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Berry connection

Consider a time-dependent system with instantaneous eigenstates {|𝜙௡(𝑡)⟩}

Berry connection matrix entries

Berry phase

𝛾௡௠ = 𝑖 𝜙௡(𝑡) 𝜙̇௠(𝑡) = 𝑖 𝜙௡(𝑡)
𝑑
𝑑𝑡

𝜙௠(𝑡)

𝛽 = ර 𝛾௡௡

்

଴

𝑑𝑡

Quantum geometric potential 𝑄௡௝ 𝑡 = 𝛾௡௡ 𝑡 − 𝛾௝௝ 𝑡 +
𝑑

𝑑𝑡
arg 𝛾௝௡ 𝑡 , ∀ 𝑛 ≠ 𝑗

Topological quantities can be further constructed…..

JW*, M. Zhao, J. Chen, and Y. Zhang, Phys. Rev. A 77, 062114 (2008)



A theorem
Consider a time-dependent system whose low-energy physics can be organized by quantum integrable 

field theory (QIFT) instantaneously. At each moment we have instantaneous eigenfunction

Focusing on the low energy sector if 

Adiabatic Hamiltonian

then in the thermodynamic limit 𝐿 → ∞ the corresponding Berry connection matrix entries 

can be analytically determined as excitations up to two particles of the initial QIFT. 

|𝜙௡(𝑡)⟩ = 𝑈௔(𝑡)|𝜙௡(𝑡 = 0)⟩

𝐻௔ௗ௜௔ = 𝑖𝑈௔
ିଵ 𝑡 𝑈̇௔ 𝑡

𝑈௔ 𝑡 = ෍ |𝜙௠(𝑡)⟩⟨𝜙௠(0)|
௠

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)

Yongde Zhang, Advanced Quantum Mechanics (Science Press, Beijing, China, 2010, in Chinese)



In QIFT,

The conserved charges 𝑃௦, 𝐻ூி் = 0

𝑃௦|𝐴௔భ
𝜃ଵ … 𝐴௔ಿ

𝜃ே ൿ
୧୬,୭୳୲

= ෍ 𝑞௦,௔೔
 𝑒௦ఏ೔

ே

௜ୀଵ

|𝐴௔భ
𝜃ଵ … 𝐴௔ಿ

𝜃ே ൿ
୧୬,୭୳୲

e.g. 𝑃ଵ = 𝒑଴ + 𝒑ଵ = 𝐸 + 𝑝 = 𝑚𝑒ఏ → 𝑞ଵ,௔೔

 = 𝑚௔೔
. 𝐸ଶ = 𝑝ଶ + 𝑚ଶ ⇒ ቊ

𝐸 = 𝑚cosh𝜃
𝑝 = 𝑚sinh𝜃

Normalization 𝐴௔೔
𝜃ଵ 𝐴௔ೕ

𝜃ଶ = 2𝜋𝛿௔೔௔ೕ
𝛿(𝜃ଵ − 𝜃ଶ)

Dorey, P. Exact S-matrices. Lecture Notes in Physics, vol 498. Springer (1997). 
V. Fateev, et.al, Int. J. Mod. Phys. A 05, 1025 (1990).
A. B. Zamolodchikov, Int. J. Mod. Phys. A 04, 4235 (1989).

A short background on QIFT  

 Stable quasiparticle excitations

 Systematic form factor bootstrap

0 𝑂 𝜃ଵ … 𝜃௡ = 𝐹௡
ை(𝜃ଵ, … , 𝜃௡)

Form factor elements → Berry connection matrix → Quantum geometry



Preparation before proof: QIFT at finite size 
QIFT with finite system size 𝐿: General formalism

The Bethe-Yang quantization condition,

𝑒௜௉ೕ௅ ෑ 𝑆௝௞(𝜃௝ − 𝜃௞)

௝ஷ௞

= 1

𝑄௝ 𝜃ଵ, … , 𝜃௡ = 𝑚௝sinh𝜃௝𝐿 − 𝑖 ෍ log𝑆௝௞ 𝜃௝ − 𝜃௞

௝ஷ௞

= 2𝜋𝐼௝

𝜌 𝜃ଵ, … , 𝜃௡ = Det
𝜕𝑄௞ 𝜃ଵ, … , 𝜃௡

𝜕𝜃௝

B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 167(2008).
B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 209(2008).
K. Hódsági, et.al, JHEP (2019).
X. Wang, M. Oshikawa, M. Kormos*, and JW*, Phys. Rev. B 110, 195101 (2024).

⟨0|𝑂 𝐴௔భ
𝐼ଵ … 𝐴௔೙

𝐼௡ ௅
=

𝐹௔భ,…,௔೙
ை 𝜃ଵ, … , 𝜃௡

𝜌 𝜃ଵ, … , 𝜃௡

෍ = න
𝑑𝜃ଵ … 𝑑𝜃௡

2𝜋 ௡
 

ூభ,…,ூ೙

𝜌 𝜃ଵ, … , 𝜃௡

𝐴௔భ
𝐼ଵ … 𝐴௔೙

𝐼௡ ௅
=

ଵ

ఘ ఏభ,…,ఏ೙
𝐴௔భ

𝜃ଵ … 𝐴௔೙
𝜃௡  

Normalization  ௅ 𝐴௔೔
𝐼ଵ 𝐴௔ೕ

𝐼ଶ  ௅
 

= 𝛿௔೔௔ೕ
𝛿ூభூమ

NOTE: the measure transformation for one particle
𝜌Δ𝜃 = Δ𝑄 = 2𝜋Δ𝐼



Quenching from finite size QIFT The initial state 𝜓௡ ୧୬୧ ,௅ = 𝐴௔భ
𝐼ଵ … 𝐴௔ಿ

𝐼ே ௅

𝜙௡ 𝑡 ௅ = 𝑈௔ 𝑡 𝜙௡ ୧୬୧ ,௅,  

𝐻௔ௗ௜௔ = 𝑖𝑈௔
ିଵ𝑈̇௔

 
,  𝐻௔ௗ௜௔ = ෍ න 𝑑𝑥 𝑓௜ 𝑡 𝑂௜(𝑥)

௅

଴

ேೀ

௜

The Berry connection matrix element: 

𝛾௡௠ = 𝑖 𝜙௡ 𝑡 𝜕௧ 𝜙௠ 𝑡

= 𝜙௡ 0 𝑖𝑈௔
ିଵ𝑈̇௔

 
𝜙௠ 0 = ⟨𝜙௡ 𝑡 𝐻௔ௗ௜௔ 𝜙௠ 𝑡 ⟩

𝛾௡௠ = 𝐿 ෍ 𝑓௜ 𝑡  ௅ 𝜙௡ 𝑂௜ 𝜙௠ ௅

௜

= 𝐿 ෍ 𝑓௜ 𝑡  ௅ 𝐴ଵ 𝐼ଵ
ᇱ … 𝐴ே 𝐼ே

ᇱ 𝑂௜ 𝐴ଵ 𝐼ଵ … 𝐴ெ 𝐼ெ ௅

௜

Proof

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quenching from finite size QIFT The initial state 𝜓௡ ୧୬୧୲,௅ = 𝐴௔భ
𝐼ଵ … 𝐴௔ಿ

𝐼ே ௅

𝜓௡ 𝑡 ௅ = 𝑈௔ 𝑡 𝜓௡ ୧୬୧୲,௅,   𝐻௔ௗ௜௔ = ෍ න 𝑑𝑥 𝑓௜ 𝑡 𝑂௜(𝑥)
௅

଴

ேೀ

௜

The Berry connection matrix element 𝛾௡௠ = 𝜓௡ 𝑡 𝐻௔ௗ௜௔ 𝜓௠ 𝑡 =

𝑛 ≠ 𝑚,
𝛾௡௠

𝐿
≈ ෍ 𝑓௜ 𝑡

𝐹ேெ
ை೔ 𝜃ଵ

ᇱ + 𝑖𝜋, … , 𝜃ே
ᇱ + 𝑖𝜋, 𝜃ଵ, … , 𝜃ெ

𝜌ே 𝜃ଵ
ᇱ , … , 𝜃ே

ᇱ 𝜌ெ 𝜃ଵ, … , 𝜃ெ௜

𝑛 = 𝑚,
𝛾௡௡

𝐿
≈ ෍ 𝑓௜ 𝑡  ௅ 𝑂௜ ௅ + ෍

ℱை೔ 𝐴 𝜌 𝐴ଵ, … , 𝐴ே \A ௅

𝜌 𝐴ଵ, … , 𝐴ே ௅
஺⊂ ஺భ,…,஺ಿ௜

ℱை೔ 𝐴 = 𝐹஺஺
ை೔( 𝜃஺ + 𝑖𝜋 , {𝜃஺})

Proof

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quenching from finite size QIFT The initial state 𝜙௡ ୧୬୧୲,௅ = 𝐴௔భ
𝐼ଵ … 𝐴௔ಿ

𝐼ே ௅

𝜙௡ 𝑡 ௅ = 𝑈 𝑡 𝜙௡ ୧୬୧୲,௅, 𝑈 𝑡 : 𝐻௔ௗ௜௔ = ෍ න 𝑑𝑥 𝑓௜ 𝑡 𝑂௜(𝑥)
௅

଴

ேೀ

௜

The Berry connection matrix element 𝛾௡௠ = 𝑖 𝜓௡ 𝑡 𝜕௧ 𝜓௠ 𝑡 =

𝑛 ≠ 𝑚,
𝛾௡௠

𝐿
≈ ෍ 𝑓௜ 𝑡

𝐹ேெ
ை೔ 𝜃ଵ

ᇱ + 𝑖𝜋, … , 𝜃ே
ᇱ + 𝑖𝜋, 𝜃ଵ, … , 𝜃ெ

𝜌ே 𝜃ଵ
ᇱ , … , 𝜃ே

ᇱ 𝜌ெ 𝜃ଵ, … , 𝜃ெ௜

𝑛 = 𝑚,
𝛾௡௡

𝐿
≈ ෍ 𝑓௜ 𝑡  ௅ 𝑂௜ ௅ + ෍

ℱை೔ 𝐴 𝜌 𝐴ଵ, … , 𝐴ே \A ௅

𝜌 𝐴ଵ, … , 𝐴ே ௅
஺⊂ ஺భ,…,஺ಿ௜

Recalling 𝜌 𝜃ଵ, … , 𝜃௡ ~𝐿௡, as 𝐿 → ∞, 
only contributions up to two particle matrix elements will be left.  

ℱை೔ 𝐴 = 𝐹஺஺
ை೔( 𝜃஺ + 𝑖𝜋 , {𝜃஺})

Theorem: Consider time-dependent many-body quantum
systems with emergent quantum integrable field theory
instantaneously, if the effective adiabatic Hamiltonian
follows 𝐻௔ௗ௜௔ = ∑ ∫ 𝑑𝑥 𝑓௜ 𝑡 𝑂௜(𝑥)

௅

଴

ேೀ
௜ , then the

corresponding BCM entries with total quasiparcticle
number Z follow the asymptotic behavior 𝐿ଵି௓/ଶ ,
corresponding to excitations up to two particles in the
thermodynamic limit (𝐿 → ∞).

Proof

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



QIFT with finite system size 𝐿: Expansion for diagonal matrix element
Crossing relation of form factor:

𝐹௠௡
ை 𝜃ଵ

ᇱ , … , 𝜃௠
ᇱ 𝜃ଵ, … , 𝜃௡ = ⟨𝐴௝భ

𝜃ଵ
ᇱ … 𝐴௝೘

𝜃௠
ᇱ 𝑂 𝐴௜భ

𝜃ଵ … 𝐴௜೙
𝜃௡ ⟩

= 𝐹௠ିଵ,௡ାଵ
ை 𝜃ଵ

ᇱ , … , 𝜃௠ିଵ
ᇱ 𝜃௠

ᇱ + 𝑖𝜋, 𝜃ଵ, … , 𝜃௡ + ෍ 2𝜋𝛿௝೘௜ೖ
𝛿 𝜃௠

ᇱ − 𝜃௞ ෑ 𝑆௜೗௜ೖ
(𝜃௟ − 𝜃௞)𝐹௠ିଵ,௡ିଵ

ை 𝜃ଵ
ᇱ , … , 𝜃௠ିଵ

ᇱ 𝜃ଵ, … , 𝜃௞ିଵ, 𝜃௞ାଵ, … , 𝜃௡

௞ିଵ

௟ୀଵ

௡

௞ୀଵ

𝐴ଵ 𝜃ଵ … 𝐴௡ 𝜃௡ 𝑂 𝐴ଵ 𝜃ଵ … 𝐴௡ 𝜃௡    =

Diagonal matrix element: disconnected term

B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 167(2008).
B. Pozsgay and G. Takacs, Nucl. Phys. B 788, 209(2008).
K. Hódsági, et.al, JHEP (2019).
X. Wang, M. Oshikawa, M. Kormos*, and JW*, Phys. Rev. B 110, 195101 (2024).

Finite size expansion:

 ௅ 𝐼ଵ … 𝐼௡ 𝑂 𝐼ଵ … 𝐼௡ ௅ =  ௅ 𝑂 ௅ + ෍
ℱை 𝐴 𝜌 𝐴ଵ, … , 𝐴௡ \A ௅

𝜌 𝐴ଵ, … , 𝐴௡ ௅
஺⊂{஺భ,…,஺೙}

ℱை 𝐴 = 𝐹஺஺
ை ( 𝜃஺ + 𝑖𝜋 , {𝜃஺})

Proof



Quantum geometric potential and effective energy gap

Quantum geometric potential (QGP)  𝑄௡௝ 𝑡 = 𝛾௡௡ 𝑡 − 𝛾௝௝ 𝑡 +
ௗ

ௗ௧
arg 𝛾௝௡ 𝑡 , ∀ 𝑛 ≠ 𝑗

JW*, M. Zhao, J. Chen, and Y. Zhang, Phys. Rev. A 77, 062114 (2008)
C. Xu, JW, and C. Wu, Phys. Rev. A 97, 032124 (2018)

 Local (in time) U(1)-invariant under transform 𝜙௡ 𝑡 → 𝑒௜௙೙(௧) 𝜙௡ 𝑡

𝑄௠௡(𝑡)/2|𝛾௠௡| characterizes geodesic curvature of Bloch sphere of 2-level system 

Gives effective energy gap Δ௝௡ 𝑡 = 𝐸௝ 𝑡 − 𝐸௡ 𝑡 + 𝑄௡௝(𝑡)

𝐻 = 𝐴 𝑡 + 𝐵 𝑡 𝑛 𝑡 ⋅ 𝜎⃗,  𝑛 𝑡 = sin𝜃 𝑡 cos𝜑 𝑡 , sin𝜃 𝑡 sin𝜑 𝑡 , cos𝜃 𝑡

⇒
+, 𝑡 = cos

𝜃 𝑡

2
0 + 𝑒௜ఝsin

𝜃 𝑡

2
|1⟩

−, 𝑡 = sin
𝜃 𝑡

2
0 − 𝑒௜ఝcos

𝜃 𝑡

2
|1⟩

⇒
୕೘೙ ௧

ଶ|ఊ೘೙(௧)|
= 𝜌 = 𝑛 ×

ௗ௡

ௗ௦
⋅

ௗమ௡

ௗ௦మ , with 𝑑𝑠 = |𝑑𝑛|.



Effective energy gap Δ௝௡ 𝑡 = 0    → Landau-Zener tunneling maximizes 

S. Takayoshi, JW, T. Oka, SciPost Phys. 11, 075 (2021)

𝐻 𝐹, 𝑡 = 𝑚𝜎௭ + 𝑣𝑞𝜎௫ +
1

2
𝜅∥𝑣ଶ𝑞ଶ𝜎௬

The tunneling probability (𝑞 = −𝐹𝑡)

𝑃 𝐹 = exp −
𝜋 𝑚 +

𝜅∥𝑣𝐹
4

ଶ

𝑣 𝐹
= exp[−

𝜋

4𝑣 𝐹
Δ +

𝐹𝑅ାି

2

ଶ

]

Δ௘௙௙ = 𝐸ା − 𝐸ି +
𝐹𝑅ାି

2
, 𝑅ାି = 𝜅∥𝑣

Perfect tunneling 𝐹௉் happens at Δ௘௙௙ = 0

Landau-Zener tunneling

Calculate the QGP and effective energy gap

How about quantum many-body system?  

Quantum geometric potential and effective energy gap



Quantum geometry in a time-dependent quantum Ising chain 
The model

𝐻(𝑡) = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭

௜

+ 𝐵(𝑡) ⋅ 𝜎⃗௜

𝐵 = cos𝜔଴𝑡, −sin𝜔଴𝑡, ℎ௭ , 𝜔଴, ℎ௭ → 0ା, 𝐽 = 1

𝜓 0 ground state of 𝐻(0)

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain 
The model

𝐻(𝑡) = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭

௜

+ 𝐵(𝑡) ⋅ 𝜎⃗௜

𝐵 = cos𝜔଴𝑡, −sin𝜔଴𝑡, ℎ௭ , 𝜔଴, ℎ௭ → 0ା, 𝐽 = 1

𝜓 0 ground state of 𝐻(0)

𝐻ாఴ,௧ୀ଴ = 𝐻௖ୀଵ/ଶ − ℎ∫ 𝜎 𝑥 𝑑𝑥

scaling limit, ℎ ~ 𝐽
భఱ

ఴ ℎ௭

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Quantum geometry in a time-dependent quantum Ising chain 
The model

𝐻(𝑡) = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭

௜

+ 𝐵(𝑡) ⋅ 𝜎⃗௜

𝐵 = cos𝜔଴𝑡, −sin𝜔଴𝑡, ℎ௭ , 𝜔଴, ℎ௭ → 0ା, 𝐽 = 1

𝜓 0 ground state of 𝐻(0)

𝐻ாఴ,௧ୀ଴ = 𝐻௖ୀଵ/ଶ − ℎ∫ 𝜎 𝑥 𝑑𝑥

scaling limit, ℎ ~ 𝐽
భఱ

ఴ ℎ௭

→ an instantaneous quantum 𝐸଼ IFT
Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



The model

𝐻(𝑡) = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭

௜

+ 𝐵(𝑡) ⋅ 𝜎⃗௜

𝐵 = cos𝜔଴𝑡, −sin𝜔଴𝑡, ℎ௭ , 𝜔଴, ℎ௭ → 0ା, 𝐽 = 1

𝜓 0 ground state of 𝐻(0)

Quantum geometry in a time-dependent quantum Ising chain 

𝐻ாఴ,௧ୀ଴ = 𝐻௖ୀଵ/ଶ − ℎ∫ 𝜎 𝑥 𝑑𝑥

scaling limit ℎ ~ 𝐽
భఱ

ఴ ℎ௭

Unitary transformation 𝑈 𝑡 = exp −
௜

ଶ
𝜔଴𝑡 ∑ 𝜎௜

௭
௜

Exact evolution 𝜓 𝑡 = 𝑈ିଵ 𝑡 exp −𝑖𝐻ୣ୤୤𝑡 𝜓 0

𝐻ୣ୤୤ = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭ + 𝜎௜
௫ + ℎ௭ −

𝜔଴

2𝐽
𝜎௜

௭

௜

𝐻ாఴ,ୣ୤୤ = 𝐻௖ୀଵ/ଶ − ℎ −
𝜔

2
∫ 𝜎 𝑥 𝑑𝑥

Instantaneous eigen functions
𝝍𝒏 𝒕 𝒊𝒏𝒔 = 𝒆𝒊𝝋𝒏 𝒕 𝑼ି𝟏 𝒕 𝝍𝒏 𝟎 , 𝐸௡ 𝑡 = 𝐸௡(0)

𝑼ି𝟏 is also an adiabatic transformation!
Reduced parameter 𝜅 = ℎ௭/(𝜔଴/2).

→ an instantaneous quantum 𝐸଼ IFT
Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



The QGP between 𝜓௡ 𝑡 ௜௡௦ and 𝜓௠ 𝑡 ௜௡௦ containing 𝑁 and 𝑀 𝐸଼ particles, respectively

Verified by truncated conformal space approach (TCSA)

Quantum geometry in a time-dependent quantum Ising chain 

Adiabatic Hamiltonian 𝐻௔ௗ௜௔ = 𝑖𝑈௔
ିଵ 𝑡 𝑈̇௔ 𝑡 = −

𝜔଴

2
෍ 𝜎௜

௭

௜

= −
𝜔

2
න 𝜎 𝑥 𝑑𝑥

௅→ஶ

଴

𝑄௡௠ 𝑡 = ෍
𝐹௝௝

ఙ 𝑖𝜋, 0

𝑚௝cosh𝜃௝

ெ

௝ୀଵ

− ෍
𝐹௜௜

ఙ 𝑖𝜋, 0

𝑚௜cosh𝜃௜

ே

௜ୀଵ

= −
8

15𝜅
(෍

𝑚௝

cosh𝜃௝

ெ

௝ୀଵ

− ෍
𝑚௜

cosh𝜃௜

ே

௜ୀଵ

)

e.g. the QGP between 𝐸଼ vacuum and single 𝐸଼ particle state: 𝑄௩௔௖,௞ =
ிೖೖ

഑ ௜గ,଴

௠ೖ
,

Here, 𝜔 = 𝐽଻/଼𝜔଴ and the continuum limit condition 2𝐽𝑎 = ℏ𝑐 = 1

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



The effective energy gap (EEG) between 𝜓௡ 𝑡 ௜௡௦ and 𝜓௠ 𝑡 ௜௡௦ containing 𝑁 and 𝑀 𝐸଼ particles

Δ௡௠ 𝑡 = ෍ 𝑚௝cosh𝜃௝

ெ

௝ୀଵ

− ෍ 𝑚௜cosh𝜃௜

ே

௜ୀଵ

−
8

15𝜅
(෍

𝑚௝

cosh𝜃௝

ெ

௝ୀଵ

− ෍
𝑚௜

cosh𝜃௜
)

ே

௜ୀଵ

Independent of particle type!

Quantum geometry in a time-dependent quantum Ising chain 

 Existence of zeros for EEG between 𝐸଼ vacuum and any number of 𝐸଼ particles 
upper bound 𝜅 =

଼

ଵହ

 Existence of zeros for EEG between 𝐸଼ vacuum and single 𝐸଼ particles 

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



The effective energy gap (EEG) between 𝜓௡ 𝑡 ௜௡௦ and 𝜓௠ 𝑡 ௜௡௦ containing 𝑁 and 𝑀 particles, respectively:

Δ௡௠ 𝑡 = ෍ 𝑚௝cosh𝜃௝

ெ

௝ୀଵ

− ෍ 𝑚௜cosh𝜃௜

ே

௜ୀଵ

−
8

15𝜅
(෍

𝑚௝

cosh𝜃௝

ெ

௝ୀଵ

− ෍
𝑚௜

cosh𝜃௜

ே

௜ୀଵ

)

The zeros of EEG between 𝐸଼ vacuum and two-𝐸଼-particle continuum: 𝜅 =
଼

ଵହ
serves as an upper bound

As the total energy increases, the zeros keep decreases. 

Quantum geometry in a time-dependent quantum Ising chain 

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



The effective energy gap (EEG) between 𝜓௡ 𝑡 ௜௡௦ and 𝜓௠ 𝑡 ௜௡௦ containing 𝑁 and 𝑀 𝐸଼ particles, respectively:

Δ௡௠ 𝑡 = ෍ 𝑚௝cosh𝜃௝

ெ

௝ୀଵ

− ෍ 𝑚௜cosh𝜃௜

ே

௜ୀଵ

−
8

15𝜅
(෍

𝑚௝

cosh𝜃௝

ெ

௝ୀଵ

− ෍
𝑚௜

cosh𝜃௜

ே

௜ୀଵ

)

The zeros of EEG between any two multi-𝐸଼-particle states: the upper bound can be larger

e.g.

The density of states for such multi-particle states with large 
upper bound is small.

Quantum geometry in a time-dependent quantum Ising chain 

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Loschmidt echo 𝐿 𝑡 =  ௜௡௦ 𝜓଴ 𝑡 𝜓 𝑡 = 𝜓 0 𝑒ି௜ு౛౜౜௧ 𝜓 0

Eigen states and eigenenergies of 𝐻ୣ୤୤

 if 𝑝௠ → 0 or 1 then those states contribute negligibly to 𝑆௅ா

 Increasing S௅ா implies enhancement of MBLZT 

Spectral entropy of Loschmidt echo

Introducing the Loschmidt echo spectral entropy 

𝑆௅ா = − ∑ 𝑝௠ln𝑝௠ ௠ , 𝑝௠ = 𝜙௠ 𝜓 0 ଶ, ∑ 𝑝௠௠ = 1

 Characterize strength of Landau-Zener tunneling
 May be detected through “image” cold-atom experiment

Loschmidt echo spectrum 𝐿 𝜔 = ∫ 𝑑𝑡 𝑒௜ఠ௧𝐿 𝑡 = ∑ 𝜙௠ 𝜓 0 ଶ𝛿(𝜔 − 𝐸௠)௠

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Loschmidt echo spectral entropy: The truncated lattice free fermion approach (TLFFA)

𝐻 = −𝐽 ෍ 𝜎௜
௭𝜎௜ାଵ

௭ + 𝑔𝜎௜
௫ + ℎ௭𝜎௜

௭

௜

= 𝐻்ிூ஼ − 𝐽ℎ௭ ෍ 𝜎௜
௭

௜

N Iorgov et al J. Stat. Mech. (2011) P02028.

𝐻்ிூ஼ = ෍ 𝜀௤(𝓇௤
ற𝓇௤ −

1

2
)

௤

,  𝜀௤ = 2𝐽 1 + 𝑔ଶ − 2𝑔cos𝑞

The Hilbert space: ቐ
Ramond Sector ∶ 𝑃 ோ = 𝓇௣భ

ற 𝓇௣మ

ற … 𝓇௣೙

ற 0 ோ

Neveu − Schwarz Sector: 𝑄 ேௌ = 𝓇௤భ

ற 𝓇௤మ

ற … 𝓇௤೙

ற 0 ேௌ

𝑃: 𝑝 =
2𝜋

𝐿
𝑗 , 𝑄: 𝑞 =

2𝜋

𝐿
𝑗 −

1

2
, 𝑗 = −

𝐿

2
+ 1, −

𝐿

2
+ 2, … ,

𝐿

2
.

Connect 𝑅 and 𝑁𝑆 sectors

 ோ 𝑃 𝜎௭ 𝑄 ேௌ is known

𝑺𝑳𝑬 in the time-dependent quantum Ising chain

𝐻்ிூ஼ −𝐽ℎ௭ ෍ 𝜎௜
௭

௜

−𝐽ℎ௭ ෍ 𝜎௜
௭

௜

𝐻்ிூ஼

Truncation according to energy and # of states

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)

Xiaodong He, Xiao Wang, and JW*, to appear very soon.



𝑺𝑳𝑬 in the time-dependent quantum Ising chain

Critical threshold 𝜿 = 𝟏??

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)

𝜅 = ℎ௭/(𝜔଴/2)



Many-body Landau-Zener tunneling (MBLZT)

Critical threshold 𝜿 = 𝟏

A physical understanding:

𝜓 𝑡 = 𝑈ିଵ 𝑡 𝑒௜ு౛౜౜௧|𝜓 0 ⟩

𝑺𝑳𝑬 in the time-dependent quantum Ising chain

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



𝑺𝑳𝑬 in the time-dependent quantum Ising chain

𝐻ୣ୤୤ = − ෍ 𝜎௜
௭𝜎௜ାଵ

௭ + 𝜎௜
௫ + ℎ௭ −

𝜔଴

2
𝜎௜

௭

௜

As 𝜅 ≤ 1, ℎ௭ ≤ 𝜔଴/2.  The low energy excitations:

Ground state of 𝐻଴ = − ∑ (𝜎௜
௭𝜎௜ାଵ

௭
௜ + 𝜎௜

௫ + ℎ௭𝜎௜
௭).

Many-body Landau-Zener tunneling (MBLZT)

Critical threshold 𝜿 = 𝟏

A physical understanding:

𝜓 𝑡 = 𝑈ିଵ 𝑡 𝑒௜ு౛౜౜௧|𝜓 0 ⟩

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)

𝜅 = ℎ௭/(𝜔଴/2).



Many-body Landau-Zener tunneling (MBLZT)

Critical threshold 𝜿 = 𝟏

A physical understanding:

𝜓 𝑡 = 𝑈ିଵ 𝑡 𝑒௜ு౛౜౜௧|𝜓 0 ⟩

Ground state of 𝐻଴ = − ∑ (𝜎௜
௭𝜎௜ାଵ

௭
௜ + 𝜎௜

௫ + ℎ௭𝜎௜
௭).

𝐻ୣ୤୤ = − ෍ 𝜎௜
௭𝜎௜ାଵ

௭ + 𝜎௜
௫ + ℎ௭ −

𝜔଴

2
𝜎௜

௭

௜

The initial state serves as a high energy state
for the effective Hamiltonian

𝑺𝑳𝑬 in the time-dependent quantum Ising chain

𝜅 ≤ 1 ⇒ ℎ௭ ≤ 𝜔଴/2 The low energy excitations

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



𝑺𝑳𝑬 in the time-dependent quantum Ising chain
Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold 𝜿 = 𝟏

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Hyperscaling with 𝜅 − 1 ଼/ଵହ𝐿

𝑺𝑳𝑬 in the time-dependent quantum Ising chain
Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold 𝜿 = 𝟏

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Linear increasing at 𝜅 = 1.

𝑺𝑳𝑬 in the time-dependent quantum Ising chain
Many-body Landau-Zener tunneling (MBLZT)

Scaling analysis near critical threshold 𝜿 = 𝟏

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Many-body Landau-Zener tunneling (MBLZT):

The second enhancement around 𝜅 =
଼

ଵହ
⇐ Low energy sectors begin to involve

the upper bound for EEG from ground state to excited states

Multi-new “divergent” behaviors?

Limited by the computational power

𝑺𝑳𝑬 in the time-dependent quantum Ising chain

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)



Summary

 The many-body Berry connection matrix can be determined for time-dependent systems whose low-
energy physics can be organized by quantum integrable field theory instantaneously. And it can be
explicitly determined up to at most two-particle process in the thermodynamical limit.

 The zeros of effective energy gap can serve as a good pointer for Landau-Zener tunneling.

 The Loschmidt echo spectral entropy is proposed to serve as a powerful tool to illustrate the many-
body Landau Zener tunneling, and reveals critical behavior that follows hyperscaling in the time-
dependent quantum Ising chain we study.

 The methodology of the spectral entropy analysis can also apply to other non-equilibrium systems.

Xiao Wang, Xiaodong He, and JW*, Phys. Rev. B (Letter) 112, L201102 (2025)
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