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7 years ago, I was visiting Xiwen here; and one evening he told me: we should organize a meeting here.

You all know Xiwen: he works very hard, and he is very persuasive: it is very difficult to say “no” to him.

So, soon, many people got involved, and the plans for the meeting moved ahead well.

But then covid came; so the meeting was postponed for one year.

And then it was postponed again and again.

But, amazingly, thanks to Xiwen and the many other organizers, the meeting is finally happening!

THANK YOU!

At some moment, I thought the meeting would never happen…



quantum 
spin chains

integrable

QG This talk!
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II.  D(2) models

III. Outlook

I. Review of quantum integrable models with quantum group symmetry

Generalization to higher-rank algebras

Bethe ansatz

Quantum integrability

 Symmetries & degeneracies of integrable spin chains• (rank-1 algebra)

•

•

•

quantum group symmetry

(sorry to the experts!)



Key to quantum integrability:

R12(u� v)R13(u)R23(v) = R23(v)R13(u)R12(u� v)

1 1
2 2

3 3

=

Solution of  Yang-Baxter equation (YBE)

R(u) ⇠
u

  R-matrix



Classes of R-matrices:

• Rational invariant under Lie group G

• Trigonometric affine Lie algebra

• Elliptic

ĝ

R(u) =

0

BB@

u+ i 0 0 0
0 u i 0
0 i u 0
0 0 0 u+ i

1

CCA G = SU(2)

R(u) =

0

BB@

sinh(u+ ⌘) 0 0 0
0 sinh(u) sinh(⌘) 0
0 sinh(⌘) sinh(u) 0
0 0 0 sinh(u+ ⌘)

1

CCA ĝ = A(1)
1

“isotropic”, XXX

“anisotropic”, XXZ

“anisotropy parameter”⌘ :

Ex:

Ex:

Ex:

XYZ

R(u) =

0

BB@

sn(u+ ⌘) 0 0 k sn(u+ ⌘) sn(u) sn(⌘)
0 sn(u) sn(⌘) 0
0 sn(⌘) sn(u) 0

k sn(u+ ⌘) sn(u) sn(⌘) 0 0 sn(u+ ⌘)

1

CCA



• S-matrices of integrable quantum field theories in1+1dimensions

Ex: sine-Gordon model

Building blocks of 1-dimensional integrable quantum spin chains•

Uses of R-matrices:

R-matrix

integrable closed spin chain

[Faddeev, … 1980’s]

Hamiltonian, transfer matrix



Ex: Heisenberg (XXX) spin chain

N spin 1
2

•

solvable by Bethe ansatz

XXX R-matrix

H
(1) =

NX

n=1

~�n · ~�n+1 , ~�N+1 ⌘ ~�1

• integrable:

H
(2) =

NX

n=1

~�n · (~�n+1 ⇥ ~�n+2)

H
(3) = . . .

...

h
H

(j)
, H

(k)
i
= 0

Hamiltonian:

 

quantum many-body model - many applications
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• Rational

R-matrix with symmetry G
)

Ex: Heisenberg (XXX) spin chain has  symmetry SU(2)

Ex: N=4 

)Clebsch-Gordan

degeneracies {1, 1, 3, 3, 3, 5}

Degeneracies in the spectrum are given by group theory

( 12 ⌦ 1
2 )⌦ ( 12 ⌦ 1

2 ) = (0� 1)⌦ (0� 1)

= 2 · 0� 3 · 1� 2
spin 2s+ 1s

[nice & straightforward]

<latexit sha1_base64="L8bQZKzZg1C3/UVln4KKJ1DAJ+Q="></latexit>X

The finite periodic spin chain has the same symmetry G



Trigonometric•
ĝ R-matrix

)

To realize symmetry, we consider open spin chain!

[uninteresting?]

!
We insist that boundary conditions should preserve integrability

Periodic boundary conditions break symmetry

The finite periodic spin chain does not have any 
nice symmetry (beyond U(1)’s) or degeneracies



Example: N spin 1
2

H =
N�1X

n=1

⇥
�
x
n�

x
n+1 + �

y
n�

y
n+1 +

1
2 (q + q

�1)�z
n�

z
n+1

⇤
� 1

2 (q � q
�1)

⇣
�
z
1 � �

z
N

⌘

[Pasquier, Saleur 1990]

anisotropy parameter

•

•

integrable

• Quantum Group symmetry

q = e⌘



For generic q, the degeneracies are the same as for isotropic!

[Sz, S±] = ±S±, [S+, S�] = [2Sz]q, [x]q ⌘ qx � q�x

q � q�1

[H ,S
z] = 0 =

⇥
H ,S

±⇤

S± =
NX

k=1

q�(Sz
1+···+Sz

k�1) S±
k q(S

z
k+1+···+Sz

N ) , S±
k = 1

2 (�
x
k ± i�y

k)

Sz =
NX

k=1

Sz
k , Sz

k = 1
2�

z
k

Quantum Group (QG) symmetry

! 2Sz q ! 1for

“coproducts"

We would like to generalize this story to higher rank

Uqsl(2) = Uq(A1)
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Key to boundary quantum integrability: 

K-matrix (reflection matrix) ⇠
u

Solution of  boundary Yang-Baxter equation (BYBE)

R12(u� v)KR
1 (u) R21(u+ v)KR

2 (v) = KR
2 (v)R12(u+ v)KR

1 (u)R21(u� v)

KR(u)

[Cherednik 1984]

= 1

1 2 2



R-matrix

integrable open spin chain

K-matrix

[Sklyanin 1988]

Hamiltonian, transfer matrix



•

• certain K-matrices, depending on discrete parameter p

Let’s consider integrable open spin chains constructed with: 

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

“trigonometric” R-matrices affine Lie algebras ĝ

[Bazhanov 1985, Jimbo 1986]ĝ = A(2)
2n , A(2)

2n�1 , B
(1)
n , C(1)

n , D(1)
n , D(2)

n+1

KR(u, p) = diag
�
e�u , . . . , e�u

| {z }
p

, ⇤ , . . . , ⇤ , eu , . . . , eu| {z }
p

�



•

• certain K-matrices, depending on discrete parameter p

Let’s consider integrable open spin chains constructed with: 

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

“trigonometric” R-matrices affine Lie algebras ĝ

[Bazhanov 1985, Jimbo 1986]ĝ = A(2)
2n , A(2)

2n�1 , B
(1)
n , C(1)

n , D(1)
n , D(2)

n+1

KR(u, p) = diag
�
e�u , . . . , e�u

| {z }
p

, ⇤ , . . . , ⇤ , eu , . . . , eu| {z }
p

�

2 x 2 block here for   
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ĝ = D(2)
n+1
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These spin chains have QG symmetry corresponding 
to removing pth node from     Dynkin diagram

[RN, Retore 2018]

ĝ



•

• certain K-matrices, depending on discrete parameter p

Let’s consider integrable open spin chains constructed with: 

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

“trigonometric” R-matrices affine Lie algebras ĝ

[Bazhanov 1985, Jimbo 1986]ĝ = A(2)
2n , A(2)

2n�1 , B
(1)
n , C(1)

n , D(1)
n , D(2)

n+1

These spin chains have QG symmetry corresponding 
to removing pth node from     Dynkin diagram

[RN, Retore 2018]

ĝ

p = 0 : [Mezincescu, RN 1991]
<latexit sha1_base64="OlrwI7DTtsybEkHW6MH8iAGZ6So="></latexit>

KR(u, 0) = I



Ex: ĝ = A(2)
6

3 2 1 0



Ex: ĝ = A(2)
6 QG symmetry

p = 0 Uq(B3)

2 1 03



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

Uq(B3)

Uq(B2)⌦ Uq(C1)

3 2 1 0



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

p = 2

Uq(B3)

Uq(B2)⌦ Uq(C1)

Uq(B1)⌦ Uq(C2)

3 2 1 0



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

p = 2

p = 3

Uq(B3)

Uq(B2)⌦ Uq(C1)

Uq(B1)⌦ Uq(C2)

Uq(C3)

3 2 1 0



4 3 2 1 0

Ex:
<latexit sha1_base64="Ye7CWhJmWUkkHe0jEpQJ54AOzlY="></latexit>

ĝ = D(2)
5



QG symmetry

p = 0

Ex:
<latexit sha1_base64="Ye7CWhJmWUkkHe0jEpQJ54AOzlY="></latexit>

ĝ = D(2)
5

4 3 2 1 0
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Uq(B4)



QG symmetry

p = 1

Ex:
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ĝ = D(2)
5

4 3 2 1 0

p = 0
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Uq(B4)
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Uq(B3)⌦ Uq(B1)



QG symmetry

p = 1

p = 2

Ex:
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Uq(B2)⌦ Uq(B2)



QG symmetry

p = 1

p = 2

p = 3

Ex:
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QG symmetry

p = 1

p = 2

p = 3

p = 4

Ex:
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self-duality



QG symmetry

p = 1

p = 2

p = 3

p = 4

duality symmetry p $ n� p

self-duality p =
n

2
n = even

Ex:
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Ex: ĝ = A(2)
10 with p = 3, N = 2

{1, 1, 10, 14, 14, 21, 30, 30}

QG symmetry Uq(B2)⌦ Uq(C3)

The “spin” at each site is in the representation (5,1)� (1,6)

((5,1)� (1,6))⌦2 = 2(1,1)� 2(5,6)� (10,1)� (1,14)� (14,1)� (1,21)

LieART )

Exactly  matches with observed degeneracies!

By explicit diagonalization (generic q), find degeneracies:

These symmetries explain the degeneracies of the transfer matrix!

11-dimensional
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Ex: ĝ = A(2)
10 with p = 3, N = 2

{1, 1, 10, 14, 14, 21, 30, 30}

QG symmetry Uq(B2)⌦ Uq(C3)

The “spin” at each site is in the representation (5,1)� (1,6)

((5,1)� (1,6))⌦2 = 2(1,1)� 2(5,6)� (10,1)� (1,14)� (14,1)� (1,21)

LieART )

Exactly  matches with observed degeneracies!

By explicit diagonalization (generic q), find degeneracies:

These symmetries explain the degeneracies of the transfer matrix!

11-dimensional
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integrability )

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: [Reshetikhin1987]closed chain:

t�1Y

s=0

2

664

sinh

✓
u(l)
k
2 + (�1, ✓s↵l) ⌘ + i⇡s

2

◆

sinh

✓
u(l)
k
2 � (�1, ✓s↵l) ⌘ + i⇡s

2

◆

3

775

N

=
t�1Y

s=0

nY

l0=1

ml0Y0

j=1

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
+ (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
� (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

k = 1, . . . ,ml , l = 1, . . . , n

t = 1 : untwisted

t = 2 : twisted

“universal”



integrability )

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain:

t = 1 : untwisted

t = 2 : twisted

t�1Y

s=0

2

664

sinh

✓
u(l)
k
2 + (�1, ✓s↵l) ⌘ + i⇡s

2

◆

sinh

✓
u(l)
k
2 � (�1, ✓s↵l) ⌘ + i⇡s

2

◆

3

775

2N

�l,p,n(u
(l)
k )

=
t�1Y

s=0

nY

l0=1

ml0Y0

j=1

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
+ (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
� (↵l, ✓s↵l0) ⌘ + i⇡s

2

i
sinh

h
1
2

⇣
u(l)
k + u(l0)

j

⌘
+ (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

sinh
h
1
2

⇣
u(l)
k + u(l0)

j

⌘
� (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

k = 1, . . . ,ml , l = 1, . . . , n

[RN, Retore 2018]

(ĝ 6= D(2)
n+1)

<latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit>



integrability )

can determine spectrum of transfer matrix by Bethe ansatz
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(ĝ 6= D(2)
n+1)

<latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit><latexit sha1_base64="hhJbGHmkapYiqzw/CcynET1fwV0="></latexit>



integrability )

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain:

t = 1 : untwisted

t = 2 : twisted

t�1Y

s=0

2

664

sinh

✓
u(l)
k
2 + (�1, ✓s↵l) ⌘ + i⇡s

2

◆

sinh

✓
u(l)
k
2 � (�1, ✓s↵l) ⌘ + i⇡s

2

◆

3

775

2N

�l,p,n(u
(l)
k )

=
t�1Y

s=0

nY

l0=1

ml0Y0

j=1

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
+ (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

sinh
h
1
2

⇣
u(l)
k � u(l0)

j

⌘
� (↵l, ✓s↵l0) ⌘ + i⇡s

2

i
sinh

h
1
2

⇣
u(l)
k + u(l0)

j

⌘
+ (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

sinh
h
1
2

⇣
u(l)
k + u(l0)

j

⌘
� (↵l, ✓s↵l0) ⌘ + i⇡s

2

i

k = 1, . . . ,ml , l = 1, . . . , n

6= 1 only if l = p

[RN, Retore 2018]
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Outline

II.  D(2) models

III. Outlook

I. Review of quantum integrable models with quantum group symmetry

Generalization to higher-rank algebras

Bethe ansatz

Quantum integrability

 Symmetries & degeneracies of integrable spin chains• (rank-1 algebra)

•

•

•

quantum group symmetry

(sorry to the experts!)
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QG symmetry
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QG symmetry Uq(B1)

The problem of finding Bethe ansatz resisted solution for 20 years

[Robertson, Jacobsen, Saleur 2020]

[RN, Pimenta, Retore 2019]

• conjectured full solution

• conjectured partial solution

• proof [RN, Retore 2020]
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cosh instead of sinh!

Key idea: [Robertson, Pawelkiewicz, Jacobsen, Saleur 2020]

“factorization identity” for transfer matrix
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algebraic Bethe ansatz
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There are excited states with 
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Finite-size scaling:
<latexit sha1_base64="8N+ZN9NNWsb69JwzeIXl4qPMmZk="></latexit>

E(N) ⇠ Ne1 + f1 +
⇡vF
N

Xe↵

<latexit sha1_base64="APpLGy/R5wXFpbQNDv7W6tYTsjw="></latexit>

N ! 1 :

need N ~ 103 need Bethe ansatz!

Instead, define limit 
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Xe↵ = [number] + f(⌘) s2
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>) continuous

<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0
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N ! 1

Emergence of a (partially) continuous spectrum:

[Robertson, Jacobsen, Saleur 2020;
Frahm, Gehrmann 2021]
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continuum limit is a non-compact boundary CFT

related to black hole sigma model
[Witten 1991;

Dijkgraaf, Verlinde, Verlinde 1992;
Hanany, Prezas, Troost 2002;

Bazhanov, Kotousov, Koval, Lukyanov 2019, 2020]

[Jacobsen, Saleur 2006;
Ikhlef, Jacobsen, Saleur 2008, 2012;

Frahm, Seel 2014]

continuum of conformal dimensions [Robertson, Jacobsen, Saleur 2020;
Frahm, Gehrmann 2021]

periodic BC:
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ĝ = D(2)
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analytical Bethe ansatz
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k + ⌘

⌘
Q[l�1]

⇣
u[l]
k � ⌘ + i⇡

⌘

Q[l�1]
⇣
u[l]
k + ⌘ + i⇡

⌘
Q[l]

k

⇣
u[l]
k + 2⌘

⌘

Q[l]
k

⇣
u[l]
k � 2⌘

⌘
Q[l]

k

⇣
u[l]
k + 2⌘ + i⇡

⌘

Q[l]
k

⇣
u[l]
k � 2⌘ + i⇡

⌘

⇥
Q[l+1]

⇣
u[l]
k � ⌘

⌘

Q[l+1]
⇣
u[l]
k + ⌘

⌘
Q[l+1]

⇣
u[l]
k � ⌘ + i⇡

⌘

Q[l+1]
⇣
u[l]
k + ⌘ + i⇡

⌘ , l = 2, . . . , n� 1

<latexit sha1_base64="lhK6RhqeiMXzgKJlRfSV+YikGB4="></latexit>

Q[l](u) =
mlY

j=1

sinh
⇣

1
2 (u� u[l]

j )
⌘
sinh

⇣
1
2 (u+ u[l]

j )
⌘
, l = 1, . . . , n� 1 ,

Q[n](u) =
mnY

j=1

sinh
⇣

1
2 (u� u[n]

j )
⌘
cosh

⇣
1
2 (u+ u[n]

j )
⌘ cosh instead of sinh!

p = 0, . . . , n

6= 1 only if l = p

continuous spectrum?

[Frahm, Gehrmann, RN, Retore 2509.00610]



:
<latexit sha1_base64="HQU98x+d+4eOd89npAzMbD7fgZM="></latexit>

ĝ = D(2)
3 (n = 2), " = 1, p = 0, 1

Ground-state Bethe roots

<latexit sha1_base64="UfxJcmyCe7EQU4sgTpaFfyqgqDs="></latexit>

i⇡/2

<latexit sha1_base64="pwJdA840bKUEQoNBiyIblXwE/bI="></latexit>

�i⇡/2

<latexit sha1_base64="HGc3bFVXzi4sSDxKn59CLfhPWZI="></latexit>

i⇡

<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0

<latexit sha1_base64="L6nBozNHucQbV9BzB8PfRlV8c+M="></latexit>

i⇡/2� ⌘

<latexit sha1_base64="ZEG/c8mX5KNNwnyzaj+B6XQqNeQ="></latexit>

⌘ � i⇡/2

level-2

level-1

Excited-state Bethe roots (example)

<latexit sha1_base64="UfxJcmyCe7EQU4sgTpaFfyqgqDs="></latexit>

i⇡/2

<latexit sha1_base64="pwJdA840bKUEQoNBiyIblXwE/bI="></latexit>

�i⇡/2

<latexit sha1_base64="HGc3bFVXzi4sSDxKn59CLfhPWZI="></latexit>

i⇡

<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0

<latexit sha1_base64="L6nBozNHucQbV9BzB8PfRlV8c+M="></latexit>

i⇡/2� ⌘

<latexit sha1_base64="ZEG/c8mX5KNNwnyzaj+B6XQqNeQ="></latexit>

⌘ � i⇡/2

does not occur for  
<latexit sha1_base64="JKPkKOAvYw4OGbctQ3ZbMbZrRTQ="></latexit>

" = 0

Find (partially) continuous spectrum:

<latexit sha1_base64="8CgA92CBB/W4eW8e50Sf1QHIoJo="></latexit>

Xe↵ = [number] + (2n+ 1)2
f(⌘)

(logN)2

<latexit sha1_base64="pSp5QZp8Ki9+vs++REBWnds+Yv0="></latexit>

n = 2 :

<latexit sha1_base64="KiqNiKjgLBQjP2mb3OXeNf38ShM="></latexit>

n = 1, 2, 3, . . .

<latexit sha1_base64="BO2/8hU1xNtgt4tpv89x4wOGveg="></latexit>

⌘ = i� , � 2 (0, ⇡
4 )



Outline

II.  D(2) models

III. Outlook

I. Review of quantum integrable models with quantum group symmetry

Generalization to higher-rank algebras

Bethe ansatz

Quantum integrability

 Symmetries & degeneracies of integrable spin chains• (rank-1 algebra)

•

•

•

quantum group symmetry

(sorry to the experts!)



<latexit sha1_base64="Ltczbm/pDej1Ty+iMyD4YmMDn9I="></latexit>

ĝ = D(2)
n+1, " = 1• analytical Bethe ansatz for

• (partially) continuous spectrum  for 
<latexit sha1_base64="pQGIEx98MITcy6yjIfN7ffvc8jk="></latexit>

n = 1, 2

• conjecture:  (partially) continuous spectrum for all 
<latexit sha1_base64="xfUMBOU9IYUjhSiOkmT1Wo1dgDE="></latexit>

n = 1, 2, . . .

Thank you for your attention!

• identification of the continuum non-compact CFTs for n>1?

• Hamiltonian is not Hermitian

For   all low-energy states have real energy E<latexit sha1_base64="3dKlbi8yl/G2xYFTLecpFac2czs="></latexit>

N ! 1
<latexit sha1_base64="Ea7P9y+1xbEUm8SsGErDrryduDA="></latexit>) sensible CFT


