
The Last Polynomials 

2025. 11

Hui Zhai 
Institute for Advanced Study 
Tsinghua University 



Institute for Advanced Study, Tsinghua University 
Founded in 1997
Modeled after Princeton IAS 

Professor Yang has been the honorary director  
since the beginning, and he considered this as a new 
chapter of his life after his eighties. 



Zhai Hui, please find someone to help me 
test the following six conjectures. Thanks. 

Chen Ning 
2017.9.11



Pn = ∑
m

( n
m) am(n−m)zm

H = J∑
ij

σiσj + h∑
i

σi

Decoding the mystery

This is the  partition function of the Ising 
model with all-to-all interactions

a = e4βJwith
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It can be proved

1) all zeros are real and negative if a = e4βJ > 1 for J > 0
2) all zeros lie in the unit circle if  a = e4βJ < 1 for J < 0
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A Pure Scientist 
His research is always driven by curiosity 
about the hidden beauty of nature. 

The structure of everything 
Often has a hidden beauty in it 
If you can sense vaguely some of its beauty 
Do not let it go

EXCITATION FUNCTION OF C''(P, Pn) O'' REACTION

must then consider either the absolute value of the
C"(p,pl) cross section or that of the AP7(p, 3prs) cross
section (or both) to be in error. We have rather arbi-
trarily chosen to base our data on the 10.8-mb value
for the AP'(p, 3prs) cross section at 420 Mev.
Figure 1 shows that the cross section of the

C"(p,pcs) C" reaction is a fairly insensitive function of
the energy of the incident proton in the energy range
studied here. Since similar results were found for the
production of Na", Na", and F" from aluminum and
for Be~ formation from carbon, 6 it appears to be gen-
erally true that the probability of ejecting a small
number of nucleons from a small nucleus remains sub-
stantially constant over a range of bombarding energies
from a few hundred Mev to at least 3 Bev. This implies
that the probability that the incident particle leaves
behind a relatively small amount of energy (&100Mev)
in the ieitia/ interaction with the nucleus is relatively
constant over the wide energy range studied. However
within this energy range meson production increases
very markedly with energy and becomes a probable
process. If the nucleus is large these mesons would have
a good chance of being reabsorbed in the nucleus in
which they were produced. This would result in a shift
of the maximum in the total energy deposition spectrum
to higher values, and reactions in which only a small
'Hudis, Wolfgang, and Friedlander (unpublished).
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Fro. 1. Excitation function of the C"(p,pn)C" reaction.

number of particles are ejected would become less
likely. Such an eGect has been observed in our studies
on heavier nuclei. ' However, in a small nucleus reab-
sorption of mesons would be a much less important
mode of depositing excitation energy because of their
greater escape probability. Thus it becomes plausible
that while the increasing dominance of meson processes
decreases the cross sections for relatively simple reac-
tions in heavy target nuclei, the cross sections for similar
reactions of light nuclei remain almost unchanged.
The help of the Cosmot. ron operating staff is grate-

fully acknowledged.
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Conservation of Isotopic Spin and Isotopic Gauge Invariance~
C. N. YANG l' AND R. L. Mrr. r.s

Brookhaven SaHonal Laboratory, Upton, %em York
(Received June 28, 1954)

It is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b Geld
which has the same relation to the isotopic spin that the electromagnetic Geld has to the electric charge. The
b Geld satisGes nonlinear differential equations. The quanta of the b field are particles with spin unity,
isotopic spin unity, and electric charge +e or zero.

INTRODUCTION

I
'HE conservation of isotopic spin is a much dis-
cussed concept in recent years. Historically an

isotopic spin parameter was first. introduced by Heisen-
berg' in 1932 to describe the two charge states (namely
neutron and. proton) of a nucleon. The idea that the
neutron and proton correspond to two states of the
same particle was suggested at that time by the fact
that their masses are nearly equal, and that the light
*Work performed under the auspices of the U. S. Atomic

Energy Commission.
t On leave of absence from the Institute for Advanced Study,

Princeton, New Jersey.' W. Heisenberg, Z. Physik 77, 1 (1932).

stable even nuclei contain equal numbers of them. Then
in 1937 Breit, Condon, and Present pointed out the
approximate equality of p—p and e—p interactions in
the 'S state. ' It seemed natural to assume that this
equality holds also in the other states available to both
the N—p and p—p systems. Under such an assumption
one arrives at the concept of a total isotopic spin' which
is conserved in nucleon-nucleon interactions. Experi-

'Breit, Condon, and Present, Phys. Rev. 50, 825 (1936). J.
Schwinger pointed out that the small diAerence may be attributed
to magnetic interactions /Phys. Rev. 78, 135 (1950)).

~ The total isotopic spin T was Grst introduced by E. Wigner,
Phys. Rev. 51, 106 (1937); B. Cassen and E. U. Condon, Phys.
Rev. 50, 846 (1936).



A Scientist with Unique Style and Taste 

Professor Yang is, after Einstein and Dirac, the 
preeminent stylist of the 20th-century physics 
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Question of Parity Conservation in Weak Interactions*
T. D. LEE, Columbia University, %em York, Xenr York

AND

C. N. YANG, 'f Brookhaven Natiortal Laboratory, Upton, 1Vem Fork
(Received June 22, 1956)

The question of parity conservation in P decays and in hyperon and meson decays is examined. Possible
experiments are suggested which might test parity conservation in these interactions.

PRESENT EXPERIMENTAL LIMIT ON
PARITY NONCONSERVATION

ECENT experimental data indicate closely iden-
tical masses' and lifetimes' of the W(=E,s+)—and~

~

~ ~

~ ~ ~

the r+(=E s+) mesons. On the other hand, analyses'
of the decay products of r+ strongly suggest on the
grounds of angular momentum and parity conservation
that the ~+ and 8 are not the same particle. This poses
a rather puzzling situation that has been extensively
discussed. '
One way out of the difhculty is to assume that

parity is not strictly conserved, so that 0+ and v-+ are
two diGerent decay modes of the same particle, which
necessarily has a single mass value and a single lifetime.
We wish to analyze this possibility in the present paper
against the background of the existing experimental
evidence of parity conservation. It will become clear
that existing experiments do indicate parity conserva-
tion in strong and electromagnetic interactions to a
high degree of accuracy, but that for the weak inter-
actions (i.e., decay interactions for the mesons and
hyperons, and various Fermi interactions) parity con-
servation is so far only an extrapolated hypothesis
unsupported by experimental evidence. (One might
even say that the present 8—v puzzle may be taken as
an indication that parity conservation is violated in
weak interactions. This argument is, however, not to
be taken seriously because of the paucity of our present
knowledge concerning the nature of the strange par-
ticles. It supplies rather an incentive for an examination
of the question of parity conservation. ) To decide
unequivocally whether parity is conserved in weak
interactions, one must perform an experiment to deter-
mine whether weak interactions differentiate the right
from the left. Some such possible experiments will be
discussed.

If parity is not strictly conserved, all atomic and
nuclear states become mixtures consisting mainly of
the state they are usually assigned, together with small
percentages of states possessing the opposite parity. The
fractional weight of the latter will be called F'. It is a
quantity that characterizes the degree of violation of
parity conservation.
The existence of parity selection rules which work

well in atomic and nuclear physics is a clear indication
that the degree of mixing, 5', cannot be large. From
such considerations one can impose the limit S'& (r/X)',
which for atomic spectroscopy is, in most cases, 10 '.
In general a less accurate limit obtains for nuclear
spectroscopy.
Parity nonconservation implies the existence of inter-

actions which mix parities. The strength of such inter-
actions compared to the usual interactions will in
general be characterized by 8, so that the mixing will
be of the order 5'. The presence of such interactions
would affect angular distributions in nuclear reactions.
As we shall see, however, the accuracy of these experi-
ments is not good. The limit on 5' obtained is not better
than p' &10—4.
To give an illustration, let us examine the polarization

experiments, since they are closely analogous to some
experiments to be discussed later. A proton beam
polarized in a direction s perpendicular to its momentum
was scattered by nuclei. The scattered intensities were
compared' in two directions A and 8 related to each
other by a reAection in the x—y plane, and were found
to be identical to within 1%. If the scattering origi-
nates from an ordinary parity-conserving interaction
plus a parity-nonconserving interaction (e.g., tr r), then
the scattering amplitudes in the directions A and 8
are in the proportion (1+5)/(1—F), where P represents
the ratio of the strengths of the two kinds of interactions
in the scattering. The experimental result therefore
requires 5 &10 ', or $'&10 '.
The violation of parity conservation would lead to

an electric dipole moment for all systems. The mag-
nitude of the moment is

*Work supported in part by the U. S. Atomic Energy Com-
mission.
f Permanent address: Institute for Advanced Study, Princeton,

New Jersey.
'Whitehead, Stork, Perkins, Peterson, and Birge, Bull. Am.

Phys. Soc. Ser. II, 1, 184 (1956); Barkas, Heckman, and Smith
Bull. Am. Phys. Soc. Ser. II, 1, 184 (1956).
'Harris, Orear, and Taylor, Phys. Rev. 100, 932 (1955);

V. Fitch and K. Motley, Phys. Rev. 101, 496 (1956). Alvarez,
Crawford, Good, and Stevenson, Phys. Rev. 101, 503 1956).' R. Dalitz, Phil. Mag. 44, 1068 (1953);E.Fabri, Nuovo cimento
ll, 479 (1954). See Orear, Harris, and Taylor LPhys. Rev. 102,
1676 (1956)7 for recent experimental results.

4 See, e.g., Report of the Sixth Annual Rochester Conference on
High Energy Physics (Interscience Publishers, Inc., New York
to be published).

moment ePX (dimension of system). (1)
5 See, e.g., Chamberlain, Segre, Tripp, and Ypsilantis, Phys.

Rev. 93, 1430 (1954).
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Never take so-called "self-evident" laws for granted
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SOME EXACT RESULTS FOR THE MANY-BODY PROBLEM IN ONE DIMENSION
WITH REPULSIVE DELTA-FUNCTION INTERACTION~

C. N. Yang
Institute for Theoretical Physics, State University of New York, Stony Brook, New York

(Received 2 November 1967)

The repulsive 5 interaction problem in one dimension for N particles is reduced,
through the use of Bethe's hypothesis, to an eigenvalue problem of matrices of the
same sizes as the irreducible representations B of the permutation group S~. For
some R's this eigenvalue problem itself is solved by a second use of Bethe's hypothesis,
in a generalized form. In particular, the ground-state problem of spin-2 fermions is
reduced to a generalized Fredholm equation.

(1) Consider the one-dimensional N-body
problem

N
H = -p s'/sx. '+2c Q O(x.-x.), c & 0,

1 i &j
with no limitation on the symmetry of the wave
function g. For a given irreducible represen-
tation A~ of the permutation group SN of the
N coordinates xi, we want to determine the
wave function P. Assume Bethe's hypothesis'
to be valid: Let pl, ~ ~ ~, pN = a set of unequal
numbers. For 0&xQ1&xQ2& ~ ~ ~ &xQN&L,

i/) =p [Q, P]expi[p x + ~ ~ ~ +p x ], (2)

with the aid of the following identities:

ab ab
ij ji

ab bc ab bc ah bcY. Y. Y.. Y. . Y. Y.

which are easily verified. Thus given a set
of unequal p's, and $0 = $P for P =identity, all
$P's are determined.
(2) The imposition of the periodic boundary

conditions leads to equations which, upon ex-
pressing gP in terms of g„become

(8)

where

y M —(y —1 1) +y —1P —y' 43
ij ij ij 34 zj

y . . =1+xzj ij'
x. =ic(p.-p )jk j k kj'

(4)

and P, =the permutation operator on ( so that
it interchanges Q3 and Q4. Altogether there
are N!(N—1) equations of the form (3). Are
they mutually consistent? The answer is yes
for any set of unequal p's. This can be seen

where P=[P1,P2, ~ ~ ~, PN] and Q=[Q1, Q2, ~ ~ ~,
QN] are two permutations of the integers 1,
2, ~ - ~, N. [Q, P] can be arranged as a N! xN!
matrix. Denote the columns of this matrix
by $P. To satisfy the continuity of p and the
proper discontinuity of its derivative as required
by (1) at xQ3 =xQ4, it is sufficient to have

y 34( (3)
~ ~ ozj ~ a ~ jz ~ ~ o jz ~ ~ ~

where the subscripts for $ on the two sides
represent any two permutation P and P' so that
P1 =P'1, P2 =P'2, P3 =i =P'4, P4 =j=P'3, etc.
The operator Y is defined by

=X(j+1)~

xX(. )... X .X .X .~ ~ .X(. ).g, (9)

where

A, . = exp(ip L), . (10)

~ ~

X.. =P. .l'. . = (1-P .x . .)(1+x. .).ij ij ij ij ij ij
The N Eqs. (9) say that $, is simultaneously
an eigenvector of N operators. These N oper-
ators can be shown to commute with each oth-
er, using

X..X..=1, X. X. X..X .X .X.. =1]ij ji ' jk ik ij kj ki ji
X..X =X X.. ; i, j, k, and l all unequal. (12)zj kl kl zj '

(3) The operators Pz& on $ form a N! xN! rep-
resentation of SN. To find the eigenfunctions
$0 in (9) we can first reduce this representa-
tion to irreducible ones. Choosing one specif-
ic irreducible representation A reduces the



Thank you very much !


