Applications of the moditied
algepraic Bethe ansatz

Full Counting Statistics for the XXX Twisted Spin Chain
And

Rectangular 6-Vertex Model with General Boundary Conditions

arXiv:2310.05850

arXiv:1908.00032 arXiv:2509.13928
arXiv:1906.06897 in collaboration with R. Pimenta, N. Slavnov, B. Vallet.

arXiv:1805.11323

arXiv:1804.00597

arXiv:1506.06550

M. Cornillault and A. Hutsalyuk

arxiv:2509.11797

— . . e Samuel Belliard. IDP Tours France.
N International Workshop on "Challenges in Integrability"

i .:‘ ¥ i “ ;{ h‘ MmEns . = ORLEANS - TOURS
‘6) ) RESRAUMRRR 9-21 November 2025, Wuhan, China INSTITUT s,

DENIS POISSON



https://arxiv.org/abs/2310.05850
https://arxiv.org/abs/1908.00032
https://arxiv.org/abs/1906.06897
https://arxiv.org/abs/1805.11323
https://arxiv.org/abs/1804.00597
https://arxiv.org/abs/1506.06550
https://arxiv.org/abs/2509.13928
https://arxiv.org/abs/2509.11797

2015

Prague




Plan of the Talk

Motivations

MABA for the twisted XXX spins chain

Moditied Slavnov’'s formula and linear system method

Full counting statistics for the twisted XXX spins chain (with A. Hutsalyuk)
Rectangular 6-vertex model with general boundaries conditions (with M. Cornillault)

Some open problems



Motivations

State of the art ABA Model with U(1) symmetry

e Usual ABA [Faddeev et al. 79]: Quantum groups, models on the circle
» Scalar product of Bethe Vectors: Sl(2) [Izergin, Korepin 80’s; Slavnov 89], SI(3) [B, Pakuliack, Slavnov, Ragoucy 12]

e Inverse Problem [Malillet, Kitanine, Terras OO]

- No referent state for the transfer matrix !!!

Problematic for models without U(1) symmetry:

- No decomposition of the spectrum problem !!!

e Constraints on parameters : ABA for XYZ [Faddeev et al. 79], AnBA [Nepomechie 04], ABA [Cao et al 03],
CBA [Crampe et al 10],...
o Alternatives : g-Onsager [Baseilhac, Koizumi 07], Functional approach [Galleas O8]
SoV [Frahm et al. 08; Niccoli et al. 12],
ODBA [Cao et al. 13] New term for the eigenvalues and BE!!!

New ABA presented here : the modified ABA for models without U(1) symmetry
(sl2 case, finite Hilbert space)
[B, Crampe 13], [B 14], [Crampe 14], [B, Pimenta 15],[B, Slavnov, Vallet, 18]....



MABA tor twisted XXX spins chain

Conjecture (B, Pimenta 2015)

Proof (B, Slavnov, Vallet 2018)

Twisted one dimensional spin chains

R(u) =u+ P

R matrix

Rop(u —

V)Roe(u — W) Rpe(v — w) = Rpe(v — W) Rye(u — w)Ryp(u — v).

Yang-Baxter equation.



Quantum group : The Yangian

Rop(u — 0)Ty(w)Tp(v) = Ty(v)Ty (uw)Rap(u — v)

A
Monodromy matrix TCL (u) — Ral(u) o RCLN (u) T(u) — ( CEZ%
Transfer matrix t(U) — t?“(KT(U))
Twisted XXX spins chain H — 2 i (111 (t(U))) — N
du u—0

N
m H:Z<0Z®Ji+1+Uz®gz“+0’i®"5+1)
k=1
O'%_H — wagaﬁ

1



Moditied operators

P T
K K
« Mysterious » Twist decomposition K =LDM = ( _ >

One constraint, one free parameter kT k™ — (p1Kk + p2R) + p1p2 = 0.

Moditied monodromy matrix

Moditfied transfert matrix




Modified representation

Off shell Bethe vectors




Off shell action of the transter matrix

t(2)B(u)|0) =

B(z)B(u)|0) + Ay (2, w) B(u)|0)

v
+ 9(us, 2) By (ui, i) B(2) B(u:)|0)

For finite dimensional representation > 2s; =S

S

%E(z)ﬁ(a) = (p1 + p2) (F(Z)g(za u)B(u) + Zg(uz’, 2)F(u;)g(u;, ai)E(Z)E(@i»



N
Fixed number of Bethe roots Hu =) 28 =25

Produce the mhcmog eneous 1Q equation (off diagonal Bethe ansatz Cao &al, 13)



Scalar product of Bethe Vectors

Moditied Izergin-Korepin Formula (both vector are off-shell). [B,Slavnov,Vallet, 18]

sem(a, o)=Y (=B)"H(=Ba)" M (E)M (&) F (& EDEY) (@l + K ) (aléy — c).

#u=n Ho=m E={u,0} H#&=4 #u=

Definition Let u = {u1,...,un}t, v = {v1,...,vn} and z be a complexr number. Then the
modified Izergin determinant Ky(,,zzn(m?")) is defined by

K) (a|v) = det (—zdjk | J (ﬂ}:z”v ) f S;j)’ ) ) .
Jo

Alternatively the modified Izergin determinant can be presented as

f(uj,ﬂj)) |

h(u;,ug)

K,(f)n(aw) = (1 — 2)™ " det (5jkf(uj, V) — 2



Slavnov tormula (spin 1/2). One on-shell Bethe vector g

Conjecture (B, Pimenta 2015) Ui = #5 = N

Proof from linear system method (Cramers rule). (B, Slavnov 2019)

N
> M X; =0 X; = Sk (1, 0)
1=0



Full counting statistic (B, Hutsalyuk 2025)




Calculation of the overlap from Modified Slavnov formula

Use Iree parameter of the twist decomposition

P P1 P2 P2
K_  RK_’ K_ K_~




Close formulas fonctions of Bethe roots

3 A (0la)\* detr (52 ) det caAng;klﬂ)
<exp (Q(e) (ﬂ)) >K B Z,,: 9(u, @)lg(fv,a) (AZE((; :‘3) deti Ecay%lzku)% det Ecay%:kv)g ,

aAK(z.k|ﬁ)) det; (CBA%(Zz;klz))

<exp (Q(E) (B)) >K 1 dz 1 ) (AK(O 1}))3 detr, (C D,

o Uk (U L _
v ) det s, (cc’?y%(ujkl )) H yf{(zjlz)
j=1
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FCS, K = o, expectation values of exp(QY(B))
= {1,0,1} (the blue curve) and g = {1,1,1} (the

green curve) are shown, L = 8. Dots correspond to direct
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FIG. 3. FCS, K = 0”407, expectation values of exp(Q'“ (3))
with 8 = {1,—1,2} (the blue curve) and 8 = {1,1,1} (the
green curve). Dots correspond to direct diagonalization, while
curves are interpolation of results derived via MABA.
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FIG. 2. FCS, K = oY, expectation values of exp(Q(e) (B))
with 8 = {1,0, 1} (the blue curve) and 8 = {1, 1,1} (the green
curve) and B = {1,—1,2} (purple curve) are shown, L = 8.
Dots correspond to direct diagonalization, while curves are
interpolation of results derived via MABA.



O-vertex modadel

Definition 1.1. The partition function of the inhomogeneous six vertex model on the
n X m rectangular lattice with general boundary conditions is

an('&'ﬁlBlé) = 13% (H B,, H ébj H H Raibj (’U,Z — ’Uj)) : (17)
% \i=1  j=1

i=1j=1




Rectangu

ar b-vertex model with GB

S (B, Pimenta, Slavnov 2024)

Definition 1.2. We define the following twist

B=|e)® (w| and C =|s)® (n|.

We can rewrite the partition function with the following formula

Zm (@|0|B|C) = (W| @ (N| (HHRa,bJ(ui - ’Uj)) |E) ®|S)

i=1 j=1




Proposition 1.1. [BPS2/] The partition function of the inhomogeneous rational siz-
verter model with general boundary conditions is

A

tr(B)"tr(C)™ 1

Zmn(a|'l_)|B|é) - (1 - B)m Q(ﬂ ’lj‘) nm

with

B=1- tl’iﬁggf), tr(B) = (wle), t(C) = (n|s) and tx(BC) = (nle) (wls). (Gorsky, Zabrodin, Zotov, 2014)

The modified Izergin determinant can be expressed with two formulae [BSV18]

o i, vg) f (vk, Ok)
K®B) (ulo) = det — [0k + A
7l7ll( l ) lgk’lg,'n ’1 kl })/(’L’k’ ‘l’,l)

— (1 - B)m—n det (f(“ka"—/')(sij - Bf('u,k,,'u,k)) |

1<k,I<n h(ug, up)

Homogeneous limit (Cornillault, B 2025) (Foda, Wheeler 2012)

A

tr(B)"tr(C)™
(1 _ ﬂ)min(n,m)

r=u-—"u. X <ijemn

Znm(z|B|C) =

1<4,j<min(n,m)

with d = |n — m)|.




Thermodynamic limit (Cornillault, B 2025) (Korepin Zinn-Justin 00)

Ft(xt, 1)

Ft(xt, 0)

[

(a) For § = —1,0 and 1 (respectively in blue, green and red).

Ft(xt, -1)

Ft(xt, 10)
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(b) For 8 = 0,1 and 10 (respectively in green, (c) For f =0,—1 and —10 (respectively in
red and dark-red). green, blue and dark-blue).

Figure 4: Graphs of F' for different values of 8. “xt” corresponds to Z and “Ft” to F




SOme open proplems

o XXZ and XYZ cases

* Thermodynamical limit for correlation function

e Open boundaries cases (FCS and Vertex
Interpretation)

e Higher rank cases MABA still to be find...



SOme open proplems

e XXZ and XYZ cases

* Thermodynamical limit
e Open boundaries cases
* Higher rank cases

e« Ft au-dela ? »



