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/ years ago, | was visiting Xiwen here;and one evening he told me: we should organize a meeting here.
You all know Xiwen: he works very hard, and he is very persuasive: it is very difficult to say “no” to him.
S0, soon, many people got involved, and the plans for the meeting moved ahead well.

But then covid came; so the meeting was postponed for one year.

And then it was postponed again and again.
At some moment, | thought the meeting would never happen...

But, amazingly, thanks to Xiwen and the many other organizers, the meeting is finally happening!

THANK YOU!



—  This talk!
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o Quantum integrability |(sorry to the experts!)

o Symmetries & degeneracies of integrable spin chains  (rank-| algebra)

—> quantum group symmetry

* Generalization to higher-rank algebras

e Bethe ansatz
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Key to quantum integrability:

R-matrix  R(u) ~ %
u

Solution of Yang-Baxter equation (YBE)



Classes of R-matrices:

® Rational invariant under Lie group G
u+t 0|0 O
0 ' 0
0 010 wu-+1 “isotropic”’, XXX
® Trigtonometric —— affine Lie algebra ¢
sinh(u + n) 0 0 0 o
E B 0 sinh(u) | sinh(n) 0 A= A 1
* Rlu)= 0 sinh(n) | sinh(u) 0 I 1
0 0 0 sinh(u 4 7) “anisotropic”’, XXZ
n . anisotropy parameter”
e Elliptic
sn(u -+ n) 0 0  ksn(u+n)sn(u)sn(n)
. B 0 sn(u) | sn(n) 0
Ex: R(u) = 0 sn(n) | sn(u) 0
ksn(u + n)sn(u)sn(n) 0 0 sn(u + n)

XYL



Uses of R-matrices:

® S-matrices of integrable quantum field theories inl+Idimensions

Ex: sine-Gordon model

® Building blocks of |-dimensional integrable quantum spin chains

R-matrix

|

[Faddeey, ... 1980’s]

|

integrable closed spin chain

Hamiltonian, transfer matrix




Ex: Heisenberg (XXX) spin chain

XXX R-matrix ——  Hamiltonian: Q

N N . 1
H<):§ On On+1, ON+1 =01 P 2

n=1

® quantum many-body model - many applications

® integrable:

N
H(Q) — Z 0—371 : (5n+1 X En_|_2) _H(J) 7]{(k)- — ()

n=1

H® = ..

\— _/

S
solvable by Bethe ansatz
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® Rational [nice & straightforward]

R-matrix with symmetry G

= The finite periodic spin chain has the same symmetry G

Ex: Heisenberg (XXX) spin chain has symmetry SU(2)

4 )

Degeneracies in the spectrum are given by group theory
\— _J

Ex: N=4

Clebsch-Gordan = (3 ®3)®(: ®2)=0®1)® (06 1)

—=2-0403-1p2
spin § — 2s+1

degeneracies {1,1,3,3,3,5}



® Trigonometric [uninteresting!]

A

g R-matrix

—
The finite periodic spin chain does not have any To o\
nice symmetry (beyond U(1)’s) or degeneracies

Periodic boundary conditions break symmetry

To realize symmetry, we consider open spin chain!

£00)
Y i S &/

WVe insist that boundary conditions should preserve integrability



Example: AN\ N spin 2

1
H = Z opon tobol o+ 5(gtq onon ] = 5(q - q_l)(gf ~ UJZV)

n=1
[Pasquier, Saleur 1990]

® anisotropy parameter ¢ =-¢’

® integrable

( )

® | Quantum Group symmetry




Quantum Group (QG) symmetry

H,5*|=0=|H,S]

N
§*=) Sk,  Si=30
k=1 “coproducts”
N
S+ — Z q_(s1 +4+Sp_1) Slf q(Sk+1+"'+SN) ’ Sl:c: — %(gz + @O-Z)
k=1
I N B ) B qx _ q—a:'
[S 75“] T ——S__v [S_I_?S ] — [QS ](b [ ]q — —1
q—4d
U s1(2) = U, (Ay) 25" for ¢—1
4 )

For generic q, the degeneracies are the same as for isotropic!
J

We would like to generalize this story to higher rank
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Key to boundary quantum integrability:

K-matrix (reflection matrix) K**(u) ~ >I
.
U

Solution of boundary Yang-Baxter equation (BYBE)

|
.

1 2 [Cherednik 1984]

2
Riz(u — v) Ki*(u) Ro1(u +v) K3'(v) = K5'(v) Riz(u + v) Ki*(u) Rai (u — v)



R-matrix K-matrix

NS

[Sklyanin 1988]

|

integrable open spin chain

Hamiltonian, transfer matrix



Let’s consider integrable open spin chains constructed with:

A

® “trigonometric’ R-matrices — affine Lie algebras g

g=A A2 W oW DO DA (Bazhanov 1985, Jimbo 1986

® certain K-matrices, depending on discrete paramete@

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

KR(u,p):diag(e_“,... e Yok, L ket L. ,e“)




Let’s consider integrable open spin chains constructed with:

A

® “trigonometric’ R-matrices — affine Lie algebras g

A(Q) A(Q)

2n ) * 2n—1 7

B ¢ pb {D(Q) [Bazhanov 1985, Jimbo 1986]

® certain K-matrices, depending on discrete parameter p

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

KR(u,p):diag(e_“,... e Yok, L ket L. ,e“)

(2)
2 X 2 block here for g = Dn—l—l



Let’s consider integrable open spin chains constructed with:

A

® “trigonometric’ R-matrices — affine Lie algebras g

§g= AP Agi)_l ' BM ¢ p) ,Dfizl (Bazhanov 1985, Jimbo 1986]

2n

® certain K-matrices, depending on discrete parameter p

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

These spin chains have QG symmetry corresponding
to removing pth node from ¢ Dynkin diagram

[RN, Retore 2018]



Let’s consider integrable open spin chains constructed with:

A

® “trigonometric’ R-matrices — affine Lie algebras g

§g= AP Agi)_l ' BM ¢ p) ,Dfizl (Bazhanov 1985, Jimbo 1986]

2n

® certain K-matrices, depending on discrete parameter p

[Batchelor et al 1996; Martins, Guan 2000; Lima-Santos 2006; RN, Pimenta 2018]

These spin chains have QG symmetry corresponding
to removing pth node from ¢ Dynkin diagram

[RN, Retore 2018]

p=20: KR(u,O) = I [Mezincescu, RN 1991]






3 2 1 0

O=0O—-C<®

O=0O-0

QG symmetry

Uq(Bi%)



QG symmetry

Uq(Bi%)

Uy(B2) @ Uy (Ch)



Ex:

3 2 |1 0

O=0—C=<®

O=0O-0

O=0O O
O O=<0O

QG symmetry
Uq(Bi%)

Uy(B2) @ Uy (Ch)
Uy(B1) @ Uyg(C2)



3 2 |1 0

O=0—-C<®

O=0O-0

O=0O O
O O=<0O

O—CO=<0O

QG symmetry

Uq(Bs)

U,(B2) @ U, (Ch)

U,(B1) @ Uy (Cs)
Uq(C'3)



Ex:

A

D




A

L g =

4 3 2 1 0
O<O—(O-C~@

QG symmetry

Uq(B4)



QG symmetry

Uq(B4)

Uy(Bs) @ Uy(B1)



4 3 2 1 0
O<O—(O-C~@

O<O—0O-0
< O
OO O=0

QG symmetry

Uq(B4)
Uy(Bs) @ Uy(B1)

Uy(B2) @ Uy(B2)



Ex:

A

g:

OO O=0
O OO0

QG symmetry

Uq(B4)
Uy(Bs) @ Uy(B1)
Uy(B2) @ Uy(B2)

Uy(B1) @ Uy(Bs3)



Ex:

A

g:

O

O—CO=0

QG symmetry

Uq(B4)
Uy(Bs) @ Uy(B1)
Uy(B2) @ Uy(B2)

Uy(B1) @ Uy(Bs3)



= Déz) QG symmetry

a ~
p=0 02000 Uq(Ba)

X y
p=1 < Q Uq(BS) o Uq(Bl)

duality

p=2 O=0O =0 Uy(B2) @ Uy(B2) symmetry
p=3 O O—C=0 Uq(Bl) oY Uq(BZ%)

a )
p=4 > UQ(B4)




QG symmetry

~

_/

O<O—0O-0 Uq(Ba)

C < O Uq(B3) @ Uqy(By)
OO O=0 Uq(Bz) ® Uq(Bz)
(Q O—CO=0 Uq(B1) @ Uy(Bs)

duality
symmetry



. =D QG symmetry

p=0  OxO-0O-0 Uy (Ba)

D=1 £ ® U,(B3) ® Uy (B1)

p=2 i@:@@ O=0) U,(B2) ® Uq(Bg)j — self-duality
p=3 O OO0 Uq(B1) ® Uy(Bs)

fw

|
N
NV
QQ
N\
oy

N
N—"




QG symmetry

p=0 O<O—0O-0 Uq(Bs)

=
|
}—\

AN

O

Uy(Bs) @ Uy(B1)

p=2 O<O OO0 Uqg(Bz) @ Uy(Bz2)

p=3 O O—O=0 Uqg(B1) @ Uqg(Bs)

p=4 > Uq(Bs)
g =D, duality symmetry p&n—p p=0,...

DO | S

N — €Vvell

self-duality p




These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:

11,1,10, 14, 14, 21, 30, 30}
QG symmetry Uqs(B2) @ Uy(C3) =0 O=x0—0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
((5,1) @ (1,6))%* =2(1,1) ®2(5,6) ® (10,1) © (1,14) ® (14,1) & (1, 21)

Exactly matches with observed degeneracies!



These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:

4 )
{1,1]10, 14, 14, 21, 30, 30}
\

_J

QG symmetry Uqy(B2) @ Uy(Cs) =0 C=0——0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
4 )

((5,1) @ (1,6))%° =[2(1,1)®2(5,6) ® (10,1) © (1,14) ® (14,1) © (1, 21)
\_ J

Exactly matches with observed degeneracies!



These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:

4 )
{1,1,10, 14, 14, 21,130, 30}

- _J

QG symmetry Uqy(B2) @ Uy(Cs) =0 C=0——0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
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These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:
o

{1,1]10]14, 14, 21, 30, 30}
\___/

QG symmetry Uqy(B2) @ Uy(Cs) =0 C=0——0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
4 )

((5,1) @ (1,6))%®° =2(1,1) ®2(5,6) ®|(10,1)|® (1,14) ® (14,1) © (1, 21)
\_ J

Exactly matches with observed degeneracies!



These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:

a )
{1,1,10,14, 14/ 21, 30, 30}

4

\— _J

QG symmetry Uqy(B2) @ Uy(Cs) =0 C=0——0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
((5,1) @ (1,6))®° =2(1,1) ®2(5,6) ® (10,1) ¢|(1,14) ® (14,1) > (1, 21)

Exactly matches with observed degeneracies!



These symmetries explain the degeneracies of the transfer matrix!

Ex: g=A3)  with p=3,N=2

By explicit diagonalization (generic q), find degeneracies:

{1,1,10, 14, 14/21]30, 30}

QG symmetry Uqy(B2) @ Uy(Cs) =0 C=0——0

The “spin” at each site is in the representation (5,1) ®(1,6) 11-dimensional

LieART =
((5,1) @ (1,6))%* =2(1,1) ®2(5,6) ® (10,1) © (1,14) & (14, 1) 3|(1,21)

Exactly matches with observed degeneracies! v
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integrability =

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: closed chain: [Reshetikhin | 987]

N0

_ - N
t—1 Siﬂh( S | ()\1,(9304077 | ng)

I”

“universa

s=0 | sinh (ug (A1,0%a;)n Zg8>

| t—1 |n "M’ sinh % (u,g) — ugl/)) + (a7, 0%°ay ) n
B 11 ' ( 1y

. 1 ) its
s=010'"=1 j=1 sinh ) U™ — U, )_(041795&1/)77 | .

17T S

(\)

k=1

e M lzl,...,n

-

t =1 : untwisted
t = 2 : twisted



integrability =
can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain: [RN, Retore 2018]

- LD N\ 1A
Fq smh( o ()\1,98045)77—%%)

H (1) |
s=0 | sinh <u§ (A1,0%) n + %)

l
Q1 pon (ul(c ) )

t—-1 n_ "™ giph |4

H H H 2 (’U,](J) _ u§l/)) -+ (al79805l/)77 . % Sinh
s=01'=1 j=1 sinh % (u]il) _ ’Uél/)) . (041798041/)77 X % i

k=1,...,my, [=1,....,n

(u,(f) + u§l/)) + (i, ) n+ %

(ulil) 4 U§l/)> . (ala @Sal/) n + WTS_

1 1
N | N

~ 2
(4 # D))
t =1 : untwisted
t = 2 : twisted



integrability =

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain: [RN, Retore 2018]

] e | [QN I
t—1 sinh( (A, 0%aq) n + %)

k
2
l
Dy pn (ul(c ) )

() |
s=0 [ sinh (ug (A1,0%a;) n + %)

- 4
t—1 n T ginh % (u,(f) — u§l’)) + (a1, 0%ap ) n + % sinh _

=[111 11

l/ S i7TS_

> ug )) + (ag,0%aqr) n + 57 _
, A O N GO A 9 ims || inhy | L
s=01'=1 j=1 sinh |5 (u,” —u; (a7,0%aq) n + 52| sinh | 5

ug.l/)) — (ay, 0%y ) + %

=
DD

k=1,...,my, [=1,....,n

A (2)
“doubled” (9# Drnia)
t =1 : untwisted
t = 2 : twisted



integrability =

can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain: [RN, Retore 2018]

G N1
t—1 smh( o ()\1,(98045)77—%%) ‘

(1) |
s=0 | sinh <u§ (A1,0%) n + %)

Drpn()) | - # 1 only if I = p

t—1 n T ginh % (Ug) — u§'l/)) -+ (ozl,Hsoq/) M+ % sinh

=[111 11

(ul(fl) 4 u§l/)) n (Ckla Hsal’) n + %
s=01'—1 j=1 sinh |z (u,(f) — u§l/)> — (ayq, 0%ay ) n + 2| sinh

1 1
N | N

(ulil) 4 U§l/)> . (Oél, @Sal/) n + WTS_

k=1,...,my, [=1,....,n

~ 2
(4 # D))
t =1 : untwisted
t = 2 : twisted



integrability =
can determine spectrum of transfer matrix by Bethe ansatz

Bethe equations: open chain: [RN, Retore 2018]

- NO R A
t—1 Smh( ’5 | ()\1,98%)774_%)

H (1) |
s=0 | sinh (ug (A1, 05a;) n + %>

Drpn(uy)) - # 1 only if I = p

t—-1 n_ "™ giph |4

H H H 2 (’U,](J) _ u§l/)) -+ (Ckh 9805[’) 77 . % Sinh
s=01'=1 j=1 sinh % (u]il) _ u§l’)> . (Oél,(gs()él/) n -+ % i

Ek=1,...,my, [=1,...,n

(ul(cl) T uﬁl/)) + (au, 0°ay) n + %

(u,(f) + ug”) — (aq, 0%ay ) n + %

| [
N[~ [ N~

t =1 : untwisted

t = 2 : twisted (2)

So, how about Pnii1?
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Boundary Yang-Baxter equation

_ p®

n—+1 - :

9(w) Ln—p) x (n—p)

9(w) Ln—p) x (n—p)

2

[Martins, Guan 2000;
RN, Pimenta 2018]




Boundary Yang-Baxter equation

= 1

~_ 2,

g — Dn—l—l . 2
k- (u)[Lpxp
9(w) Yn—p) x (n—p)
KR(u) _ ki(u)  ko(u) [Martins, Guan 2000;
ko(u) ki(u) RN, Pimenta 201 8]
9 Lin—p) x (n—p)




Boundary Yang-Baxter equation

9(w) Ln—p) x (n—p)

9(w) Ln—p) x (n—p)

Ipxp ] 27"L‘|‘2

2

[Martins, Guan 2000;
RN, Pimenta 2018]

X (2n + 2)



Boundary Yang-Baxter equation

= 1

~_ 2

g — Dn—l—l . 2
k—(u) Ipx,
9(w) Ln—p) x (n—p)
KR(u) _ ki(u)  ko(u) [Martins, Guan 2000;
ko(u) ki(u) RN, Pimenta 2018]
9(w) Ln—p) x (n—p)

QG symmetry U,(B,_,) ® U,(B,)

duality symmetry P < n—p



Boundary Yang-Baxter equation

= 1
o, 2
k— (w)|lpxp
9(W[I(n—p) x (n—p)
KR(u) _ ki(u) ko(u) [Martil?s, Guan 2000;
ko(u) ki(u) RN, Pimenta 201 8]
9(WL(n—p) x (n—p)

ker () = 20

g(u) = cosh(u — (n — 2p)n + Le)
cosh(u + (n — 2p)n — 75)
- cosh(u) cosh((n — 2p)n + Fe)
ki(u) = cosh(u + (n — 2p)n) + %TE)
koo (1) = sinh(u) sinh((n — 2p)n + o)

cosh(u + (n —2p)n + 5 )



9(w) Ln—p) x (n—p)

[Martins, Guan 2000;
RN, Pimenta 2018]

9(w) Ln—p) x (n—p)

Boundary Yang-Baxter equation
2
Dﬁl—l)—l ' 5

k::(u)ZBZZZu p: 7...7TL

o) — cos:h(u — (n — 2pn)+ gs) n=1,2,

cosh(u + (n — 2pJn)— F¢) 7l anisotropy
() cosh(u) Cosh((n — 2]0@+ %5)
u p—
L cosh(u + (n — 2]0' + 5
sinh(u) sinh((n — 2p +

(a) — (u) sinh(( I

cosh(u + (n — 2pJn)+ 76)




9(u) I p)x (n—p) —
K ) = ) ki

[Martins, Guan 2000;
RN, Pimenta 2018]

9(w) Ln—p) x (n—p)

Boundary Yang-Baxter equation
2
Dﬁl—l)—l ' 5

k::(’LL):e_ZZu p: 7...7TL
cosh(u — (n — 2p)n + 2e)
~ cosh(u + (n — 2p)n — 21e)
cosh(u) cosh((n — 2p)n + Zz)
ki(u) = i
cosh(u + (n — 2p)n) + SE) ce=20,1
sinh(u) sinh((n — 2p)n + )
cosh(u + (n — 2p)n + 2e)

7l anisotropy




9(u) I p)x (n—p) —
K ) = ) ki

[Martins, Guan 2000;
RN, Pimenta 2018]

9(w) Ln—p) x (n—p)

Boundary Yang-Baxter equation
2
D§z121 ' 5

ke (u) = e p=0,....n
o(0) = COSb(u — (n—2p)n + 3@ n=1,2,
cosh(u + (n —2p)n — 53e) 7) anisotro
1 () cosh(u) cosh((n — 2p)n + Zz) >
1\u) = 07
COSh(u (n — 2]9)77) T 3@ S :@, 1 [Martins, Guan 2000; RN, Retore 2018]
sinh(u) sinh((n — 2p)n + )
ko (u) =

cosh(u + (n — 2p)n + T%) conventional” Bethe ansatz




9(w) Ln—p) x (n—p)

[Martins, Guan 2000;
RN, Pimenta 2018]

9(w) Ln—p) x (n—p)

Boundary Yang-Baxter equation
2
D"/(H)—l ' 5

k::(U)ZQIZUJ P= 7...7n
cosh(u — (n — 2p)n + 2e)
~ cosh(u + (n — 2p)n — 21e)
() cosh(u) cosh((n — 2p)n + Zz)
1\U) = LT

cosh((u (n—2p)n) + 58 e =0,1] sinh +— cosh

sinh(u) sinh((n — 2p)n + 1e) B oth - non-compact

7l anisotropy




Boundary Yang-Baxter equation

9(w) Ln—p) x (n—p)

k:: (U) — 6::2u

cosh(u — (n — 2p)n + 2e)

~ cosh(u+ (n —2p)n — 1)

cosh(u) cosh((n — 2p)n + Zz)

kl (U) — 1Ty

cosh(u + (n — 2p)n) + FfE)

sinh(u) sinh((n — 2p)n + )
cosh(u + (n — 2p)n + 2e)

= 1
1 2
[Martins, Guan 2000;
RN, Pimenta 2018]
9(w) Ln—p) x (n—p)
ko (u) Dpxp
5 T
n : 2,
7l anisotropy
£ = O, sinh «<— cosh

Bethe ansatz ??

non-compact
CFT!




Gg=D% (n=1), e=1: QG symmetry Uy (B1)

The problem of finding Bethe ansatz resisted solution for 20 years

e conjectured partial solution [RN, Pimenta, Retore 2019]

o Canectured full solution [Robertson, Jacobsen, Saleur 2020]

cosh instead of sinh!

(sinh(uj + n))zN B § PR E ) cosh(L(uj +up) +17)] «

sinh(u; — 1) iy sinh(%(uj — Ug) — n)kcosh(%(uj + up) — n)J

* proof so(4) = su(2) © su(2) [RN, Retore 2020]

Key idea: pDS?  pAlY pal) palt paft [Robertson, Pawelkiewicz, Jacobsen, Saleur 2020]
= 4Dy gAY ALY “factorization identity” for transfer matrix

algebraic Bethe ansatz



g=D% (n=1), e=1: o0<p<i

Emergence of a (partially) continuous spectrum:

Ground-state Bethe roots

M_l_:M_

critical

There are excited states with n:=M, - M_=1,2,...

N — o0

TUE

Finite-size scaling: E(N) ~ New + foo -

N

Xeff

[Robertson, Jacobsen, Saleur 2020;
Frahm, Gehrmann 2021]

[continued]
/'//'/ =M +

/] .
4 M

effective scaling dimension

\

Xeg = [number| + n”

w

f(n)

(log N)?

J

need N ~ |03

Keeping n fixed as N — oo would mean infinite degeneracy in CFT ??

n g A

Instead, define limit | y5 2|5 € K=o

. J

—

Xeof = [number| + f(n) s

need Bethe ansatz!

°  continuous



g=D (n=1), e=1": 0<np<Z critical

continuum of conformal dimensions
continuum limit is a non-compact boundary CFT

does not occur for e = (

periodic BC:

related to black hole sigma model

[continued]

[Robertson, Jacobsen, Saleur 2020;
Frahm, Gehrmann 2021]

[Jacobsen, Saleur 2006;
Ikhlef, Jacobsen, Saleur 2008, 2012;
Frahm, Seel 2014]

[Witten 1991;
Dijkgraaf, Verlinde, Verlinde 1992;
Hanany, Prezas, Troost 2002;
Bazhanov, Kotousov, Koval, Lukyanov 2019, 2020]



G = D,,(fjl, e=1: QG symmetry U,(B,_,) ® U,(B),) p=0,....n

analytical Bethe ansatz [Frahm, Gehrmann, RN, Retore 2509.006 1 0]
] @ (20 0 (o 204 5) 0% (o) 0 (! 7
. 1 Lpn\Ug " )| =

simh(uy =) | LT O (! —20) Q) (u! —2n+im) QB () +n) Q1 (uff! + 7+ i)

o @ (! =) @ (uf! i) @ (! 20) @) (4 20+ i)
. () = 1—1] (U] 1—1] (1] 1 (0 (15 .

# lonlyifl=p | ) d U 1 u +ntam) Qp (uy —2n) @ (w, — 20 +am

[

QY (u) = H sinh (%(u — uB”)) sinh (%(u + u&”)) , [=1,....n—1,
cosh instead of sinh!

M, g A /
Q" u) = | [ sinh (%(u - “gn])) cosh (%(“ + “E‘n])) continuous spectrum/?
71=1 \ J |




does not occur for e = 0

=D (n=2), e=1, p=0,1: n=iy, v€(0,%)
e
4 )
g Find (Partla”)') continuous spectrum:) level-2 i /2 ] O @ @ @,
277/2 —77 ....... R
Ground-state Bethe roots level-| 0
77_7/7'('/2 ..... D S S
_27-‘-/2 ......... o O @ - @ et
Excited-state Bethe roots (example) |
LSS UUUUSURUPUUPUUUUS! PPN SOUPUURRURIPIRIOY
n—=2: 7/7-(-/2 ........ o -0 -0 - [‘ ................... .]
27'('/2 —77 ........ ® O  -©® - r_.] ......................
() | - |
/'7 _/1:7"'/2 ..... ........... .......................................
g 1 _?:7"'/2 ......... ......‘....... .....................................
X = [number] + (2n 4 1)° S n=1,23,...
& (10gN)2 Y, Y, Y,



Qutline

. Review of quantum integrable models with quantum group symmetry

o Quantum integrability (sorry to the experts!)
o Symmetries & degeneracies of integrable spin chains  (rank-| algebra)

—> quantum group symmetry

* Generalization to higher-rank algebras

e Bethe ansatz

Il. D®) models

[1l. Outlook



e analytical Bethe ansatz for ¢ = D,ﬁl, e=1

e Hamiltonian is not Hermitian

For N — oo all low-energy states have real energy E ..  sensible CFT

e (partially) continuous spectrum for n =1,2

e conjecture: (partially) continuous spectrum forall n=1,2,...

* identification of the continuum non-compact CFTs for n>|?

Thank you for your attention!



