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Noninteracting electrons coupled to a local spin impurityThe Kondo Model

The standard Kondo effect electrons are nointeracting (Landau Ferfiquid) —__— I AT
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A The effective coupling flows to strong coupling ar ~J Wilson:NRG )
%<0 x>0
A Critical behavior at lowT determined by fixed point: impurity screened (in) (out)
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A Conformal field theory approach: fusion rules change at criticality impurity absorbed

At criticalit 0 _
H = / dx J2 (x) + jg(m)) + J(J(0)+ J(0))-S —>y H* = / dx (32 (m) 32(3:) ) Affleck, Ludwig 1991994
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Multichannel Nonrinteracting Electrons coupled to a local spin impurity

The multichannel Kondo effect electrons are noimteracting, carry channel quantum number m=1---f
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A The effective coupling flows totermediate fixed point % ~ J? - gJS Nozieres Blandin1980
- determines the critical behavior at logft
™ Andrei, Destri 1984
A Bethe Ansatz Solution: impurioyerscreened Simp(T') : In2 — In 2 cos ( 3 2) Tsvelik Wiegmann 1985
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A Conformal field theory approach

H=/O dz (J*(z) + T°(z) + F-(z) + F(2)) + J(T(0) + T(0)) - S
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Interacting electrons coupled to a local spin impurit

__________ B S
SQwire coupled to a spin ¥ impurity | AN |
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SC wire Quantum spin 1/2
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1D spin -singlet superconductor Osss(m) — ’QDT_ (m)aywi(m) Quantum spin 1/2

A Both couplings 9> J run under RGmpeting effects
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A Different phases arise, depending on relative strengths of 9> J 3 oa.
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A RG invariant d(J,g) = /b2 — 2b/c — 1 labels the phases 0.4, e ——
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A Conformal field theory not applicable (electrons gapful)
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A Bethe Ansatz solution provides full description of the phases and their thermodynamics Pasnoori, Andrei Rylands, Azaria. 2022



The Thermodynamics (open BC)

A The partition function of a given phase is obtained by summing over all
energies of the phase, and from it the total free energy F(T)

Z =3 e PEn = (~BF(T)

A The total free energy of system with open BC F(T) = Fouk(T) + Fooundary (T') + Fimp(T)

A Calculate the free energy using Yang v 3 Q a ¢ . vk 106b) AIDBNTRIPraRENQTM (Kiumper 2007)

Comment:Calculating the free energy from TBA for open BC often misses Fyoundary (T') which arises fromPiasgay 2010 He,
Jacobian of the Yarngang change of variables (equal to 1 for PBC) . Jiang 2024

- Not part of theimpurity free energy (Obtained by subtracting the bulk and boundary terms from F(T))

A Compute thdmpurity entropy: Simp(T) = =07 Fimp(T)

- It Is experimentally measurabld-@lk et al 2018, Ensslin et al 2025)




Outline: Interacting electroncoupled to a local impurity

. Solve the models using the Bethe Ansatz approach
ii. ldentify the phases:They depend on relative strengths of the interactions: g,J RG invariant meastfe/: 9) ~ \/ (5)° 2
- Kondo Phase (many body screening of impurity)he only phase for non interacting electrons

T 1
g

- Zero mode phase (in the case of multichannel electrons)

- Bound mode phase (YSRl)ocal screening by bound state) (Yu 1965, Shiba 196Businoy 1969)

- Local moment phase (impurity not screened at any energy)
lll. Each phase consists of sevetalvers of excitations(split Hilbert space)

Iv. Free energy of each phase : Carry out the mtdtiver summation
v. Compute the Impurity entropy

Phase diagram of the impurity attached to Phase diagram of the impurity attached
a superconducting wire to f superconducting wires
Kondo phase (J > g) YSR phase (J ~ g) 'Local moment phase o phase | Zero mode phase : YSR phase ' Unscreened phase
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Impurity is screened in the GS Impurity is unscreened in the GS Impurity is overscreened in the GS Impurity is unscreened in the GS



Simp(7’). The impurity entropy as function of the temperature in the Kondo phase

Entropy of the impurity attached to one superconductor
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Remarkable: In the Kondo and Zero mode phase the-Zeamtropy Is the same as for the conformal electrons




Simp(T) : The iImpurity entropy as function of the temperature in the various phases

Entropy of the impurity attached to one superconductor
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Simp(7'): The impurity entropy as function of the temperature in the various phases

Entropy of the impurity attached to one superconductor
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overshoots at

Intermediate
temperatures due to
the presence of

boundary states,
which become
thermally activated

only when

T ~ Es

Boundary state energy

Es = —m.cos (g(f — 25)) :




The Impurity at the edge of SC wireg The Bethe Ansatz equations

A The BA wave functions Nf electrons moving on the open line interacting with the impurity at the edge

--Energy E = Z K (requices-aff - ; the coupling constants depénd on , cafy out renormalization)

.  N+1
--Spin component 5% = — M M down spins N+1up spins

A The quasmomenta kare obtained from the open BC Bethe Ansatz equatBkigalin where the
spin momeng, descilibe the/dpin dynamics

. b+ vy + L
—21k; L O 2 . .
€ 7T = =y (f=1, Pasnoori, Andrei, Rylands , Azariz022)
f1 N i M :
H Ao +vb+ 5 Ao +vd+ 5\ H()\ﬂ——v)\,g—l—z)
v=-1T )‘ﬂ:’ _I_ Ub - ‘% AEI _I_ Ud — % v—+ ,821 Aﬂ T U)\ﬁ — ?,-
Ba
where  d(J,g) = /b2 —2b/c— 1 2 oy pod=g 1
- 1-3J2/4 8¢ 29
Relative strength alandg Impurity variable bulk variable

A The combination d(J,g) = /b2 —2b/c —1 is RG invariant, independent of!

A Use to label phases



Solutions of the BA equations Phases and towers, splitting of Hilbert space

A The solutions of the BA equations #&strings Phase diagram of the single channel model
{/\(f)} Aa_l_ E(f_|_]_ _23) 3 — ]_}___:f : 'Kondoph e(J>>g) YSR phase (J ~ g) ‘Local moment phase
=1 2 ES B () <o)
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' V!
equations admit a new solution s = 3(5 _ 5)

. . L _ (boundary Phase diagram of the multichannel channel model
string solution) withmidgapenergy

=

£ o phase | Zero mode phase : YSR phase . Unscreened phase
- = : (VAN (II) : o 5 an :
2m = : : i : :
T ' Unscreened = T T T :
FEs = —m cos (—(f - 25)) : i i = == Ti ISE NN =
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£ S §§ E == =E == =F =& EEE == EEE == = _3_ E §§ EE T
J<yg "____'___”_‘:[__Tf_:'f”_'_"f'_"iff__'____1“____‘__ __' " "_'____
: : : : “d ‘l'__ 1}2 1 = %__ gjrl 0
A As dincreases also higher boundary string solutions appefilr . ~ o
. . Impurity is overscreened in the GS Impurity is unscreened in the GS
with )\(p)_)\5-|-3£ {=1,...,p and p= |0 + J

The energies of all higher boundary string solutions vamsime thermodynamic limit, excegi=1 string

A These boundary solutions induce towers and restructure the Hilbert space



The Thermodynamics (multichannel)

A From the solutions of the Bethe Ansatz equation one obtains the Free Energy sunmming over the
solutions In each tower

e.g. for two towers:

2
7 — o~ BF(T) _ Z BFTi) _ ,—BFy(T) Z —BF i (T) _ ,—BFo(T) ,—BFimp(T)

1=1

_ (71) (T2)
B,BF1mp — eﬁFlmp _I_ eﬁFlmp

A To carry out the summation we use the Thermodynamic Bethe Ansatz appratiy and Yang 1969, Takahashi book 1999)

e
A The TBA equations for 7n()\) = j”g )3 which give the probabilitg-fariagat temperature T
m Limit values:
In7p(A) = =75 cosh(mA)on, f + D GIn(1+ 7o) _sinb? (0 + 1)) _
v=-=+1 Nn(T—o00) = sinhQ%h - ]-: n = 1:2:"'
: h sin’[(nt+1)7/(£+2)] .
BC lim {[n + 1] In(1 + 7,) — [n] In(1 + 9ny1)} = _% o { i“ﬁ[” i 1, for n< f
=700 4 — sinh” [(n oh o
sinh? (ph/T) 1'* for n 2 f
n 1
with i = /d)\% (n/2)* ‘|‘/(2V — A)? e GI) = /dVQ cosh (A —v) fv)



The Impurity Thermodynamicong-channel)

A The TBA equation are the same in all phases, but the expression for the free energy in terms of
depends onffhe phase Kondo phas

W
(=

( T } e (J>9) YSR phase (J ~ g) Local r(x.l]or<réen§ phase
+= I () g
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| = = — T
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Kondo phase one g (- _1 > / In(1+m) i ==y | == 7 %
tower P 4 v—+ COSh(W(A_I_Ud)) |E5|4— *— ———————————— =~
v i) — 1 32
Impurity is screened in the GS Impurity is unscreened in the GS

R =1l -] [ay Blene) T [ox In L+ na (V)

YSR | phase wo ™ 24 cosh(r(n-+1v5)) 4 cosh(r(A + (6 — 1))
towers (T2) In [1 + 71 ()]
Finp' (T) = /d)\ 1;: cosh(m(\ + ivd))
F('rl T / (1 +n25/+1(N)) B In (1 + 7125 (N))
P4 cosh (m (A + 2(26 — |26])))  cosh (m (A + 2(|26] +1 — 20)))
YSR Il phase T (14
(72) _ 4 1 N25]— 1()\)) In (1 + mzaj—:z()\))
three towers e — 7 2 / cosh (7 (A + (26— [20]))) _ cosh (x (A + 2([26] + 1 — 25)))} +E
(75) _ T In (1 + 725/ () In (1 4+ nj25)-1(X))
Fimp = 4 g / | cosh (7 (A + 3 ([26] +1—24))) T cosh (m (A + 2(26 — [26])))

Local moment phasgthree
towers




Phases and Excitation Towers : Kondo phase (one channel

Almpurity physicsfalls into various phases labeled by the RG invariant d(J,g) = \/62 —2b/c—1

It can be real or imaginary d = 70 It determines relative strength af andJ
The Kondo phase i& real or = [OJ 1/2) Kondo phase (J > g) YSR phase (J ~ g) ‘Local moment phase
| ' ' B () R )
| T | :
o & i i ! I
The ground state |K) consisting of (N + 1)/2 real roots | ! i 8 o T
&3 I I l l
T2 : T5
The Hilbert space of excitations Is spannegjyons - T2 :
gappedspin ¥2 excitationfholes and strings) over the ground ; | ; Ts o T3
state m = D sinh[1/sinh(7b)] — De™ ™ A RS $ 0 e T I
0 . ' ' ' \
d 0 1/2 1 3/2 "0
N ~ = N ~ o
The impurity in the ground state Is screened by the cloud of Impurity is screened in the GS Impurity is unscreened in the GS

spinons (many body effect)

-- The description of the crossover between the asymptotically free impurity at the UV and the screened impurity requires the
solution of the thermodynamic Bethe Ansatz equations




Impurity Entropy: Kondo phase (one channel)

The kondo phase

All eigenstates are organized into a single tower of excitations made by ad
of holes and bulk string solutions on top of the ground state.

In(1+ n1)
Fimp(T) = =7 2/ cosh ((\ + ’Ud))d)\

Simp(T) — _aTFiTﬂP(T)

--Anew scale emerges Tk = f(d)m , withf(d) = v/1 + coshd
For d>1 (i.eJ > g deep in the Kondo regime) f(d) =— e~ ™/2/

--As temperature is lowered Simpdecreases monotonically from
(weaklodpling) to O (strong coupling).

-- The same low critical behavior as the
conventional Kondo problem

-- This monotonic behavior persists even though
the g-theorem does not apply in a gapped bulk

TKondo phase (J > g), YSR phase (J ~ g) ‘Local moment phase
== . i ) <o)
== @ . .
S — L == I |
| = = J &7
. £ =E =
= = I -
= | =E= I
= | == £ T3
m — | ——
|E5’_______1_____-___t.____ __________ b ] R ] £
Al — ' = >
d 0 1/2 1 3/2 0
- AN _
S S
Impurity is screened in the GS Impurity is unscreened in the GS

0.6

~ 0.4-

Simp(

10160 for 107

_ 2 —7/2J
Scale of crossover Tk = m\/ 1 + cosh” wd J;>9De



Impurity Entropy: Kondo phase (Multichannel)

The multichannel kondo phase Zergmollephuge | VSRplwse | Unscrcened S
All eigenstates are organized into a single tower of excitations made by addin m T : T T:
holes and bulk string solutions on top of the ground state. =E T E = | =E 7
= =» = E B =
" E g  EFE HEFETR ETD =S -
r)= L Z In(1+m1) S = = =SS FEET O N
Fimp cosh (7(A 4+ vd)) il e T T 1 T
d I 3 EE 7+1 '
Impurity is overscreened in the GS Impurity is unscreened in the GS
Simp (1) = =07 Fimp(T)
Kondo phase (6 channels, valy Kondo phase (d=0.25, vafy
-- As temperature Is lowered Simp decreases monotonlcally fr=" o In2 o
(weaklndupling) té-dependent value In 2cos( ) — aos _—
f+2 =)
In( 2+v2)
--The same lowl critical behavior as the _ "
conformal multichannel Kondo problem E L5
-- This monotonic behavior persists even though — -4
the g-theorem does not apply in a gapped bulk n(VVz+2)] =7 | | | ey~ e
10° 102 104 10° 1071 10° 10! 102 103 104
T/m T/m

—m/2J
Scale of crossover Tk = m\/l + cosh? 7rd J;gDe m/



Phases and Excitation Towers (one channel

. The YSIRPhase 60 € (1/2,1] 0 determines relative strength af andJ
. . * 1 A
A purely imaginary boundary root appears  As = %(5 — 5) Kondo phase (J > g) Y(%i phase (J alg)) Local et phase
== & 7 | |
The bound statdies inside the gap with energy Es = —msin(76) Lf EE = T T
g3 == == == = =
This BS can be filled or unfilled = == = T = 7
= S EE =E
i, =+ SEEN ET LE&E = T
— Ew |E6|______J_________%____ __________ 1 | e |
0 s x e — X
d 0 1/2 1 3/2 o
" U) IU) 5 ;W % = N —~ =4
Impurity is screened in the GS Impurity is unscreened in the GS

Tower 71 built of excitations over ground state |U) (all real roots, bound state unfilled). Tower “Feoftirstates
Tower 7Tabuilt of excitations over ground state  |B)Xall real roots, bound state filled). Tower  dantains ¥4 of all states

-Tower 71 is lifted by By.r.t tower T2




Free Energy: YS3Rhase (one channel)

The YSR phase

- A boundary boungtate appears, it can be filled or not.

W
(=

- The spectrum divides into two distinct excitation towers built over  |Uand  |B)
Kondo ph e (J> g) YSR phase (J ~ g) Local moment phase
2 2 2T = T @ (II) ; (J<9)
7 — o= BF(T) _ Ze—ﬁFW — o~ BFo(T) Z —BF, 5 (T) _ ,~BFo(T) ,—BFimp(T) < = | = - ;
== = gt g
i= i=1 . £ | = = .
= £ _ E: E p
(T4) (T = | = T = =
1 2 = = . = =2 = =
| eBFimp — oPFimp” | P Fimp - == =T 2 EE 5
|E6|_______1_________1I-__..__ __________ e — |~ — (E————— ] L8
0 — r -
d 0 1/2 1 3/2
- R _
N St
Impurity is screened in the GS Impurity is unscreened in the GS

with

. In[1 4 11 ()] In {1 4+ n2(A)]
A =1ml - [y . cosh(n(A + o)) 4 VA3 < cosh(n(A+v(6 - 1))

T In [1-|-?71()\)]
Finp =—7 fd/\ Z cosh(m(\ + ivd))

=




Impurity Entropy: YSR phase (one channel)

Almpurity entropy  Simp(T) = —0rFimp(T)  in tHepti&se phase (blue shades) 0 =0.75,0.9

Simp(T")is normonotonic with a bump at T ~ Es

Simp
A Where is the bump coming from? n3 - YSR phase
_ (771) (T2) Impurity unscreened
Impurity free energy eﬁFlmP — ’BFlmp - eﬁFlmp o
n e . S S S S S S s -
. ‘E@‘B mp 0 — §=0.9
Impurity Entropy  Simp(7’) = —07 Fimp = ln(Z) | T Z | — 5=0.75
3 | == §=0.25 - In2
mixing activation N5 | P N
with Z = eslti;)_ﬁlE |+ 651(;-?,) term term | vo. ,7==Mixing
A ?‘.' = Activation
. "y Total
- Mixing termincreases smoothly from 0 to In 2 as follows from limits Impurity screened
......... o
Stae (0) =0, Sp2(c0) = —In2, SV(0) =2, S} (c0) =In 3 0 - 102 1071 10° 10! 107
- Activation termvanishes for 71 < Esand T >>bilis peaks at T ~ Es 107* 10~ 10° 10* 10°

when the YSR bound state becomes thermally accessible.

A The impurity induces midgapbound state whose thermal population produces a transient
_entropy bump near its energy scale




Phases and Excitation TowerdsSR [IPhaselone channel)

The YSR phase 6 € [1,3/2]

Kondo phase (J > g)

YSR phase (J ~ g)

Local moment phase

Higher boundary strings appear . [y (I1) (J < g)
1 ! |
)\g]g:)\g—l—zf,f=l,...}p and p:|_5_|_§J L? : T o
S I I
)\g}:D energy Es = msin(wd) fod € [1,3/2] T E T;
)\é‘? energy vanishes 0 > 3/2 T : :
i g T
m . ' ,
A Hilbert Space splits into three towers: If%sl I I
| | Td 1/2 ] 372 g
71 builton |U) (real roots) contains S e 2 s 2

2/3 of the states

T2 built on |B) (real roots, As) contains
1/4 of the states

T3 builton |B) (real roots, Xnd the boundary string ~ A%yY
contains 1/12 of the states

!

Impurity is screened in the GS

Note: the sign of the energy of the boundary string
changes at delta=1.

A The fundamental boundary root s =1i(d — 2) carries positive energy Es = —msin(7wd) ¢ the higher
Sas tiofveer

order boundary string has /\é@:e]rby
and i/mot T3

Es = msin(md)

Impurity is unscreened in the GS




Free EnergyftheYSRI phase (one channel)

The YSHI phase

Kondo phase (J > g), YSR phase (J ~ g) ‘Local moment phase
The eigenstates fall Into three distinct towers of excitations built over B== 95 0 (IT) <)
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Impurity EntropyTheYSRI phase pnechannel)

Simp
5
--The YSH n3
eigenstates fall into three distinct towers of excitations
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Phases and Excitation Towers: Thhecal Momentphase (one channel)

iv. The Local Moment phase: 6 > 3/2

Higher boundary strings appear Kondo phase (J > g) YSR. phase (J ~ g) ‘Local moment phase
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Impurity entropy: the Local Moment phase (one channel)

Local Moment phase

The eigenstates fall into three distinct towers of excitations
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Impurity EntropyZero modephase (multichannel)
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Impurity EntropyYSR and Local Moment mode phases (multichannel)
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Intermediate summary: The Impurity at the edge of tHeC wires

A In a gapped interacting 1D superconductor, the quantum impurity generates a rich impurity phase
diagram, unlike in a Fermi liquid, where only one phase exists, the Kondo phase

A The Kondo phase here shows the same critical low temperature behavior and monotonic impurity
entropy flow as in the Fermi Liguid cagdthough the electrons are gapped

A Additional phases appear with distinct thermodynamic properties. The phase structure is driven by
boundary roots which reorganize and split the Hilbert space into excitation towers.




Impurity at the edge of the Spin Chain

A  The Hamiltonian

j:
A The Bethe Ansatz equations Wang 1997,
: 2N : :
(Mj —3/2) pi—d—i/2p;+d—1i/2
+1/2 wi —d+11/2pu; +d+1/2
A There areM spin momenta M, j=1--- M yielding:
B 1 . N+1
b= Z 1+ p% Tey M
J

A The impurity parameter d = d(J) = \/g/J —1

A It labels the phases

Frahm, Zvyagin 1997

M :
I (MJ p — %)(ug p — )

can be real or imaginaryd = 77y




Outline: Interacting electrons coupled to a local impurity

Phase diagram of the impurity Phase diagram of the impurity
attached to a single channel attached to a spin chain
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Simp(T) : The impurity entropy as function of the temperature in the various phases (single channel)

Entropy of the impurity attached to a
single channel superconductor
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The phase diagram: ferromagnetic and antiferromagnetic impurity coupling

A The antiferromagnetic phases J/g > 0

1E - Eo

- The Kondo phasgthe impurity is screened via the Kondo effect, only #igng FBM phase local moment | Kondo phase ABM phase
tower s Bresent. dei(l,3/2) | phase deR>oUi(0,1/2) dei(1/2,1)
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BS str

A boundarystring (BS) appears E. = 2mg/|sin(ny)] . The tgwer |
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A The ferromagnetic phases J/g <0 ,
—~ 0 3

- The ferromagnetic bound state (FBM) phase A
- The Local Moment phase

The spectrum comprises three towers: bulk strings, BS, and hkagter boundary
strings (BS.




The impurity entropy: antiferromagnetic coupling
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The impurity entropy:
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Summary and Outlook

A In a gapped interacting 1D superconductor, a quantum impurity generates a rich impurity phase
diagram, unlike in a Fermi liquid, where only the Kondo phase exists; while the Kondo phase here
retains the same critical low temperature behavior and monotonic impurity entropy flow as in the
Fermi Liquid case, additional phases appear with distinct thermodynamic properties . The phase
structure Is driven by boundary roots which reorganize the Hilbert space into excitation towers.

A In a Heisenberg chain an edge impurity generates a rich phase diagram. It is driven by boundary roots
which reorganize the Hilbert space into excitation towers, and Tstr, TBs Takxe activation

scale €antr@isgtheiiriteriower mixing.

A A general TBA framework for handling impurities that generate boundary bowtkks, which
fragment the Hilbert space into distinct excitation towers. esta provid
unified approach to boundary phase transitions and to their thermodynamic signatures as well as their
experimental realizations




Summary and Outlook

A Many open questions: does the Hilbegiace fragmentation that drives the impurity

thermodynamics also show up quantum dynamics and transport, constraining relaxation and non
equilibrium steady states?
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FIG. 9: Impurity spectral functions A(w) for various impurity couplings.

A Does Hilbert space fragmentation arise in higtiEnensional or unconventional superconductors? or in gapped
Insulators where most studies rely on semiclassical or numerical approaches that may have overlooked such effects?













Thelmpurity at the edge of the spin cham

The Bethe Ansatz equations

A The Bethe Ansatz equations fé down spins in a chain witN sites

M

- — 1)

. 2N : : .
(#j—@/z) Hj—d—%/zﬂj"d—%/z_H(Hj—m—%)(ﬂj-
s (g — b+ 8) (g -

pi+i/2 i —d+i/2pu; +d+i/2

With d = d(J) = 1/1/J — 1 real od = 7y

A The phase diagram: tower structure

The Kondo phasethe impurity is screened via the Kondo
effect, and only the string tower Is present.

The ABM phase (antiferromagnetic bounanode) a
boundarystring (BS) tower emerges, describing localized
screening by the bound mode, while thE stLinQ tower, isz
gapped by energy v = 2rg/|sin(my)

The ferromagnetic regimesthe spectrum comprises three towers: bulk

strings, BS, and higherder boundary stringsh@B3.

The FBM the BS tower is initially gapped, but as ferromagnetic coupling

weakens, the gap closes, yielding a fourfold degenegate
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Quench Dynamics and Quantum circuits

: . a D
A Trotterizedtime evolution exp(—iHt) = lim (U)?%t acts on some initial state of

spin chain ot=0
L/2—1
A Timeslice U=K,, ] RojojiiRoj 12
j=1 |

- Bulk Rmatrix

A Initial state of a spin - Boundary Kmatrix

chaing
Néel, domain wall
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The XXKondo mOde'i;pin chain with an impurity at the edge

J/2

A XX-Kondo model HH H
1 L .
Lo ; with
"= 2 Z(Uj 01T 05051 +A0505, ) A 5 (0901 +0p01 + Alogoy) A = cosh(n)
J
0 0KS Aa20NRPLAO - - - OkTk TT'mMUO YR 0KS
Y P Wang 1997, H Frahm,ZAyagin1997 ( si;frll%\(:)n) 0 | g(/\) 0 )
Y 0 1 " 0
A Integrability based on: | o mmy YT
sinh(n
: : sinh(A+n)
- Rmatrix of the sixvertex model \ 0 0 0 ~hm

Satisfies YanBaxter equation

- Boundary Kmatrix
Satisfies reflection relations

. L o d
A The Hamiltonian is the logarithmic derivative H —x logt(A)

of the transfer matrix — ¢(A) =tra [Rar(A) - Raa(A)Rai(N)] A=0




Quench Dynamics and Quantum circuits

A TheTrotterizedtime evolution of the XXZ Kondomodet

eXp(—inxzt) — 61tiI—I>10 (Un) &t

AWith time slice

Spac

Lo { IE
U d) = K Ovd) [T RS s VB 1) B =8l =
=g =

A d,<and' are free parameters. In th&rotterziation
limit choosingsl" A Bsiah', the quantum circuit
simulates the unitary evolution V- -
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XXX Impurity Spin Chain and the Kondo Effect

A Phase diagram of the model

Impurity coupling is antiferromagnetic

N
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Impurity coupling is ferromagnetic
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XXAmpurity Spin Chain artbe Kondo Effect

Strong correlated Manpody System at  TT(XXX) point

Impurity coupling is ferromagnetic
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Kattel et al 2024



Strong correlated Manpody System at  TT(XXX) point

XXAmpurity Spin Chain artie Boundary Mode phase

Impurity coupling is ferromagnetic
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XX Impurity Spin Chain and the Kondo Effect

A Spin Hamiltonian whes & Energy density
J
1
2 1 V2 00
. p O
O B D 17 1) 17 17 DN 17 13 13 13
C G |
|
—0.66 |
Q&J
A Same Kondo physics but can be mapped to Free Fermion oo |
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but still integrable

Kattel et al 2024



XX Impurity Spin Chain in the Kondo Phase

Deep Kondo
DOS
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2.0 f : DOS
e | /3070
e | /4470
e 3 /1677
15 L e 1 /817
s ()
w1 /877
—1/67T
Lol 0.9/47 1 No Impurity Point
| DOS
0.5 \‘%;_——'4
=
0.0 0.5 1.0 1.5 2.0

A DOS in Kondo phase:

O " O
YO — !
q 17 O
T Alc@®

0 (A i O6 Al (éd?'l' O%)))

A In the deep Kondo Phase, DOS is a
Lorentzianpeaked at E=0.

A Moving to thebound modePhase,
DOS stadto peaktowards the bound
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XXImpurity Spin Chain artie Kondo Effect
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XX Impurity Spin Chaim the bound mode regime
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Modeling Noisy Circuit ihrotterizedLimit

= :

/IOUVI lan
dp S P ne
— = —i[H,p] Bl 0”0 : ou i =Lp)]

Lindblad Operator
L , fordephasing error




Time evolution of the XKondo spin chain in a noisy environment

Reformulate theLindbladian evolution 1O p(t) = Lp(t)
Will showLindbladianevolution of XX Is integrable

A Introduce the' -dim LiouvilleFockspace  |m)(n| — |n,m)) Prosert¥ n ¢

A The density operator P = Z Pmn|m)(n|— men|n m))

m,n

A Define cl|n,m)) = cl|n)(m|, & |n,m)) = |n)(m|c;

A TheLiouvillianacts as  Llp)) = dt|'0>>

L—1

R U 1
A TheLiouvilliantakes the form £ = —iH +iH +4y ) (c*czc‘tcz S61C— 58 Cz> MedvedyevaEsslerProsert m ¢
1=1

N/2
A Denote CZ — Cl'L,T ¢l = CIA and apply = H (1—2¢/c)

A ThelLiouvillian--> KondeHubbard model with imaginary coupling

L—1
L = _iJ(C;r),JclaU + CJ{,JC(),U) — 1 Z(Cg,aci‘Fl,U T C;jr—l—l,ac’iag) + Z(zCI,TC@T o 1)(QCI,¢C@¢ o 1) o /Y(L o 1)
1=1 1=1

A The model is integrable karmaukhoZ 932NB G Wnp



Time evolution of the XKondo spin chain in a noisy environment

A To determine time evolution we need to obtain the spectrum of itheuvillian

TheLindbladianeigenvalue problem Llpn)) = Enlpn))

I. analytically for the noisy XX chain (we shall need also some overlaps)
. numerically for the noisy XXX chain (with similar results as XX)

A The evolution of observable O from an initial density matrix Qi

with O(t) = Tr{é(t)pi}

dO N P - B 1 .
—== LO)=|0,H| +i) A Lj()Lj.—§{Lj.Lj,0}

dt

A Study the time evolution of thémpurity magnetization S (t)



Time evolution of the XKondo spin chain in a noisy environment

A Impurity magnetizationcan be expressed in terms of thep@int correlator G(z;y;t) = Tr {cleyp(t)}
SE(t) = 2G(0,0,4) — 1

A The timedependent twepoint correlation function \G(x,y,t))) = e_iﬁt\G(fE,y)))

Expand :  |G(z,y,1))) =¥ agq(z,y)|k, q))eFH

where |k, q))  are the eigenmodes dn@k, ¢) isthe Liouvillianspectrum  L|k, ¢)) = E(k,q)|k, q))

A The timedependentimpurity magnetization S;(t)=Trolp(t) can be expressed in terms of
the eigenmodes of impuritysg(k7 q) = Gy, q((), ()) as

Se(1)=>) arqeS5(k,q) exp[—iE(k, q)t
k,q

A This requires the knowledge of theiouvillian spectrumZ(k,q) the impurity magnetization
of each modeS; (k,q)  and the overlap with between the eigenstatdshe initial statecy, , .




TheLiouvillianSpectrum

A The Liouvillian spectrum of the noisy-K&ndo model

EG(z,y) = [J. Ay + J,A, + 40705 + 2iv(0, + 0, — 2)] G2, y).

where J» =J  when x =y = 1 otherwiseddiiet) = f(z + 1) + f(x — 1)
A The solution takes thedBhe Ansatz form
1 | .
Grqlx,y) = ./TfS Z ekt 1020y [ A (0 K, anq)0(x — ) + Blowg, a1k)0(y — )]

2 cosq — 41y

A The moments&k andq are solutions of the BAE
2cosk — 2iy — J%e* [sink —sing+ 27 (sink +sing — 2y i2(L+1)k
: — €
2cosk — 2iyv — J2e~ "% \sink —sing — 27y ) \sink + sinq + 2~

2cosq — 2iy — J%€? [sink —sing — 27\ [sink + sing — 2y i2(L+1)q
. =€ .
2cosq — 2ty — J?e7*4 \sink —sinq + 2v sin k + sin q + 2

AThere are 4 classes of solutions, depending on whether the scattérifgqe), K (k) are regular or not



Eigenspectrum of the Liouvillian

THERY 1T

Diffusive band (DB) Whenu

Bound Mode

¢ Doublebound Mode (DBM)
WhenY) 1 ©O JTU

o tAROT B o

- X Bound Mode band (BMB) When"Y TiHD T
- . JUO P T 0
n — Y0 and S G (\f[ O D )

Free band (FB) When™Y1  1iftb
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O Free band (FB)

,,,,,,,,, " Kondo Regime
o1 2.3 4 5

The Uﬁi’ parameter space.
The boundmode and Kondo
regimes separate with the

boundary approxb [ ¢
for largef

Eigenspectrum of the Liouvillian

X Bound Mode band (BMB) iﬁ( Diffusive band (DB) ¢ Doublebound Mode (DBM)

(b)
o O

BMB

(c) (d)
Kondo $ S o0 Ko.ndo | P S o0 Bound Mode ¢ 2
DB . 4—DB IO'2 OB
BMB t BM —
4 - >¢§:§:§:§:i::::;:1:j:i:j:i:i:i:i:iri:iriiiriiii'ﬁii???.{f@ "1 r0.1
/FB FDJ 4 B
5 - ; ' P O

A Sort time Behavior: Eigenmodes with Larggr sdominates the
dynamics, differ from Kondo Regirfieiffusive bandio Bound Mode
Regimeg Double bound mode)

A Long time BehaviorEigenmodes with smallero 'O D[ 0
dominates thdongtime dynamics (decays slower) and result into a
Quantum Zeno Effect.




