Thermodynamics of a Quantum Impurity in interacting environments
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Non-interacting electrons coupled to a local spin impurity - The Kondo Model

The standard Kondo effect: electrons are non-interacting (Landau Ferm-liquid) e
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* Critical behavior at low —T determined by fixed point: impurity screened
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* Conformal field theory approach: fusion rules change at criticality Impurity absorbed

At criticality 0 .
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Multichannel Non-interacting Electrons coupled to a local spin impurity

The multichannel Kondo effect: electrons are non-interacting, carry channel quantum number m=1---f
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* The effective coupling flows to intermediate fixed point d_}I ~ J? — gJS Nozieres, Blandin1980
- determines the critical behavior at low —T
. . ‘ 7 Andrei, Destri 1984
 Bethe Ansatz Solution: impurity overscreened Simp(T) :In2 — In 2 cos (f n 2) Tevelik, Wiegmann 1985

 Conformal field theory approach
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Interacting electrons coupled to a local spin impurit

__________ o
SC wire coupled to a spin %2 impurity ’ . N i “"
_________ =

SC wire Quantum spin 1/2
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e Both couplings 9> Jrun under RG: competing effects
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* Bethe Ansatz solution provides full description of the phases and their thermodynamics Pasnoori, Andrei Rylands, Azaria 2022



The Thermodynamics (open BC)

* The partition function of a given phase is obtained by summing over all
energies of the phase, and from it the total free energy F(T)

Z =3 e PEn = (~BF(T)

* The total free energy of system with open BC F(T) = Fou(T) + Fooundary (T') + Fimp(T')

* Calculate the free energy using Yang-Yang’'s TBA approach (vr 1969) Another approach: QTM (Klumper 2007)

Comment: Calculating the free energy from TBA for open BC often misses Fyrowtich @rises from the Pozsgay 2010 He,
Jacobian of the Yang-Yang change of variables (equal to 1 for PBC) . Jiang 2024

- Not part of the impurity free energy (Obtained by subtracting the bulk and boundary terms from F(T))

e Compute the impurity entropy: Simp(1') = =07 Fimp (1)

- It is experimentally measurable (Folk et al 2018, Ensslin et al 2025)




Outline: Interacting electrons coupled to a local impurity

i. Solve the models using the Bethe Ansatz approach

ii. ldentify the phases: They depend on relative strengths of the interactions: g,J RG invariant measuré(+:9) ~ \/(5)2 -2, -1
- Kondo Phase (many body screening of impurity) the only phase for non interacting electrons
- Zero mode phase (in the case of multichannel electrons)
- Bound mode phase (YSR) (Local screening by bound state) (Yu 1965, Shiba 1968, Rusinov) 1969)
- Local moment phase (impurity not screened at any energy)

iii. Each phase consists of several towers of excitations (split Hilbert space)

iv. Free energy of each phase : Carry out the multi-tower summation

v. Compute the Impurity entropy

Phase diagram of the impurity attached to Phase diagram of the impurity attached
a superconducting wire to f superconducting wires
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Simp(Z’): The impurity entropy as function of the temperature in the Kondo phase

Entropy of the impurity attached to one superconductor

6=0.25
0.6- 5=0
— d=0.5
— d=1
= 0.47 g s
a
g ......... Iogz
0p)
0.2- . .
el-elihteractionveakens
101 109 102

T/m

Simp(T) :In2—0

Simp(T)

Entropy of the impurity attached to f-superconductors

(a) In 2

nVvz+2)1

—— 6=025

— d=05

— d=1
d=15

10° 102 10% 106
T/m

Simp(7') : In2 — In 2 cos (

Kondo phase (6 channels, vary d)

Inv 2 -

Kondo phase (d=0.25, vary f)

—

Remarkable: In the Kondo and Zero mode phase the zero-T entropy is the same as for the conformal electrons
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Simp(T) : The impurity entropy as function of the temperature in the various phases

Entropy of the impurity attached to one superconductor
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Simp(7'): The impurity entropy as function of the temperature in the various phases

Entropy of the impurity attached to one superconductor

5
n3 YSR- | phase
b e -
— 5 =0.9
2 m—— 5 =0.75
v |n§_ — 5= (0.25
2 .
] =0.5
Kondo phase
0 -
= | : LR | LR | S | = 8 85 ]
1072 102 100 101 107
5
(b) In>
In2 —1n?2
— 5=1].2
g | = 6=14 YSR- Il phase
2 N7 7 === 6=175
n 6=2.35
Local Moment phase
IN2 = ~— A e ———
LY | | = R # % w R e
1072 10~ 10° 101 107
T/m

Entropy of the impurity attached to f-superconductors

YSR phase (2 channels, vary d)

In(v3)

— 0=1.25
— 6=1.35
— 06=1.65

6=1.85

YSR- | phase

In2 - 1In2

A

YSR- Il phase

1673 162 16-1 100 101

T/m

Local moment (2 channels, vary d)

InN2.141 — 6=2.35

Simp(T)

INn 2 -
10-2 1071

— 6=2.25

In2 = 1In2

Local Moment phase

160 Tiot 102

T/m

overshoots at
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thermally activated
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Boundary state energy

™

Es = —m.cos (§(f — 25)) :




The Impurity at the edge of f SC wires — The Bethe Ansatz equations

* The BA wave functions of N- electrons moving on the open line interacting with the impurity at the edge

-- Energy E = Z k; (requires a cut-off - ; the coupling constants depehdlon , carry oubrenormalization)

_ ., N+41
-- Spin component S5 = 9 M M down spins, N+1 up spins

* The quasi-momenta l@fe obtained from the open BC Bethe Ansatz equations (Sklyanin) where the
spin momena, deserible the spld dynamics

. b+ vy + L
—21k; L & 2
e 77 = = (f=1, Pasnoori, Andrei, Rylands , Azaria 2022)
Horo, =1
f1 N i M :
I ()\ﬂ—l—’ub—l—Q) ()\&—I—Ud—I—Q)_ H(Aﬂ--mﬁﬂ)
v=-= Aa + Vb — ‘% Aa +vd — % v==L [f=1 Ao t+ U)\ﬁ — 1
B#a
2
2 . B 2J . 4—g N i
where JQ) \/b 25/‘3 1 c_1_3J2/4~2J b = 20 2
Relative strength of Jand g Impurity variable bulk variable
+ The combination  d(J, g) = 1/b% — 2b/cisR& invariant, independent of D

e Use to label phases



Solutions of the BA equations — Phases and towers, splitting of Hilbert space

* The solutions of the BA equations are f-strings Phase diagram of the single channel model
{,\(f)}f =<A, + E(f + 1 — 23) 71 =1 f Kondo phase (J > g) YSR phase (J ~ g) Local moment phase
e “ 2 yeeend (5 = 7 O . @ - U<y
;i == = $
© 0 o ® S = = == =
ground state of f=4 o ® = == == T =l T
channels model == == W
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“d 0 12 1 3/2 5
e As d(J; g) — \/b2 — 26/(} —ihcreases beyOnd :1]-/2 the Impurity is screened in the GS Impurity is unscreened in the GS
equations admit a new solution As = 3'(‘5 - _) boundar . .
. 2 ( y Phase diagram of the multichannel channel model

string solution) with midgap energy :

=

£ ndo phase | Zero mode phase : YSR phase . Unscreened phase
: b ®: @ | @ ! @
217 =5 : | i
0 Ay B L 7
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Jr~g J<yg . 'l___L__f_‘:Li__T___'__T'f”_"_"f”_"i_[__' R 1 "__":' 11 __4:______"_':':?_
. . . . ) R 1}2 1 2 Q__ %-IFl 0
e As dincreases also higher boundary string solutions appear 1 - ~ -
. (p) o ] L L - Impurity is overscreened in the GS Impurity is unscreened in the GS
with As) =X+ il {=1,...,p andp—{5—|—2j
)

The energies of all higher boundary string solutions vanish in the thermodynamic limit, except p=1 string

* These boundary solutions induce towers and restructure the Hilbert space



The Thermodynamics (multichannel)

* From the solutions of the Bethe Ansatz equation one obtains the Free Energy summing over the
solutions in each tower

e.g. for two towers:

2
7 — o~ BF(T) _ Ze—ﬁF(“ o—BFo(T) Z —BF(T) _ o —BFo(T) ,—BFimp (T)

1=1

_ (T1) (T2)
BﬁFlmP — BﬁFlmp _I_ E’BFlmp

* To carry out the summation we use the Thermodynamic Bethe Ansatz approach (Yang and Yang 1969, Takahashi book 1999)

h
A

e The TBA equations for Nn(A) = () hich give the probability for an n-string at temperature T
O‘n()\i

m, Limit values:
Inn,(A) = —— cosh(w\)d,, r + E G In(1 + np40) sinh® ((n +1)4%)
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v=xl sinh” &=

' h, sin [(n+1)w /(£ +2)] o
BC ll_}IIl {[?’L -+ 1] 111(1 -+ ?7,”) — [?’L] 111(]. -+ 77?1—{—1)} — —% Mn(T—s0) = { EHE[F_::EJ:F;]]; - 1" for n < f

n—0o0 nid— sinh” [(n fihr .
sinh? (ph/T) 1'“ for n 2 f

1 n/2 1
with s W)= [, (0/2)° +/(y BVPR GI0) = [ v =) )



The Impurity Thermodynamics (one-channel)

* The TBA equation are the same in all phases, but the expression for the free energy in terms of

depends on ﬂ?ﬂ, P hase (T } Kondo plhas_e_(J > g) Y(SI§{ phla,se (J r(\ilg)) 'Local I(I,l;)rééegi); phase
e~ BFimp(T) _ E e Pimp (T') < + -t : :
. = B kL T
i 3 = = = ES
= = = Pk == W
= =
Kondo phase - one Fimp(T)z—ZZ/ In(l+m) i = E = T | 5
tower 1 &) connn+va) s T T T T
d 0 172 1 3/2 K
Impurity is screened in the GS Impurity is unscreened in the GS

1mp
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Local moment phase— three
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K@ =1m -1 oy ln@) T [ox In L+ na (V)

cosh(r(\ + ivd)) 4 cosh(m (XA +iv(d — 3)))

v=-

In {14 n1(N)]
/ A D osh(mOn £ iv0))

| cosh (m (A + (28] + 1 —26)))

v=+=

/d)\ [ In (1 + 725,41 (M) B In (14 nj25(N)) ]
1 cosh

(r (A + (20— [20])))  cosh (r (A + %((20] +1 - 20)))

In (1 + 7j26;—1(N)) In (1 + 7)25]—2(N))

| cosh (m (A + (26 — [26])))  cosh (m (A + 2([26] + 1 — 25)))} + e

In (1 + 725 (X))

_|_

In (1 4+ nj25)-1(X)) }
cosh (m (A + (26 — [26])))




Phases and Excitation Towers : Kondo phase (one channel)

* Impurity physics falls into various phases labeled by the RG invariant d(J,g9) = /b2 —2b/c—1
It can be real orimaginary d = 20 It determines relative strength of g and J
The Kondo phase: it real or 6 €10,1/2) Kondo phase (J > g) YSR phase (J ~ g) ‘Local moment phase
' ‘ B () g <)
| 7 | |
- 3 | 5 i 5
The ground state | Konsisting of (N + tgdPRroots | . . . o T
S l I l l
T2 T;
The Hilbert space of excitations is spanned by spinons - 1 I
gapped spin ¥» excitations (holes and strings) over thebground ; | | Ts | T3
state m = Dsinh[1/sinh(mb)] — De™™ AR T I I
0 , ' ' . \
" d 0 1/2 1 3/2 i
Nsis ~ 2 4 Vi ~ = 3
The impurity in the ground state is screened by the cloud of Impurity is screened in the GS Impurity is unscreened in the GS

spinons (many body effect)

-- The description of the crossover between the asymptotically free impurity at the UV and the screened impurity requires the
solution of the thermodynamic Bethe Ansatz equations




Impurity Entropy: Kondo phase (one channel)

L
(=

The kOndO phaSE: TKondo phase (J > g), YSR phase (J r(vg) Local I(I(l]orééeni)) phase
: : : : s : == ‘ I II) | g
All eigenstates are organized into a single tower of excitations made by adding s EEl | ETIE & | |
of holes and bulk string solutions on top of the ground state. ! = B T
E 8 T = T
In(1 +n1) £ = g =S
(T —— dA. = =
Fimp(T) = Z / cosh (m(A + vd)) i == .. == e L
v== |Es|fEmme—t-~1-~--- - SR L - —L -] - L - -
0 el , = OO i
" d 0 1/2 1 3/2
Impurity is screened in the GS Impurity is unscreened in the GS
- Anew scaleemerges Ik = f(d)mith f(d) = v/1 + coshd
For d > li.e. J >> deep inthe Kondo regime) f(d) =— e~ T/2J
-- As temperature is lowered Sidle,greases monotonically from 0.61
(weak badpling) to 0 (strong coupling).
~ 0.4;
-- The same low-T critical behavior as the U)E
conventional Kondo problem 0.2
-- This monotonic behavior persists even though 0.0-
the g-theorem does not apply in a gapped bulk 1071 1

_ 2 —7/2J
Scale of crossover Tk = m\/l + cosh” d J;ZDG



Impurity Entropy: Kondo phase (Multichannel)

The multichannel kondo phase:

All eigenstates are organized into a single tower of excitations made by adding of
holes and bulk string solutions on top of the ground state.

T In(1+ n1)
Fimp(T) = 4 U; / cosh (m(\ + ’Ud))d/\

Simp(T) — _aTFimP(T)

-- As temperature is lowered Siﬁln@creases monotonically from

(weaklkiodpling) to f-dependent value In 2 cos (f i 2)

--The same low-T critical behavior as the
conformal multichannel Kondo problem

Simp(T)

-- This monotonic behavior persists even though
the g-theorem does not apply in a gapped bulk
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Phases and Excitation Towers (one channel

ii. The YSR-| Phase ) E [1/2, 1] 0  determines relative strength of g and J
o1 |
A pure|y imaginary bou ndary root appears A@ — 3(5 — —) Kondo phase (J > g). YSR phase (J ~ g) ‘Local moment phase
2 == - O (I1) i (J < g)
== a1 ~ .
The bound state lies inside the gap with energy Es = —m sjn(ﬂ-(ﬁ) Lfc - == . &
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I1B)
1 5
Tower Tuilt of excitations over ground state (#Ur)eal roots, bound state unfilled). Tower  contains?4 of all states
Tower Tabuilt of excitations over ground state (BB yeal roots, bound state filled). Tower  contains7&of all states

-Tower 7iis liftedby  By.r.t tower T




Free Energy: YSR-I phase (one channel)

The YSR-I phase:

- A boundary bound-state appears, it can be filled or not.

W
(=

- The spectrum divides into two distinct excitation towers built over and|U> ‘B>
Kondo ph e (J> g) YSR phase (J ~ g) Local moment phase
2 2 (T £ B U<y
7 — o= BF(T) _ Ze—ﬁFW — o~ BFo(T) Z —BF, 5 (T) _ ,~BFo(T) ,—BFimp(T) < = | = - ;
== = L o T
i=1 i=1 . £ | = = .
= = £ E 7
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— ePFimp — ePlimp” 4 P Limp - == = ET L2 ZEE 5
|E6|_______1_________:.__.__ __________ ol — ) — — (SRS ] L
0 - . =
d 0 1/2 1 3/2
N A N 4
NV pe. v 8
Impurity is screened in the GS Impurity is unscreened in the GS

with

. In[1 4 11 ()] In {1 4+ n2(A)]
A =1ml - [y . cosh(n(A + o)) 4 VA3 < cosh(n(A+v(6 - 1))

T In [1-|-?71()\)]
Finp =—7 fd/\ Z cosh(m(\ + ivd))




Impurity Entropy: YSR-I phase (one channel)

* Impurity entropy  Simp(1") = —O01rFimp ({he YSR-I phase phase (blue shades) 0 =0.75,0.9

Simp(7')is non-monotonic with a bump at T ~ Es

Simp
. o - h
*  Where is the bump coming from? n3 - 1ol phase
_ (T2) Impurity unscreened
Impurity free energy eﬁFlmP — eﬁ imp - e'BFimp 5
n e . . . E—e E—e S —
(71)
. | Es| e imp —PIEs| — §=0.9
mpurity Entropy  Stunp(T) = —O7 Fimp = In(Z) B Dt
T Z - 025 - In2
mixing activation |ﬂ§ n 0=0, ’
with Z = esiﬁy—ﬁlEél —+ eSi(;-i) term term (= 0.5 ., ,"—— Mixing
?‘.' = Activation
. ‘o= Total
- Mixing term increases smoothly from 0 to In 2 as follows from limits Impurity screened .
......... L0
To Ta T1 T1 3 (L] I A B R B L) B R T
Stae (0) =0, Sp2(c0) = —In2, SV(0) =2, S} (c0) =In 3 0 - 102 1071 10° 10! 107
T ' S oo e ' S C o T/m

- Activation term vanishes for 1T <alng 1" >>>bitspeaks at T ~ Eg 107° 10~ 10° 10+ 104

when the YSR bound state becomes thermally accessible.

* The impurity induces a midgap bound state whose thermal population produces a transient

_entropy bump near its energy scale




Phases and Excitation Towers: YSR I/l Phase (one channel)

The YSR-Il_phase: 0 €|1,3/2]

Kondo phase (J > g) YSR phase (J ~ g) ‘Local moment phase
Higher boundary strings appear ' | T (L (IT) | (J < 9)
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& l I I I
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Note: the sign of the energy of the boundary string
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1
e The fundamental boundary root As = z’(é eaﬁl)ies positive energy
order boundary string has enekéﬁézl)

and IS nE 7},

Es = msin(wép tower

Es = —imitbiefigher -
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Free Energy: The YSR-Il phase (one channel)

The YSR-Il phase

The eigenstates fall into three distinct towers of excitations  built over

. |U) IB) |B)

-

3

e BFump(T) = 3 o —BF i) (T)

1=1

with

ry T In (1 + ?7L25J+1()\))
Fimp = 4 Z /d)\  cosh (m (A + %2(26 — [26])))

7y T In (1 -+ 77L25J—1()\))
Fimp = 4 Z /d)\  cosh (m (X + %(20 — [24])))

In (1 + ?7[25J ()\))

In (1 + 726/ (A))

cosh (7 (A + 2(|26] +1 — 26)))

In (1 + nj25;_2(A))

cosh (7 (A + 2(|26] +1 — 20)))

In (1+725-1(A))

(1) _ T
Fimp = 4 Z/.d)\  cosh (m (A + 3 ([26] +1 —24))) I

cosh (m (A + %(26 — |24])))

Kondo phase (J > g), YSR phase (J ~ g) Local r(rj;)meni): phase
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Impurity Entropy: The YSR-II phase (one channel)

Simp
In2 -
-- The YSR-II 2
eigenstates fall into three distinct towers of excitations
) (T3)
e BFimp(T) _ ZE_ﬁFim; (T) — 5 =12
i=1 N7 1 — 6=175
YSR-ll phase
Using the limit values of ’On(U), r171,1(GXCE)have:
Ti 3\ (T Ts
St (0) =1n (5),S572(0) = 0,872(0) = ~ In2 |
In 2
—
T 4\ (T Ts -
ST (00) = In (5) 572 (00) = —1n 287 (00) = —In6 102
(T1) (T3)
¢ At T — 0 Only tOwerS ﬂ?éEWtrlbUtEZ Slmp(o) — ]-I]- esimp (U) _I_ eSimp (U)) — 1112 Kondo phase (J > g). YSR phase (J ~ g) Local moment phase
i) (00) 4 ST (00) | oS8 (o0) £ S O
« At 1T — oxll towers contribute so: Simp(00) = In (6 imp + e”imp + e”imp ) = In 2 S =S =5 0 T
= 2 = =
= £ ET B E E T
The impurity entropy exceeds  lat Antermediate temperatures Twiveks 'f{i'"::)__lg'" - S S
the midgap statedbecome thermally accessible ~ - ~

Impurity is screened in the GS Impurity is unscreened in the GS




Phases and Excitation Towers: The Local Moment phase (one channel)

iv. The Local Moment phase: 6> 3/2

Higher boundary strings appear Kondo phase (J > g). YSR phase (J ~ g) Local r(r‘ljomeni): phase
| 1 | | Iy I1 | L9
)\ggz)\g—l—zf,le,...,p andp=L5—|—§J ) ' T1 () . (1D :
Energy of strings vanishes in this phase hﬁ : : : T O
82 I I l l
| : | T | T
 Hilbert Space splits into three towers: I i To I
‘ | ' Ta) | 7
T1 builton |U)real roots) contains P40 R T T T T
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d 0 1/2 1 3/2 "6
T s el = e NS .
2 built on ‘ereal roots, N contains Impurity is screened in the GS Impurity is unscreened in the GS

of the staté€s20] —1)/(2|24])

T3 built on \E)(real roots, “shd the boundary strings) contains
of the statay(2(26|(|26] + 1))

_ 1
* Inthe local moment phase 0 > 3%% energies of both fundamental boundary root A5 =aﬂ6é| hi%ﬁ er-
order boundary strings vanish. Nothnger is lifted




Impurity entropy: the Local Moment phase (one channel)

Local Moment phase -

The eigenstates fall into three distinct towers of excitations  built

over P ‘ U) ‘B > ‘B ) TKondo phase (J > g). YSR phase (J ~ g) ‘Local moment phase
== T [y (I ; (J<9)
3 5 = B n i
(T3) ' = == = iy
e~ PFimp(T) = N " = Fimp (T) i B i, B
= = = E D
: — o= T |
=1 -= 0 LENE T
|£:|L ________ b —__ __________ | _____________
.0 118 i | \
— . . . d 0 1/2 1 3/2 "o
« At 1 = 0 all towers available at since the energies of all boundary N .2 75 iy _
Impurity is screened in the GS Impurity is unscreened in the GS

string solutions vanish in the thermodynamic limit

Sim

- Using the limit values of nn(o): nn(m)wave: pln% -

ST o) — 1 (21N o) gy 1 (20 =2 o)) - 1n L YSR-Il phase

w0 = n () S0 = (55157 S0 =0 (1557 57757 o

(T oy 1 (1200 42\ ey g ([20] =1 o),y _ 1 o | — 0=14

simp(oo) =1n ({551 ) St o) = (S57°) 5800 = (g ) Bl

Local moment phase
e The impurity entropy Simp(0)=Simp(OO)=]Il2 P
IN 2 = e

Intermediate-T shows non-monotone overshoots Simp 2 ln 2 (vanishing as N
) 0 — 00




Impurity Entropy: Zero mode phase (multichannel)

1 : _
Zero mode phase - <5< (i.e. g S J) Zero mode phase (4 Zero mode phase (d=0.75,
2 2 channels, vary d) vary f)
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Impurity Entropy: Zero mode phase (multichannel)

1 : Zero m h 4 _
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Impurity Entropy: YSR and Local Moment mode phases (multichannel)
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Intermediate summary: The Impurity at the edge of the f-SC wires

* |In a gapped interacting 1D superconductor, the quantum impurity generates a rich impurity phase
diagram, unlike in a Fermi liquid, where only one phase exists, the Kondo phase

* The Kondo phase here shows the same critical low temperature behavior and monotonic impurity
entropy flow as in the Fermi Liquid case, although the electrons are gapped

* Additional phases appear with distinct thermodynamic properties. The phase structure is driven by
boundary roots which reorganize and split the Hilbert space into excitation towers.
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The Hamiltonian

* The Bethe Ansatz equations

Impurity at the edge of the Spin Chain

e Thereare M spin momenta

p — )

d—i/2p; +d—1i/2 _H(w—m—i)(ﬂj

d+i/2p;+d+i/2 1 (g — e+ ) (k-
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* The impurity parameter

* |t labels the phases
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d=d(J) = \/g/J eanlbe real or imaginary 1Y
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Outline: Interacting electrons coupled to a local impurity

Phase diagram of the impurity
attached to a single channel
superconductor
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Local moment phase
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Simp(T') : The impurity entropy as function of the temperature in the various phases (single channel)

Entropy of the impurity attached to a
single channel superconductor
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The phase diagram: ferromagnetic and antiferromagnetic impurity coupling

* The antiferromagnetic phases J/g > 0

E — Ey
- The Kondo phase, the impurity is screened via the Kondo effect, only the string FBM phase local moment Kondo Phase ABM phase

tower is drasent. d€i(1,3/2) | Phase deR>oU(0,1/2) dei(l/2,1)

- d€i(3/2,00)

| 7;tr
- The antiferromagnetic bound-mode (ABM) phase, T : T

BS str

A boundary-string (BS) appears E., =2mg/|sin(my)| The tower T |
over dékgribes localiB&] screening by the bound mode. The tower is built : Tstr | Tes
over the unfilled mode |

| Tss

s | TuBs E,
s = -I- -B - e = _ OO

« The ferromagnetic phases J / g<y0 |

I

0 :

- The ferromagnetic bound state (FBM) phase
- The Local Moment phase

The spectrum comprises three towers: bulk strings, BS, and higher-order boundary
strings (hBS).




FBM phase
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The impurity entropy: antiferromagnetic coupling
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The impurity entropy: Ferromagnetic coupling

A\E - EO

FBM phase local moment Kondo phase ABM phase
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Summary and Outlook

* |In agapped interacting 1D superconductor, a quantum impurity generates a rich impurity phase
diagram, unlike in a Fermi liquid, where only the Kondo phase exists; while the Kondo phase here
retains the same critical low temperature behavior and monotonic impurity entropy flow as in the
Fermi Liquid case, additional phases appear with distinct thermodynamic properties . The phase
structure is driven by boundary roots which reorganize the Hilbert space into excitation towers.

* Ina Heisenberg chain an edge impurity generates a rich phase diagram. It is driven by boundary roots
which reorganize the Hilbert space into excitation towers, and . Tstr, Tmsactivaliars

scale Eontr @z afesintartbwer mixing.

A general TBA framework for handling impurities that generate boundary bound-modes, which

fragment the Hilbert space into distinct excitation towers. It provides a
unified approach to boundary phase transitions and to their thermodynamic signatures as well as their

experimental realizations




Summary and Outlook

* Many open questions: does the Hilbert-space fragmentation that drives the impurity
thermodynamics also show up quantum dynamics and transport, constraining relaxation and non-
equilibrium steady states?
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(¢) Spectral function in the FBM phase. (d) Spectral function in the US phase.

FIG. 9: Impurity spectral functions A(w) for various impurity couplings.

 Does Hilbert space fragmentation arise in higher-dimensional or unconventional superconductors? or in gapped
insulators where most studies rely on semiclassical or numerical approaches that may have overlooked such effects?













The Impurity at the edge of the spin chain— A
The Bethe Ansatz equations }J C——0——0—— JI

 The Bethe Ansatz equations for M down spins in a chain with N sites

o\ 2N . . M _ _ 1
(w—%/?) uj—d—%/Zuj--d—%/Z:H(ﬂj—uz—%)(u;f-—m—%) + The energy E:Z1+ ;
pi+4/2) i —d+if2p+d+i/2 0 (pg — 1) (g + ) J o

With d=d(J)=\/1/J—]real or d = 1y

Wang 1997, Frahm, Zvyagin 1997

* The phase diagram: tower structure

A\E - E()
The Kondo phase - the impurity is screened via the Kondo FBM phase local moment | Kondo phase ABM phase
effect, and only the string tower is present. geil,8/2) o phase deR>oUi(0,1/2) dei(l/2,1)
| i(3/2, 00) T
The ABM phase - (antiferromagnetic bound-mode) a T : T
boundary-string (BS) tower emerges, describing localized s 1 T -
[ str BS
screening by the bound mode, while the sging tQjNer S . |
)&= 2mg/Tsin(my)] ,
gapped by energy | T
Tnes : TuBs B
The ferromagnetic regimes- the spectrum comprises three towers: bulk - = -4- -8 = B - e ] .
strings, BS, and higher-order boundary strings (hBS). 1 i
The FBM - the BS tower is initially gapped, but as ferromagnetic coupling —4 0 ! >J

weakens, the gap closes, yielding a fourfold degenerate gs

The Local moment regime — degenerate towers
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Quench Dynamics and Quantum circuits

* Trotterized time evolution: exp(—iHt) = lim (Hc)téon some initial state of a
spin chain 0t—0
L/2—1
 Time slice U= Ko, H Ryioit1R2i_12
j=1 \
4
Spin chain \,. —_— 2.

- Bulk R-matrix

 |nitial state of a spin - Boundary K-matrix

chain —
Neel, domain wall

EEEEEEEEEEEEND



The XXX-Kondo mc)dEkSpin chain with an impurity at the edge

e  XXX-Kondo model | HH HA
I—1 1 ) with
1 ” | J
H:§Z(U 0'_|_1—|—o'jo'j+1—|—A0']0'J_|_1) | 2(0'00'1 —I—O'O —|-AO'OO'1) A = cosh(n)
J

At the isotropic XXX (A=A'=1) and the XX (A=A'=0), model is integrable for any impurity coupling .J

Y P Wang 1997, H Frahm, A Zvyagin 1997 sinh( A+
ang ranm vyagin / Sin(h g )77) 0 0 0 \
_ 0 1 S%HEE)\g 0
* Integrability based on: = 0 h0) ! 0
sinh(n
. . sinh(A+n)
- R-matrix of the six-vertex model \ 0 0 0 sinh(n)

Satisfies Yang-Baxter equation ) )
4 17 A,d — T] - 77
- Boundary K-matrix R()l( d)R()l()\ + d)

Satisfies reflection relations

d

* The Hamiltonian is the logarithmic derivative H 7 log t(\)

of the transfer matrix  t(\) = tra [Rar(A) - - Raa(A\)Ra1 (V)] A=0




Quench Dynamics and Quantum circuits

e The Trotterized time evolution of the XXZ — Kondo model:

eXp(—inxzt) — 61tiI—I>10 (Un) &t

e With time slice

L/2-1

UM\ d) = K (N d) || RS0 (MRS 5 (M)
j=1

Spac

* d, Aand n are free parameters. In the Trotterziation
limit choosing A = —-idt sinh n, the quantum circuit
simulates the unitary evolution
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XXX Impurity Spin Chain and the Kondo Effect

 Kondo phase : Effective low energy description -

 Phase diagram of the model - F - , , _
fermionized spins via Jordan-Wigner, linearize..

1 A _ _

Impurity coupli/ngiferromagnetic Impurity coupliliitntiferromagnetic H _ [ J (.CC) 2 _I_ j (flf) 2] J (Qj) . J ( o $) _I_ g ( J ( 0) _I_ J (O) ) . S’
*‘\\//" “\\ (37T 237T
Irrelevant in IR
Bound mode Unscreened: Kondo Bound mode
Phase Phase : Phase Phase

* RG flows to the strong coupling fixed point

Multiparticle single particle bound mode
-screening of screens the impurity spin
impurity spin

| Unscreened impurity T ';WJ Unscreened impurity Strong coupling fixed
No boundary string S* = i% i No boundary string S* = :I:% Y point
:0
—_rJE
: ““‘- TR L
Bound mode screening the No boundarj{ excitations “‘ XX e
impurity spin occurs . R %
Energy only at high energies N %
e
T Ground state is unique with S, = . XXX f
|} N
“ ‘0
L 4 ’. “0
4 4 Ce, o*
— 00 -3 0 3 > 00 "sggduun®




XXX Impurity Spin Chain and the Kondo Effect

Strong correlated Many-body System at n = 0 (XXX) point

Impurity coupling is ferromagnetic

AN

Bound mode Unscreendd
Phase Phase

Unscreened impurity
No boundary string S* = +3

Bound mode screening the No bound®&
impurity spin occurs
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A
y 4
: — 00 <€ 3 -3
y Jime

Impurity coupling is antiferromagnetic
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:  Kondo
. Phase
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y ‘excitations
Y

Ground s
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Phase
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b boundary string S* = :I:%

te is unique with S, =

Jimp _ Jimp _
| | r =053 R r = 1l
! J: J:
. [] —'52= 06 B -?:1.15
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Kattel et al 2024



XXX Impurity Spin Chain and the Boundary Mode phase

Strong correlated Many-body System at n = 0 (XXX) point

Impurity coupling is ferromagnetic

4/\

Impurity coupling is antiferromagnetic

Bound mode
Phase

Unscreened impurity
No boundary string S* = +

1

(S]

impurity spin occurs

Energy only at high energies
A
—00 <
L Jim

Bound mode screening the Npo boundary excitation

Unscreened: Kondo Bound mode
Phase : Phase Phase

Multlpartlcl single particle bound mode
screens the impurity spin

-screening of

Unscreened impurity
o boundary string §* = j;%

:0 m—

Ground gate is unique with S, =

Discontinuity indicates Massive bound mode
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Kattel et al 2024



XX Impurity Spin Chain and the Kondo Effect

IA

* Spin Hamiltonian whenn =1 - Energy density
2 1 ;
5 1
L—1 1 ] __
H = 212(0' j+ 1+0_ ]+1)+ (0-00-1 +O_O ) —0.64 | I
J
|
—0.66 I
=
R |
 Same Kondo physics but can be mapped to Free Fermion "
model. —0.68 | | 199 |
e D O Q Deeé) | Intelr(megiate Bougd |
 Easier to study equilibrium, quenches and noisy effects. 399 ohase e R
—0.70 499 :
2i ; 0 : z
' b
SPIN (eleii + el yres) + 7 (cher + cheo)

J =sech

* No longer free when we add noise,
but still integrable

Kattel et al 2024



XX Impurity Spin Chain in the Kondo Phase

Deep Kondo
DOS

2.0 r

e | /3070
e | /4470
e 3 /1677
15 L e 1 /817

w1 /877

e (0.9 / 470

0.5 S S—

Intermediate Kondo
DOS

\

No Impurity Point
DOS

0.0 0.5 1.0

1.5 2.0

* DOS in Kondo phase:

ey = N Paos (B)
)= 7 phuk i
OS

4cos(2b)

E~ (COS(4b) + cosh (Zcosh‘1 (%)))

In the deep Kondo Phase,
Lorentzian peaked at E=0.

Moving to the bound mode Phase,
DOS starts to peak towards the bound
mode regime at E=2.




XX-Impurity Spin Chain and the Kondo Effect

L-11  x ]

5 . d o e
_ = Magnetic susceptibilit
.21 ) (0 0j41 + U ]+1) T35 (Uo o + 00 ) 5 PUBIITY
]:
4
J =
2 b=
O — 9 _% —
— b oo o %5 : ] =secbh
L < — ()

[

—8.68 I

|
|
|
_ | 1
e 0 Q I T
199 Dee | Intermediate Bound | .' ' - é éll 6 é
_—_'z’)gg Konéjo Kondo mode | T T T T
199 phase I phase phase T
:
4 2 .. - e —1
b Finite susceptibility at Susceptibility ~ T
T=0 (Kondo for High temperature
effect) (asymptotic freedom)

Kattel et al 2024



XX- Impurity Spin Chain in the bound mode regime

L-11 ] susceptibility ~ T-1 at
H = 1215 (U 1 T U ]+1) + (Uo o7 + Uo ) . high temperature
1
2 2 i
5‘_—_____ I
—0.64 |
|
I -
—0.66 | |
_ |
~0.68 [ | o |
s ) QQ Deep | Intermediate
ondo ondo
_zgg Ifahase | I::ahase

—0.70 | | |

2i i 0 T é

b T

T

| || | |
J =secbh Negative Susceptibility due to bound mode

Singlet Kattel et al 2024



Modeling Noisy Circuit in Trotterized Limit

BEEEEEY

Liouvillian

Lindblad Operator
L; = o for dephasing error




Time evolution of the XX-Kondo spin chain in a noisy environment
Reformulate the Lindbladian evolution 1O p(t) = Lp(t)
Will show Lindbladian evolution of XX is integrable

* Introduce the” -dim Liouville-Fock space 'm)(n| — |n,m)) Prosen ‘06

* The density operator P = Z Pmn|m)(n|— men|n m))

m,n

+ Define  ¢f|n,m)) = cj|n)(m|, &]ln,m)) = |n)(mlc;

e The Liouvillian acts as Llp)) = dt|p>>

L—1

. = e 1 1
* The Liouvillian takes the form L=—ill +iH + 4y Z (CTC@CTC@ QCI Ci — 202 Cz> Medvedyeva, Essler, Prosen ‘16

1=1
T ]L N/2
* Denote €; =C; 4 61 — CL and apply U = H (1—2¢]¢)

* The Liouvillian --> Kondo-Hubbard model with imaginary coupling

L—1
L = _iJ(C;r),JclaU + CJ{,JC(),U) — 1 Z(Cg,aci‘Fl,U T C;jr—l—l,ac’iag) + Z(zCI,TC@T o 1)(QCI,¢C@¢ o 1) o /Y(L o 1)
1=1 1=1

e The modelis integrable «karnaukhov, Egorov ‘05



Time evolution of the XX-Kondo spin chain in a noisy environment

* To determine time evolution we need to obtain the spectrum of the Liouvillian.

The Lindbladian eigenvalue problem Llpn)) = Enlpn))

i. analytically for the noisy XX chain (we shall need also some overlaps)
ii. numerically for the noisy XXX chain (with similar results as XX)

* The evolution of observable f@m an initial density matrix Pi

e O(t) = Tr{O(t)pi}

10O Ut | 1
Ay [ - At froA
—== LO)=|0,H| +i) A Lj()Lj—§{Lij,0}

j=1 :

* Study the time evolution of the impurity magnetization S6 (t)



Time evolution of the XX-Kondo spin chain in a noisy environment

* Impurity magnetization can be expressed in terms of the 2-point correlator G(r;y;t) = Tr {clcyp(t)}

S2(t) = 2G(0,0,1) — 1

* The time-dependent two-point correlation function ‘G(SC, Y. t)>> = e_iﬁt‘G(IBa y)>>

expand: |G (2,y,1))) = Y agq(@,y)|k, q))e FH

* The time-dependent impurity magnetization S;(t)=Tro;p(t) can be expressed interms of
the eigenmodes of impurity Sg(]g7 q) = (g q((), ()) as

Se(1)=>) arqeS5(k,q) exp[—iE(k, q)t
k,q

 This requires the knowledge of the Liouvillian spectrum E(k, q) , the impurity magnetization
of each mode Sg (k, q) and the overlap with between the eigenstates and the initial state ay .




The Liouvillian Spectrum

* The Liouvillian spectrum of the noisy XX-Kondo model
EG(z,y) = [J. Ay + J,A, + 40705 + 2iv(0, + 0, — 2)] G2, y).
where Jz = J whenx =0, J.’L' =3 otherwise, and Af(il?) = f(ZE + 1) + f(ZC — 1)

e The solution takes the Bethe Ansatz form

1 . .
Grglw,y) =S ) MW A(ak aq)0(x — y) + Blaagq, 01k)0(y — )]

with eigenvalues E(k,q) =2cosk 4 2cos q — 4iry

* Impose boundary conditions: with the boundary and bulk S-matrices

* The momenta k and g are solutions of the BAE
2cosk — 2iy — J%e* [sink —sing+ 27 (sink +sing — 2y i2(L+1)k
: = €
2cosk — 2iyv — J2e~ "% \sink —sing — 27y ) \sink + sinq + 2~

2cosq — 2iy — J%€? [sink —sing — 27\ [sink + sing — 2y i2(L+1)q
. =€ .
2cosq — 2ty — J?e7*4 \sink —sinq + 2v sin k + sin q + 2

* There are 4 classes of solutions, depending on whether the scattering S(k,q), K (k) are regular or not



Eigen-spectrum of the Liouvillian

C = u " Diffusive band (DB) When K # (/0,5 = 0,
N
FO(L™)

Bound Mode D k

T L+1

01 DB | E, = 4iyJy? —sin(k)? — 4iy + O(L™3) ~ —i

¢ Double-bound Mode (DBM)

WhenS,K =0, Ey=®J42—y2—iy for y»1

E. = dcosk. + 4 LN2i4k+x|N1 O(y?
+ = 4cosky + 4iy | ) € T +(y)f0r]/<<1

x=1

] X Bound Mode band (BMB) When S # 0/00, K = 0,
S e B iy)

="+ 0(™") and R = ilog( J2 -1

4= 711

Free band (FB) When S, K # 0/c0

Tnq -1 n-» -1
k—L+1+0(L ) and q—L+1+0(L )




Eigen-spectrum of the Liouvillian

O Free band (FB) X Bound Mode band (BMB) * Diffusive band (DB) {0 Double-bound Mode (DBM)

(a) (b) (c) (d)
: ] R(Epmp)  —S(E) Kondo al|  _x (E) Kondo al| _S(E) Bound Mode ]
] : . 5 0.06 ' ’ ' |
!9 0.0 % 0 §— DB I02 —DB
B *bDB
© BMB ¢ PYBN ‘ BM—
0.5- - " 170.03 4- MR - 110.1
N\
- 3 W _:f:f:../ Zx D M B
: FB
Kondo Regime 1.0- Q‘/ = | 3. I _ F
0 1 2 3 4 5 —2.5 0.0 2.5 —2.5 0.0 2.5
Y R(E) R(E) R(E)
The (J, ¥) parameter space. ~=0.25,J = 0.5 v=2.J=0.5 RCEprrs)

The bound-mode and Kondo
regimes separate with the
boundary approx. | =y /2 * Short time Behavior: Eigenmodes with Larger |ay | dominates the

for large y dynamics, differ from Kondo Regime (Diffusive band) to Bound Mode
Regime (Double bound mode)

* Long time Behavior: Eigenmodes with smaller —J(E) ~ y ~1L™°
dominates the long time dynamics (decays slower) and result into a
Quantum Zeno Effect.




Time evolution of the noisy XX-Kondo spin chain from Néel state

0 250 500 750 1000 : : : : :

- - - - - Impurity dynamics of the XX impurity model evolving from a
101 Néel initial state under Lindbladian evolution with and without
dephasing noise (for L=40).

.10—3

e =0 e y=05 o =1
o y=15 — J=05 =---- J=3

* In the Short time limit, different behaviorip the Kondo and Bound mode regime as function of noise strength

In bound mode regime faster decay as  increases, in the Kondo regime slower decay as  incréases

* In the long time limit, independent of the boundary coupling, impurity magnetization falls off as SE(t) ~ e Bt

with E = — -
2y L

F O(L™>) in both regimes, slower decay as the noise increases.

Medvedeva, Prosen, Znidaric '16
Fischer, Maksymenko, Altman ‘16

 Consistent with the heating of the bulk induced by Hermitian Lindblad operators.

* Increasing the bulk noise y, the bulk temperature increases, leading in the extreme limitto S§(t) = 1,

due to the asymptotic free nature of Kondo system



Time evolution of the noisy XXX-Kondo spin chain from Néel state

o r=0 o =00 e r=I Spin profilefory =1,/ = 3
O = 1.5 — J=0.5 -——— J=3
” SZ(t)
0 50 100 150 200 10 +— ' : : 1.0
8 - - 0.6
E o o . 0.2
()
E 4 - —0.2
—0.6
¥ T ¥ ¥ | 1.0
0 1 2 3 4 5
t Distance (r)

Impurity dynamics of the XXX impurity model evolving from a Néel initial state under Lindbladian evolution
with and without dephasing noise.

e Similar behavior as XX chain




Bulk dynamics for a noisy spin chain

- For arbitrary y, the system is diffusive.

In the continuum limit, as lattice spacing a— 0 the bulk
magnetization Sz(t) — S(x,t), and satisfies the diffusion

equation (0, — D02)S(x,t) =0.

- For a domain wall initial state S(x,t = 0) = 1 — O(x), the

diffusion equation solution is

S(&) = S(x/Vt) = —erf(z/V Dt)

- The data collapses on the curve S(¢) for both XX and XXX point

Interpretation: the diffusive bulk make the impurity to decay slower and results in a Quantum Zeno Effect

cf Gotta, Giamarchi ‘24 and discussion




Conclusions

 Dephasing noise affects impurity behavior differently in the Kondo and bound mode regimes.
— In the Kondo regime, increasing y slows the impurity magnetization decay, leading to a quantum Zeno effect.

— In the bound mode regime, bound mode initially decays faster, but eventually also exhibits the Zeno effect

 The existence of the quantum Zeno effect is due to the bulk transport becoming diffusive when the dephasing noise is
introduced

* Increasing the noise does not allow the impurity to communicate with the bulk




Time evolution of the XX-Kondo spin chain in a noisy environment

Reformulate the Lindbladian evolution 10:p(t) = L]p(t)]

* Introduce thel¥ -dim Liouville-Fock space m)(n| — |n,m)) Prosen ‘06

* The density operator P = Z Pmn|m)(n|— men|n m))
m,n

. . s d
The Liouvillian acts as Llp)) = E|p>>

. Define ¢l |n,m)) = cl|n)(m|, & |n,m)) = |n)(m|c;

L—1
. = L 1 1
* The Liouvillian takes the form L=—iH+iH +47) (CTCZCT(% 203;0@ chc@>
1=1
N/2

* Denote C;-L — CZ,T E;-f — CL and apply U = H (1—2¢]¢)

 The Liouvillian --> Kondo-Hubbard model with imaginary coupling  Medvedyeva, Essler, Prosen ‘16

L—1
L = _iJ(C;r),aclaU + CJ{,JC(),U) — 1 Z(Cg,aci‘Fl,U T C;jr—l—l,ac’iag) + Z(zCI,TC@T o 1)(QCI,¢C”;7¢ o 1) o /Y(L o 1)
1=1 1=1

The model is integrable  Karnaukhov, Egorov ‘05
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