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Bethe ansatz

Heisenberg spin chain
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Bethe ansatz equation
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Task: Solve BAE and find Bethe roots



Physical properties

e Ground state
e Excitations

® Thermodynamics: entropy,
free energy, ...

e Kondo effect

Solutions of BAE

¢ A specific solution of BAE

e Particle-hole pair, Bethe strings

* Density distribution of the
Bethe roots

e Complex Bethe root
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Example 1. Anti-ferromagnetic vacuum

In condensed matter, one typically cares about anti-ferromagnetic

ground state, and low energy excitations




Specific solutions

Example 1. Anti-ferromagnetic vacuum

In condensed matter, one typically cares about anti-ferromagnetic

ground state, and low energy excitations

Numerical method
Logarithmic of the BAE

N
2L arctan(u;) = 2nl; + Z arctan(u; — ug), j=1,...,N
k2




Specific solutions

Example 2. Semi-classical solution

In integrability in AdS/CFT, for L, N > 1, with N/L fixed, solutions

corresponds to strings in anti-de Sitter space




Specific solutions

Example 2. Semi-classical solution

In integrability in AdS/CFT, for L, N > 1, with N/L fixed, solutions

corresponds to strings in anti-de Sitter space

A two-cut solution [spinning string in AdS]
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[Figure from JHEP 09 (2003) 010]

[Beisert, Minahan, Staudacher, Zarembo 2003]



All solutions

Why consider all solutions ?

Completeness

Applications

A fundamental question of Bethe
ansantz : does it give too little,
too many or the right number of
solutions ?

In many applications we need to
sum over complete states, when
no state clearly dominant, we
need to sum over all solutions.
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Why consider all solutions ?

Completeness Applications

A fundamental question of Bethe
ansantz : does it give too little,
too many or the right number of
solutions ?

In many applications we need to
sum over complete states, when
no state clearly dominant, we
need to sum over all solutions.

Basic fact

BAE of XXX chain has too many solutions, some are non-physical




All solutions

Why consider all solutions ?

Completeness Applications

A fundamental question of Bethe
ansantz : does it give too little,
too many or the right number of
solutions ?

In many applications we need to
sum over complete states, when
no state clearly dominant, we
need to sum over all solutions.

Non-physical solutions

Solutions of BAE that do not correspond to eigenstates




Non-physical solutions

Repeated roots

{u, u, u1, us, . . .

Non-physical solution for spin-1/2 XXX

7U'N—2}
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Repeated roots
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Non-physical solution for spin-1/2 XXX

Il For spin-s XXX chain, there exists such physical solutions



Non-physical solutions

Repeated roots
{’LL, Uy Uy, U2, - - - 7uN—2}

Non-physical solution for spin-1/2 XXX

Il For spin-s XXX chain, there exists such physical solutions
Singular solutions

{2/2, —i/2,u1,u2, 0 0 o ,uN_g}

N
1
En Z 2T/ -8  Singularity

J=1

Careful regularizations are needed !



Non-physical solutions

Repeated roots

{u, u, uy, us, ..

. 7uN—2}

Non-physical solution for spin-1/2 XXX

Il For spin-s XXX chain, there exists such physical solutions

Physical conditions

{2/2, —i/2,u1,u2, 0 0 o ,uN_Q}

[

J

I

’LLj —|—’L/2
Uj —2/2

) -

~weBp  Physical solution

[Nepomechie and Wang 2013]



Baxter's T(O-relation

The TQ-relation

a(u) = (u+ %)L, d(u) =

T(u) and Q(u) are polynomials in u
N
Qu) = ][ (u—uy)

J=1




Baxter's T(O-relation

The TQ-relation

a(w) = (u+ )", dw) = (u— )"

T(u) and Q(u) are polynomials in u
N
Qu) = ][ (u—uy)
j=1
Solve TQ-relation

2

T(u) = Ztk u®, Q(u) = ch u
k=0

k=1

Plug in TQ-relation and solve for {#, ¢;}



TO and Completeness

The T'Q-relation

2nd order difference equation

Completeness

The TQ-relation has another solution P(u)

Theorem

The solution of TQ-relation for both Q(u) and P(u) being polynomials

give the complete spectrum of the XXX spin chain.

[Granet and Jacobsen 2019]
[Mukhin, Tarasov, Varchenko 2009]



Rational Q-system

Start from a set of BAE [Marboe and Volin 2016]
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Start from a set of BAE [Marboe and Volin 2016]
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T —> N boxes
a —> (L — N) boxes
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Start from a set of BAE [Marboe and Volin 2016]
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Rational Q-system

Start from a set of BAE [Marboe and Volin 2016]
) L N
uj + 3 w; —up +1
’ f :H ‘7._ k_,, 79=1,...,N
k#j

Young diagram

1 1 1 1
T ! A O-function at each node

Qa,s(u)

a

s —>

QQ-relation at each box

| _ - + + -
Qa+178Qa’aS+1 T Qa,—|—]_,3—|—1Qa,,8 - Qa+1,s—|—1Qa,s
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Rational Q-system

Start from a set of BAE [Marboe and Volin 2016]
) L N
uj + 3 w; — up +1
J 2 7 k .
; :” — 79=1,...,N
k#j

Young diagram

1 1 1 1
T ! A O-function at each node

Ell:,,S = Qa78(u j: %)

a

s —>

QQ-relation at each box

| _ - + + -
Qa+178Qa’78+1 T Qa,—|—]_’3—|—1Qa,,8 - Qa—|—1,8+1Qa,s
)

(a, s



Rational Q-system

Start from a set of BAE [Marboe and Volin 2016]
) L N
uj + 3 w; —up +1
’ f :H ‘7._ i - 97 =1,...,N
k#j

Young diagram

1 1 1 1

(Q-functions on upper
T boundary are trivial

a

s —)

Boundary conditions 1

Q2,8 (U) =1



Rational Q-system

Start from a set of BAE [Marboe and Volin 2016]
) L N
uj + 3 w; — up +1
J 2 7 k .
; :” — 79=1,...,N
k#j

Young tableaux

1 1 1 1
T f Q-functions on left boundary

are partially fixed

a

s —>»

Boundary conditions 2

Qoo(u) = UL, Q1,0(u) = H(U — Uuj)



Rational Q-system

From rational O-system to BAE

1 1 1 1 )
Focus on the first column
T Ql,l — Qio - Q1_,0
a Q1,0Q0,1 = Q11Qg — Q1 1Q00



Rational Q-system

From rational O-system to BAE

1 1 1 1 )
Focus on the first column
T Ql,l — Qio - Q1_,0
a Q1,0Q0,1 = Q11Qg — Q1 1Q00 ]
s —>»
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Rational Q-system

From rational O-system to BAE

1 1 1 1

Focus on the first column

T [Ql,lzgio-cz;o ]

a @1,0Q0,1 = @11 - Q7 1Qo00
s —>

[Qi(uk)Q&o(uk) = Q11 (ur)Qq o (ur) ] [ frl

) = Qg (ur),
Q1 (ug) = —Qfa(uk)




Rational Q-system

From rational O-system to BAE

1 1 1 1 )
Focus on the first column
T Ql,l — Qio - Q1_,0
a Q1,0Q0,1 = Q11Qg — Q1 1Q00
s —>»

Q11 (uk) = —Q1 ¢ (ux
\ V

g
Qg o(ur) Q1o (uk)

Qo o(ur) Q5 (ux)
N Y

Ty (ug) = ii_(—)ku )
[Qf;(uk)Q&o(uk)ZQil(uk)Q&o(ukz)] [ trlos) o k))]

= —1 BAE !




Rational Q-system

From rational O-system to BAE

1 1 1 1 4 N
T Key requirement:

All O-functions on the Young
diagram are polynomials

s —>

1. Parametrization

Q10(u) =u +chu]

2. Solving first row

Ql,s(U) = DSQl,O(U), Df(u) _ f(u—|— %) B f(u— :



Rational Q-system

Solving rational Q-system

1 1 1 1

s —>

3. Solving the second row

-

Key requirement:

All O-functions on the Young
diagram are polynomials

~

Ql,s—l—l QO,S o Ql,s—i—l QO,S

QO,5+1 —

Ql,s

Require the remainder of this quotient to vanish.

Obtain zero remainder conditions, algebraic equations for {¢}

By far most efficient, only physical solutions



Rational Q-system

Solving rational Q-system

1 1 1 1 4 )
Key requirement:
T All O-functions on the Young
diagram are polynomials

s —>

3. Solving the second row

QO = Ql,s—l—lQO,s o Ql,s—l—lQO,s
,s+1 —
’ Ql,s

Remark

1. Gives all and only physical solutions; 2. Much more efficient




g-deformation

Generic v.s. Root of unity



XXZ spin chain

The model

L
_E , — + - z _Z
Hxxz— (O'j Uj+1+0j O'j_|_1‘|‘A0'j0'j_|_1)
=1

The anisotropy parameter

1
A = 5 (¢+q 1) = coshn
Root of unity
14
n:iw—l, q€2:5::|:1
%

Otherwise it is called generic



XXZ at generic q

The Bethe ansatz equation




XXZ at generic q

The Bethe ansatz equation

(smh(uj + n/2)>L _ ﬁ sinh (u; — uy, + 1)

sinh(u; —n/2)

sinh(u; — ux + 1)’

k#3

The TQ-relation

j=1,---

, IV

a(u) = sinh® (u + 7),  d(u) = sinh” (u — 1) Q(u) = H

Multiplicative variables




XXZ at generic q

The Bethe ansatz equation

sinh(u; +n/2) L_ ﬂ sinh(u; — ur +n) Z1... N
sinh(u; —n/2) - -+ sinh(u; — ug + n)’ ’ | |

k#3

The TQ-relation




Q-system at generic q

The OQ-relation

1 1 1 1 Q0,0(t) — (t . t_1>L
T Q1,0(t) = H(t —t7't3)
¢ [t = f(tg™?)
s —>

QCH—l,S(t)QCL,S—I-l( ) Qa—|—1 s—l—l( )Q;,s(t) o Q;—Fl,s—Fl(t)Qcts(t)

Analytic property

Require that all Q,, (?) are Laurent polynomials in 7

[Bajnok, Granet, Jacobsen and Nepomechie 2019]



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..

Fabricius-McCoy string

’ZLnZ’U,O—I—

“Transparent’ property

im(n — 1)

) UOECJ

ls

n=1,2,...,£2

12

11

sinh(u — up, + 1)

n=1

sinh(u — u, — 1)

=1

[Fabricius and McCoy 2001]



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..

Fabricius-McCoy string

' —1
an:u0+27r(7z ), ug € C, n=12,...,4
2

“Transparent’ property

1
S sinh(u — up — 1)
If
N
sinh(u; +n/2) H — u + 1)
sinh(u; —n/2) o — up — 1)

[Fabricius and McCoy 2001]



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..

Fabricius-McCoy string

im(n — 1)

: ug € C, n=1,2,...,4
o

’ZLnZ’U,O—I—

“Transparent’ property

ﬁ sinh(u — up, + 1)

=1
S sinh(u — up — 1)
Then
: L N . 2 N
sinh(u; +1/2)\" H sinh(u; — ux + 1) H sinh(u; — uy, + 1)
sinh(u; —n/2) ) sinh(u; — ux —n) L sinh(u; — @, —n)

k
k

ol
(S

[Fabricius and McCoy 2001]



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..

Fabricius-McCoy string

im(n — 1)

: ug € C, n=1,2,...,4
o

’ZLnZ’U,O—I—

“Transparent’ property

12

H sinh(u — up, + 1)

=1
sinh(u — u, — 1)

n=1

If
{ul,u2, .. ,’U,N}

ls a solution of BAE



Root of unity

The problem

Solve the TQ-relation like generic g, find infinitely many solutions.. ..

Fabricius-McCoy string

im(n — 1)

ls

Uy = Ug + : ug € C, n=1,2,...,4

“Transparent’ property

£ sinh(u — uy, +n)
Ik
S sinh(u — up — 1)
Then
{u17u27-° °7UN7/&'17/L~L27" : 7?152}

s also a solution of BAE, the center i, can be arbitrary



Root of unity

Structure of Hilbert space

{U,l,’LLQ,. . ,U,N}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{Ul,’LLQ, e ,U,N}
FM-stringJ/
{ul,.. ’LLN,”(NIJ§1),...,~2)}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{ul,u2,...,uN}
FM-stringJ/
{ul,.. ’LLN,”(NL§1),...,~2)}
‘l, FM-string 2
(1 (1 2
{uq, ... uN,uﬁ),..., ég), g),...,UEQ)}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{U,l,’LLQ,. . ,’U,N}

FM-string J/

{ula' . °7uN7a§1)7° e 7,&“%?}
‘l, FM-string 2
{uq, ... ,uN,f&ﬁl), . ,ﬂg),u?),...,ug)}

‘l, Infinity pairs
~ (1) ~(1) _(2) (2)

{/U/l,...,’UJN,ul ,...,’LLEQ,Ul ,...,u€2,<+00)noo7<—00)noo}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{uy,us, ...,

’LLN}
FM-string J/ \I:finity pairs

{Ul, ce ,’LLN,’(]§1),. .. ,’(22)} {ula cee s UN (+Oo)nooa (_Oo)noo}
‘l, FM-string 2
{uq, ... ,uN,f&ﬁl), L ,ﬂg),u§2),...,ug)}

‘l, Infinity pairs
~ (1) ~(1) _(2) (2)

{/U/:[’...,/U;N,ul ,...,’LLEQ,Ul ,...,u€2,<+00)nw7<—00)nw}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{uy,us, ...,

’LLN}
FM-string J/ \I:finity pairs

{'le) ... 7’U/N,ﬂ/§1), . e ,'&,éi)} {/U/]_, . .. ”U,N’ ("_OO)TLOO’ (_Oo)noo}
‘l, FM-string 2

{u, . un,ay? s WP u) FM strings
‘l, Infinity pairs |

~ (1) ~(1) (2) (2)

{/U/:[’...,/U;N,ul ,...,’LLEQ,Ul ,...,u€2,<+00)nw7<—00)nw}

[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

{U,l,’LLQ,. .. ,’U,N}
{Ul, ce ,uN,ﬂgl),. .. ,”ELE?} {ula <o UN, ("‘Oo)nooa (_Oo)noo}
{uq, ... ,uN,f&ﬁl), . ,ﬂéi),u?), . ,ug)}
v v
{uy, ... ,uN,ﬂgl), L ,ﬂg),u?), . ,ug), (400)">, (—o0)">=}

\ Dual solution: magnon number L — N
[Miao, Lamers, Pasquier 2021]



Root of unity

Structure of Hilbert space

N N S A SR )

v v

~ (1) ~(1) (2)

2
{ul,...,uN,ul peeey Uy "y Uy ,...7ué2)7<—|—00)noo7(_oo)noo}

k_.y Descendent state : Same energy and conserved charges !




Root of unity

Step 1. Find all primitive states

e Finite solutions
{ul,u2, ce ,’U,N}
e Finite solutions + positive infinities

{’U/l,’UQ,...,UN,E)O,...,O(j}

Ve

n+

e Finite solutions + negative infinities

{ul,ug,. . .,UN,:OO,. . .,—CXE}
n_

Step 2. For each primitive state, find all descendants

e Primitive solution + FM strings + infinity pairs



Root of unity

The constrained Q-system [Hou, Jiang and Miao 2023]

Idea: impose additional constrains to get rid of FM-strings

A solution contain FM-string  Q(t) = Q"™ ()Q(¢)

£2 (tEM)2 N £2 N-1 N
Q(t):H<t— Jt ) H (t—f)ZtN—l—Zthzk_N—l—?

A system of equations involving {c}, {6} {15}



Root of unity

The constrained Q-system [Hou, Jiang and Miao 2023]

Idea: impose additional constrains to get rid of FM-strings

A solution contain FM-string  Q(t) = Q"™ ()Q(¢)

£2 (tEM)2 N £2 N-1 N
Q) =] (t— - ) 11 (t— 7’“) =t + chtzk_N—F?

A system of equations involving {c}, {6} {15}

g Eliminate {t;™},{t;}

Rk(CO,Cl,...,CN_l):O, kIl,...,NG




Root of unity

The constrained Q-system [Hou, Jiang and Miao 2023]

Idea: impose additional constrains to get rid of FM-strings

A solution contain FM-string  Q(t) = Q"™ ()Q(¢)

£2 (tEM)2 N £2 N-1 N
Q(t):H<t— Jt ) H (t—%)ZtN—FZth%;_N—l—?

j=1

Impose the condition

1+w(|Ri)*+|Re|> + - |Rn,|?) =0




Root of unity

Example
L=8  M=4, =2
3
FM-strings
. 21 . N 271
U1 = ug — —, Uy = U, Uz = Uy + —
1 0 3 2 0 3 0 3
This leads to
6—6’11,0
Co 5—, C1= —eb% ey =0, 3= —ti
ty
Obtain a set of equations involving {¢;}
Co — 0, CoC1C3 — 1=0

Impose constraint

14w [c5 4 (cocicz — 1)%] =0




Root of unity

Constrained Q-system

1 1 1 1
Qoo(t) = (t—t~H*
N
T Q10(t) = H(t — ')
a j=1
s —>

Qa+1,s(t>Qa,s+1( ) Qa—|—1 S—l—l( )Q;s(t) o Q;—Fl,s—l—l(t)Qc—ts(t)

+ constraints that eliminate FM-strings
Lt w (R + [Rof* + -+ R [7) =

® This gives all primitive solutions

e Similar strategy for primitive solutions with infinities




Root of unity

Descendant states

The center of FM-string can be fixed

A factorization relation

T.(0) = Q (u-+ 2519) Q (u — 25)

Eigenvalue equation
To(u) = Q (u+ 2534n) Q (u— 25n)

Can prove that

Zeros of F(u) contain FM-strings and infinity pairs
[Miao, Lamers, Pasquier 2021]



Root of unity

Fusion relation

2s+1 28+2 —1 S
T2 (W) Ta(w) = T8 ()T L (0) + T )T ()



Root of unity

Fusion relation

9541 25+2 —1 S
Tg/; ](u)Ts(u) _ T(g + ](U)T[S_E/z(“) + T(g2 ](u)T[;illl/Q(u)

Where  flal(u) = f (u+a3)
General solution

[254+1] [—25—1] = T(?(k_S)](u)
Ts(u) = Q ( )@ kz_:o Q2(k—s)—1] (U)Q[Q(k—s)+1](u)




Root of unity

Fusion relation

9541 25+2 —1 S
Tg/; ](u)TS(U) _ T(g + ](U)TL_E/z(“) + T(g2 ](u)Titlll/z(u)

Where  flal(u) = f (u+a3)
General solution

[254+1] [—25—1] = T(?(k_S)](u)
Ts(u) = Q ( )@ kz_:o Q2(k—s)—1] (U)Q[Q(k—s)+1](u)

We find

2s T[2k+1] (u)
F(u) = Z Q2] &)Q[%Jr?] (u)




Root of unity

Example

Primitive solution: 7, =i

QU)=t+t"
Find that
F(t) =3t°—-29+t79)

Center of the FM-strings

= (S oo = (Lo o)

/6




Root of unity

Example
9
L=8 M=1 n=-"2
3
Primitive solution : 7, =i
Structure of the multiplet
M=1 {t1})
M=4 [{t1,£5™}) [{t1,t5M})

N/

M=7 {tlatFMath}>



U(1)-Breaking

Twists and Boundaries



A new perspective

Question

How to derive the Q-system ?
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Question

How to derive the Q-system ?

A new perspective

Q-system = TQ-relation + fusion ( 7-system )

The minimum Q-system

1

1

1 1




A new perspective

Question

How to derive the Q-system ?

A new perspective

Q-system = TQ-relation + fusion ( 7-system )

The minimum Q-system

1

1

1 1 f -
+
ln=1  *1n-

Ql,n




A new perspective

Question

How to derive the Q-system ?

A new perspective

Q-system = TQ-relation + fusion ( 7-system )

The minimum Q-system
r 1 1 1
T Ql,n — Qi'_,n—l o Ql_,n—l

Ql,OQO,l — Ql_,lQ(J)r,o - QilQa,o



A new perspective

Question

How to derive the Q-system ?

A new perspective

Q-system = TQ-relation + fusion ( 7-system )

The minimum Q-system

1 1 1 1
Ql,n - Qi'_,n—l o Ql_,n—l
T Q1,0Q0,1 = Q1 1Q¢0 — Q1 1Q00

Q1@ = Q12Q0, — Q12001



A new perspective

(-system

Q an 1 Ql_,n—l
Q1,0Q0,1 = Q1_1Q8L,o — Qi1Qa,0
Q1.1Q02 = Q7 2Q0 1 Q1_,2Q(J)r,1

TQO+Fusion relation

Ty 2Q =Ty QU2 + 1, Q!

Tl

1/2]T1/2 = TcgJFB}To_ + Ty Ty




A new perspective

(O-system

Q1,n an 1 — Q11

21,0Q0,1 = QI1Q8L,0 — QilQO_,o
Q1.1Q02 = Q7 2Q0 1 Q1_,2Q(J)r,1

Equivalent !

TQO+Fusion relation

Q) = Quo(w), Qi.=0l —qltl
Qo1 = Téﬂ] + T[_l] — T2

o= 1) (17 47 5m)

T1,2Q = T+Q ‘I'T Q!

Tl

1/2]T1/2 = T(EJFB}TO_ + Ty Ty

[Jiang, Liu, Miao, Tan, to appear]
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Key idea

Use TQ+Fusion system, derive O-system




A new perspective

Key idea

Use TQ+Fusion system, derive O-system

Good news

e TQ-relation is known for a lot of integrable models
e Fusion relation can be derived from R-matrix

e These relations also exist for U(1)-breaking models




A new perspective

Key idea

Use TQ+Fusion system, derive O-system

Good news

e TQ-relation is known for a lot of integrable models
e Fusion relation can be derived from R-matrix

e These relations also exist for U(1)-breaking models

Two U(1)-breaking models

o XXZ/XXX spin chain with non-diagonal twist

o XXZ/XXX spin chain with un-parallel boundary conditions




Twisted spin chain

Anti-diagonal twist




Twisted spin chain

Anti-diagonal twist

1

L
H = (aj oiv1to;05,,+ AajajH) +or0] —o70] — Aoj o]
1

J

Inhomogeneous Q-system

¢ 2Ty Q =t Ty QU2 — ¢t 1 T QU — ()T Ty




Twisted spin chain

Anti-diagonal twist

L
H = (aj oiv1to;05,,+ AajajH) +or0] —o70] — Aoj o]
j=1

1

Inhomogeneous Q-system

¢ 2Ty Q =t Ty QU2 — ¢t 1 T QU — ()T Ty

Fusion relation o(t) = gL/ t titp
ty---tr t

Similar but different to the periodic case

_ ot [+2] [ —2]
TOTl_T1/2T1/2+T0 1y




Twisted spin chain

Anti-diagonal twist

L—1
H = (0§05, +odal, |+ Adfoi,) +ofof — oo — Acjof
=1
Identification rules
Qo.0 = To, 10=0
Q11 = tq_l/QQio — t_1q1/2Q1 o | 1strow
1
Q2 = tQT@ — 17 Q7
........................................................................ 2nd row

-------------------------------------------------------------------------------------------------------------------------------------------
]

Qo2=Ti+ tq_lT_f;2 - t_qul_/Q — ¢ Qoo + tq_1/2Q(J)r,1 - t_1q1/2Q5,1

.
-------------------------------------------------------------------------------------------------------------------------------------------




Twisted spin chain

Anti-diagonal twist

L—1
H = (afa;ﬂrl +olol + Aajajz-Jrl) + 070y — ool — Ao of
j=1
Inhomogeneous Q-system
1 1 1 1
t t t
c(t) = ¢"/* -
to-etr /
a
s —>
QO,lQl,O — QS:OQl_,l + Q&OQil — C(t)Q(J)r,oQa,o




Twisted spin chain

Anti-diagonal twist

1

L
_ Y
H = ( 0j11+0ojol + Ads O'j_|_1) + 070y — ool — Ao of
1

J

Inhomogeneous Q-system

1 1 1 1
F(t) <tc<t>>+@01 Ty
T — (T e() QI T
a
s —>
Q02011 = QSL,le,Q + QS,1Q — | E(f)




Open spin chain

Open chain with magnetic field

L—1
. T _x Yy Yy z _z "N — "N -
H—E (ajaj+1+0jaj+1+AUjaj+1)+h1-01+hL-aL
j=1

Magnetic fields

- inh

hi = = oszliﬂc:sh 5 (cosh@_,isinh#_, cosha_ sinh 3_)

— sinh 7 . :
hp = (cosh 6, ,isinh 6, ,— cosh a sinh 3. )

sinh a4 cosh 84

Generic parameters breaks the U(1) symmetry



Open spin chain

Open chain with magnetic field

Z o aj+1—|—0 Uj+1+Aazaj+1)+ﬁl.5’1+ﬁL.5’L

(-system
Define
Q0,0(U) = SiIlh2L (u)
L
Q1,0( H sinh(u — u;) sinh(u + ;)

71=1

f(u) = g(—u) = sinh(u — a4 ) sinh(u — a_) cosh(u — B4 ) cosh(u — 5_)




Open spin chain

Open chain with magnetic field
L—-1

. T _x Yy Yy z _z "N — "N -
H = E (0j0j+1+0j0j+1+Aajaj+1)+h1-01—|—hL-aL
j=1

(-system

The QQ-relations
x =cosh (g + B+ +a_ +B_+(L+1)n)

sinh(2u)Q1,1 = g Qio -/ Q1_,o — cosh(f— —04)

sinh(2u)@Q12 =g~ Qil —fT Ql_,l

. - _ Lo N
sinh(2u)Qo 1Q1,0 = Q(J)r,oQLl - QO,OQil + 9 Smh(2u>QSF’OQO’O
sinh(2u) Qo 2Q1.1 = Q(T,1Q1_,2 - Q(T,lQTJ

X +2] ~— —2
+ 9 (9 Q([),O]QO,l — fQ([),o]QBL,1>




Conclusions

Solving BAE is an important step in many applications of

Bethe ansatz

If we want to find all solutions, we can use the rational Q-

system, which yields the complete solution

The rational Q-system can be generalized to g-deformed

case, both for generic g and g at root of unity

The Q-system can also be generalized to open and twisted
cases, both for U(1)-preserving and U(1)-breaking



Outlook

« The XYZ spin chain

Q-system can be established
How to solve ?

W A



