduced parameter k = h, /(wq/2).

— an instantaneous quantum Eg IFT
Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

. . . . _ a7—1 . _ wO Z __ w e
Adiabatic Hamiltonian  H,,;, = iU7 (t)U,(t) = —5 0% =7 o(x)dx
; 0
l

Here, w =]7/8a)0 and the continuum limit condition 2Ja = hic = 1

The QGP between |Y,,(t))ins and |, (t))ins containing N and M Eg particles, respectively

M N M N
o/(;: .
0. (6) = z Ff; (im, 0) Z Fi(im,0) 8 (z m; m; )
nm L mjcoshd; £um;cosho; 15k “4wcoshf; Lucoshb;
j=1 i=1 j=1 i=1
. . F (im,0)
e.g. the QGP between Eg vacuum and single Eg particle state: Q,qcr = EE—
’ k
%%%%%%7% O N/ ST S N N e
0.5 § x | L Verified by truncated conformal space approach (TCSA)
S 4 HE R KK KK K
wx X .
g x%%x
Qj) _Tx ]
1 S TCSA |A;(9 = 0))
R,
% TCS 9=0
* K Es \A2(192:0))
% TCSA |A3(9 = 0))
Es |A3(9 =0))
-15 '
5 10 15 20 25 Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

The effective energy gap (EEG) between |y, (t))ins and |, (t)) ;s containing N and M Eg particles

m.
- h Z ho, - Z l
Anm (£) = Z m;cosho; m;cosho; 15K( coshH coshH )

» Existence of zeros for EEG between Eg vacuum and any number of Eg particles

8
upper bound Kk = N

» Existence of zeros for EEG between Eg vacuum and single Eg particles

20

10 ¢

Independent of particle type!

Avac,n

Eg |A1(T9 = 0

10+ )) =0)) |
:—Es | Ay (9 = 0)) Es |A6(9 = 0))

Eg |A3(9 = 0)) Es |A7(0 = 0))

Eg |Ay(9 = 0)) Es |A8(19 =0))

-20
Sw /30 16w/30 24 w,/30

L Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)
z



Quantum geometry in a time-dependent quantum Ising chain

The effective energy gap (EEG) between |y, (t))ins and |, (t)) ;s containing N and M particles, respectively:

m.
- h Z ho; - Z l
Anm (£) = Z mjcoshb; = p m;coshd; 15K( coshH CoshH )

: . 8
The zeros of EEG between Eg vacuum and two-Eg-particle continuum: k = c Serves as an upper bound

— Eg [A1(91)A1(02))
— Eg |A1(91) Az(92))
Eg [A1(91)A3(92))
~——Eg |A1 (1) As(2))
As the total energy increases, the zeros keep decreases.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain

The effective energy gap (EEG) between |y, (t))ins and [P, (t))ins containing N and M Ejg particles, respectively:

M N
— — Il  — mi
Apm () = Zl m;cosho; Z m;cosh®,; 15k (z coshH COSh9 )
Jj= l=

The zeros of EEG between any two multi-Eg-particle states: the upper bound can be larger

e.g.

x1073
1 0 :
The density of states for such multi-particle states with large
= O _____________________ upper bound is small.
< : :
! Ly =0.2421
| i ——193 = 0.2422
93 = 0.2425
1 .
8/15 1
K

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Spectral entropy of Loschmidt echo

Loschmidt echo L(t) = j5 (Yo (D|P(0)) = (Y (0)|e~Hettt | (0))

» Characterize strength of Landau-Zener tunneling
» May be detected through “image” cold-atom experiment

Loschmidt echo spectrum L(w) = [ dt e!®tL(t) = Zml@mltp(O))P(S(w — L_?m)

Eigen states and eigenenergies of Hy¢r
Introducing the Loschmidt echo spectral entropy

SiE = — XmPml0Pm , Dm = |(¢m|1/)(0)>|2, YmPm =1

-xlog(x)

0.3

» if p,, = 0 or 1 then those states contribute negligibly to S; ¢

v » Increasing S; p implies enhancement of MBLZT

0.1

0.2 0.4 0.6 0.8 1.0

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r In the time-dependent quantum Ising chain

Loschmidt echo spectral entropy: The truncated lattice free fermion approach (TLFFA)

H = —]Z(Uiz(fizﬂ + 90 + h,07) :@_]hz E o/
i ' \ Connect R and NS sectors
M r{P|o?|Q)ys is known

1
=), &g = 2J\/1+ g2 — 2gcosq

2

Hrpic —Jh, Z o
i

Ramond Sector : |[P)p = A |0)
The Hilbert space: : P1 pzT Tp" f
Neveu — Schwarz Sector: |Q)ys = 74, 74, .74, |0)ns _]hzz 67 Hpppe
i
P: {p = ZTEJ} ,0: {q = ZTn (j — %)} Jj= _g +1,— g +2, ... ,g. Truncation according to energy and # of states

Xiaodong He, Xiao Wang, and JW*, to appear very soon.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)
N lorgov et al J. Stat. Mech. (2011) P02028.



S1r In the time-dependent quantum Ising chain

3

K =h;/(wy/2)

—— 48
v X8

64
—\72
— 80

\ $ % 100

Critical threshold k = 1??

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r In the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)
Critical threshold k = 1

A physical understanding:

[Y(£)) = U™ (e et |1 (0))

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r In the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)
Critical threshold k = 1

A physical understanding:
Ground state of Hy = —);,(¢/0f. 1 + 0 + h,af).

[W(©)) = U-l(t)e“fefft@@/

!

W
Hoge = — z lUiZUiZH + 0" + (hz > 70) Uizl
7

Ask <1,h, < wy/2. The low energy excitations:

K = h;/(wo/2).

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r In the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)
Critical threshold Kk = 1

A physical understanding:
Ground state of Hy = — ) ;,(6/0f 1 + 0 + h,af

|l/)(t)>=U_1(t)eiHefft@)/ + + + + + + + + +

1 1 The initial state serves as a high energy state

for the effective Hamiltonian

o= =) ot +or + (1= F)or ] =Py ¥ ¥ ¥ ¥ ¥V ¥V V¥
/

K<1=h, <wy/2 The low energy excitations

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r in the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold Kk = 1

— 48
— 56
64
=="72
— 80
100

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r in the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold Kk = 1

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r in the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold Kk = 1

3
| 1.5

= 1)

SLE(H:

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



S1r in the time-dependent quantum Ising chain

Many-body Landau-Zener tunneling (MBLZT):

8
The second enhancement around K = I < Low energy sectors begin to involve

the upper bound for EEG from ground state to excited states

3

L Multi-new “divergent” behaviors?

— 48

- 56 . . .

AP \ Limited by the computational power
—=72
— 80

100

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Summary

® The many-body Berry connection matrix can be determined for time-dependent systems whose low-
energy physics can be organized by quantum integrable field theory instantaneously. And it can be
explicitly determined up to at most two-particle process in the thermodynamical limit.

® The zeros of effective energy gap can serve as a good pointer for Landau-Zener tunneling.

® The Loschmidt echo spectral entropy is proposed to serve as a powerful tool to illustrate the many-
body Landau Zener tunneling, and reveals critical behavior that follows hyperscaling in the time-
dependent quantum Ising chain we study.

® The methodology of the spectral entropy analysis can also apply to other non-equilibrium systems.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)
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Poster: Mesons in a quantum Ising ladder
N. Xi#, X. Wang#, Yunjing Gao, Y. Jiang, Rong Yu*, JW*, accepted by Phys. Rev. B (Letter) (2025, in production)
Yunjing Gao, Y. Rong*, JW*, Sci. Chin. Phys. Mech. Astron. 69, 217401 (2026)
Yunjing Gao, Y. Jiang*, JW*, JHEP 07, 072 (2025)
Yunjing Gao, X. Wang, N. Xi, Y. Jiang, R. Yu*, JW* Phys. Rev. B 111, L201117 (2025)

N 2! Yunjing Gao#, J. Yang#, H. Lin, R. Yu, JW*, Phys. Rev. B 111, 1241105 (2025)
GAg»‘_(uniing Yunjing Gao, JW* Chin. Phys. Lett. 42, 047501 (2025)

kol Yunjing Gao, J. Yang, Z. Zhu, Y. Mizuno, JW¥*, arXiv: 2205.08259.
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Poster: Perfect many-body tunneling and discrete time crystal
in a periodic-driven Heisenberg spin chain

Xiaotong Chen and JW*, arXiv: 2507.15565, submitted to Phys. Rev. Lett. (under Review)

CHEN, Xiaotong
PR B4

Poster: Renormalization of truncated lattice Hamiltonian spectrum

Xiaodong He, Xiao Wang, and JW*, to appear very soon.
Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)
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