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1 -INTRODUCTION
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Why are quantum integrable models important?

They are the gems of theoretical physics: elegant,
Insipiring, and relatively scarce.

They offer deep insights for a precise and simpli ed
understanding of many physical properties.

They serve as benchmarks, validating technigues for
complex guantum systems.

They can be found in many areas, such as Statistical
Physics, QFT, Condensed Matter, Cold Atoms - our focus

Architectures for Intearable OQuantum Svstems — p. 4/97



Here:

We introduce a family of integrable multi-well
guantum tunneling models in cold atoms,
and discuss some possible applications.
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Why are we studying integrable tunneling models?

They display high potential for applications in the develgmnt
of emerging quantum technologies:

Solvability and Controlintegrable models offer analytical
formulae and predictions, enabling precise control of
guantum states for robust technology development.

Understanding Quantum Correlatiotstegrable models
offer a platform for studying and manipulating quantum
correlations in quantum computing and communication.

Developing Quantum Devicdategrable models guide the
design and understanding of quantum devices, crucial for
the implementation of quantum technologies.
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2 - Integrable quantum tunneling
models:
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Two wells: Two-site Bose Hubbard Hamiltonian:
K =
H = g(Nl N,)? 7(N1 N>2) 7(3{32"' a5a;)

N; = a'a;: number of atoms in welli = 1;2)
K : atom-atom interaction term

. external potential
E;: tunneling strength

G. Milburn et al, Phys. Rev. B5(1997) 4318; A. Leggett, Rev. Mod. Phy8.(2001) 307
A. Tonel, J. Links, A. Foerster, JPA 38 (2005) 1235

The quantum dynamics of the model exhibits tunneling &
self-trapping - experiment of Oberthaler et al - 2005
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Two-wells: Integrability and BA-solution:

This model is integrable; it can be formulated by the
Yang-Baxter equation and exactly solved via Bethe
ansatz methods.
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Multiple-wells:

We aim to extend this result to multiple wells.

Natural candidatel -site Bose-Hubbard model.
It Is not integrable in general.

Until recently, there was a belief that constructing
Integrable multi-well systems was not possible.

We solved this and found that integrability requires the
presence of long-range interactions.

The algebraic construction of these models is tricky,
presenting challenges in obtaining all conserved quastiti
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Integrable Multi-well tunneling models:

3 wells: Triple well Hamiltonian

4 wells: Four-well ring model

Multi-well tunneling models

Architectures for Intearable Quantum Svstems — p. 11/97



Triple well Hamiltonian:

H = U(Ni+ N3 Nz)?+  (Ni+ N3 Np)
+ ti(ajar + @) + tz(ajas + aal)
N; = a’a;: number of bosons in well (i =1;2; 3),
N = N1 + N2 + N3 is constant,H is invariant by changing the indices 1 and 3
U: controls on-site and inter-well interac. bet. bosons

. external potential, tj; 1 = 1; 3: tunneling strength:
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Entangled states of dipolar bosons
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Abstract

We study the generation of entangled states using a device constructed from dipolar
bosons confined to a triple-well potential. Dipolar bosons possess controllable, long-
range interactions. This property permits specific choices to be made for the coupling
parameters, such that the system is integrable. Integrability assists in the analysis of the
system via an effective Hamiltonian constructed through a conserved operator. Through
computations of fidelity we establish that this approach, to study the time-evolution of
the entanglement for a class of non-entangled initial states, yields accurate approxima-
tions given by analytic formulae.

Application: atomtronic switching device

COMMUNICATIONS
PHYSICS

ARTICLE
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Control of tunneling in an atomtronic switching

device

Karin Wittmann Wilsmann1, Leandro H. Ymaiz, Arlei Prestes Tonelz, Jon Links® 3 & Angela Foerster!

The precise control of quantum systems will play a major role in the realization of atomtronic
devices. As in the case of electronic systems, a desirable property is the ability to implement
switching. Here we show how to implement switching in a model of dipolar bosons confined
to three coupled wells. The model describes interactions between bosons, tunneling of
bosons between adjacent wells, and the effect of an external field. We conduct a study of the
quantum dynamics of the system to probe the conditions under which switching behavior can
occur. The analysis considers both integrable and non-integrable regimes within the model.
Through variation of the external field, we demonstrate how the system can be controlled
between various “switched-on" and “switched-off” configurations.
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Contribution to the blogs of Nature Research Communities

SPRINGER NATURE

Research Communities

Behind the Paper

Breaking eggs t0 make an omelette - how wélco
atomtronic switch

The ability to preCIserconfroI uantum systems will play a fundamental roleirithe reallsatlon of atomtrochemtes As
vXIrement switching. In our work'we’ demongrate

in the case of electronic systems, adesured property is the capacity toi
switching using dipolar; bosonic atoms."

Published Dec07,2018

sought to attractj
experiences, tg our team.

Published Mar 07,2019
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Four-well ring:

H UN;+ N3 N, Ng?+  (Ni+ N3 Ny Ny
+  to(aay + aay) + tu(aray + ajay)

+  toa(azay + azay) + ta(asay + azay)

U: controls on-site and inter-well interactions; are not independentiotss = togtis but
still admits suf cient freedom to investigate a range ofsaropic tunneling regimes
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Application: NOON states

PHYSICAL REVIEW LETTERS 129, 020401 (20

Integrable Atomtronic Interferometry

1

D.S. Griin®,' L. H. Ymai®,” K. Wittmann W.®," A.P. Tonel®,’ Foers and J. Links
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High sensitivity quantum interferometry requires more than
through the deep understandi [ qué tions i able models offer the framewor
to develop this standi rfer tocols for an integ
model that descri site configuration. Analytic formulas for the
quantum dynamics of certain observables are computed se expose the system’s functionality as both an

interferometric identifier, and producer.
2 .

quivalent to a controlled-phase gate acting
hybrid qudits, thi em also highlights an equivalence between Heisenber

and quantum information. These results

atomtronic technologies.

DOI: 10.1103/PhysRevLett.129.020401

communications
physics

ARTICL

htt, doi.org/10.1038/542005-022-008

Protocol designs for NOON states

Daniel S. Griin', Karin Wittmann W.}, Lean H. Ymaiz, Jon Links® 3™ & Angela Foerster

The ability to reliably prepare non-classical states will play a major role in the realization of
quantum technology. NOON states, belonging to the class of Schrédinger cat states, have
emerged as a leading candidate for several applications. Here we show how to generate
NOON states in a model of dipolar bosons confined to a closed circuit of four sites. This is
achieved by designing protocols to transform initial Fock states to NOON states through use
of time evolution, application of an external field, and local projective measurements. The
evolution time is independent of total particle number, offering an encouraging prospect for
scalability. By variation of the external field strength, we demonstrate how the system can be
controlled to encode a phase into a NOON state. We also discuss the physical feasibility, via
ultracold dipolar atoms in an optical superlattice setup. Our proposal showcases the benefits

of quantum integrable systems in the design of protocols.

1
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Contribution to the blog of Nature Research Communities:

A community from nature portfolio

unch will be served from Noon e ,'F’ '

NOOIﬂ‘.states gscrlbed as quantun*superposmons of “all and nothlng ha"‘\\ﬁ' =
important applications in metrology. They are notoriously challenging to engmeer i
Publication of our work on.an atomtronic switch guided us to the path for our nexgk

project, on the generation of cold atom NOON states. g \_‘
»
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Multi-well tunneling models:

Hamiltonian for (0 + m) wells:

X0 X
Hom = U(Na Ng)°+  (Na Np)+ tij (aif/+aly)
i=1 j=1

in terms of sets of canonical boson operators:

a; &;Ngi = &a,1=1;::5n

b bf;glb;j = h'h,] =1;P:::;m

Na = inzla1ya+' Ng = szlth N = Na+ Npg

U intra-well and inter-well interaction between bosons

external potential ,t;; couplings for tunneling

Models de ned on complete bipartite grapks.,
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Some particular Hamiltonians:
For particular choices of; m we nd

2 wells:
n=m=1: Two-site Bose Hubbard model

3 wells:
n=2;m=1: Triple well Hamiltonian
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4 wells:
n=2;m=2: Four-well ring model:

Schematic rep.: spheres represent the wells, with bondsatidg the tunneling between the wells
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bwellssn=4:m=2:

L. Ymali, A. Tonel, A. Foerster, J. Links, JPA 2017
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bwells:n=5-m=1:

Architectures for Intearable Quantum Svstems — n. 22/97



OBS I: EBHM

These integrable multi-well tunneling models are not toy
models. They are particular cases of the Extended-Bose
Hubbard Model (EBHM) with_ -sites.
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OBS II: Superintegrabillity:

Forn> 2orm > 2the(n + m)-wells (or sites) tunneling

Hamiltonian is superintegrable:
more conserved quantities than degrees of freedom.

The existence of superintegrability allows for the inctursi
of additional interaction terms that can break the global
symmetry algebra without compromising integrability.

We can extend the models to include tunneling terms
while retaining integrability
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Example:n=3;m=1

Superintegrable 4-sites in a tetrahedral geometry:

Next sections: applications @2; 2)-sites and3; 1)-sites in a tetrahedral geometry
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3-Application: 4-sites Iin a ring:
Protocol designs for NOON states



What is a NOON state?

De nition: It is an all and nothingsuperposition of two
different modes. For N particles, it has the form:

JNOONI = p—é JN;Oi + € JO; NI
where the phaske typically records information in applications

Applications:

Quantum metrology and sensing
Quantum lithography

Quantum communication
Quantum computing
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Curiosity: NOON state in arts

Work by Jonas Wood - State | (NOON)
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Here we show how to generate a NOON state
and, in additon, how to encode a phase into
this NOON state.

Our approach is based on the formation
of an uber-NOONMtate en route to the
nal NOON state.
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Uber-NOON state:
Consider a closed-circuit of 4 sites, with a Fock-state tnpu
] ol = |M;P;0;0i. The initial step is to create an
uber-NOON statewith the general form:
1 . . . .
5 JM;P; 0;0i + € *jM; 0;0; Pi
+é 2j0;P;M; 0i + € 2j0;0;M;Pi

for a set of phasefs' 1; "' 2; ' 30. [t may be viewed as an embedding of NOON states

Ju-NOON =

within two-site subsystems

Initial
state
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We then describe two protocols to extract a
NOON state from an uber-NOON state.

For this, we consider a model of dipolar bosons

con ned to 4 wells, more especi cally, to a closed
circuit of 4 sites.

The system has long-range interactions and can
be described by the EBHM.
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Extended 4-site Bose-Hubbard Model (EBHM)

U X XX
H :7O Ni(N; 1)+ - NiN;
1 i=1 j=1;]6i

=
N
5 (&l + al)(az+ as) + (&g + ag)(a) + &) ;

Uo: characterizes the interaction between bosons at the seme s
Uij = Ui ;1 6 j: characterize DDI between bosons at different sites(l] )

J: couplings for the tunneling between different sites

Integrability condition:

The integrable closed 4-wells model can be obtained from A&

Uo = Uiz = Uy, Uip = Uz = Uzg = Usal
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Conserved quantities:

The model has 4 modes, so 4 independent conserved quaatéiespected:

[H;N]=[H; Q] =[N; Q] =[Q1;Q2] =0,k=1;2

1

Q; = é(N1+ N; ajas aja1);
1

Q2 = E(NZ'I' N4 332/34 aﬁaz);

Hereafter we consider the integrable EBHM case.
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To generate NOON states we consider that:

the system is initially in a Fock state I = jM; P; O; QI

with total boson numbe = M + P odd

the system is in the resonant tunneling regime

achieved whetjiM  Pj J,whereU =(U12 Ug)=4.

In this resonant regime:

a) the energy levels separate into distinct bands

b) an effective HamiltoniaHl ¢+ , dynamically equivalent

to the integrable EBHM, can be obtained

C) Heir can be written in terms of chargé€y, ; Q,

d) Heis enables the derivation of analytical expressions for
physical quantities.
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Signi cant feature:

Under thisH 4+ , the time evolution of:
N;+ N3 = M Is constant
N>+ Ny = P Is constant

In this resonant tunneling regime:
M particles can oscillate between site$: subsystem A
P particles can oscillate between siiggl: subsystem B
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NOON-state protocols:

We describe two protocols that enable the generation of
NOON states. For Protocol | the outcomes are probabilistic
while Protocol Il are deterministic.

Both protocols consider the initial stgtegi = JM; P; O; O
and are built around a general time evolution operator:

Ut : )=exp  “[H+ (N Nj+ (Ni Na)]

The applied eld strengths, implement the breaking of integrability
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NOON-state protocols: times

We consider three time intervals;, t andt

tm: corresponding to integrable time evolution, Is
associated with evolution to a particular uber-NOON state.

Itis given byt = =(2) ,

with = J?2=(4U((M P)? 1)) andU =(Ui2 Up)=4

t andt : associated with smaller scale non-integrable
evolution (implemented by the external elds );
produce phase encoding.

It is convenient to introduce the phase variabke 2 t =~,

andto xt = ~=(4M ).
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NOON state generation scheme:

Initial [u-NOON) Outcome |NOON) —
state ‘ Superposition states ‘
. L0
. |u-NOONY
Protocol I 1 Q ' 3 .. DM o L, R 1 os
— ~ |c L>+e"f""‘|( ,>+ J J>—e"""| 1 )>
\ L [ J [ ]
, M)
4

..................... tmtﬂ‘g SRE R e .. SRR 11 11<) ° .
~ | x iple ¢
wh) ! MY |& >* € |‘. >

[NOON):

9 . 2
up
Initial |u-NOON) , Outcome ™~ | * J’> ~E f| \o)>
state |NOON)

Protocol II Q Q

ssssssm W W W W W m mbs
|
') )

The four spheres on the left represent the initial statéy wiiite indicating empty site and cyan
and blueM andP particles, respectively. Gradient colors are used to atdithat the state of a
site is entangled with the rest of the system - superposstiates for each step are shown in the

framed legend. Rectangles represent applied externas widites 1-3 () and 2-4 ().
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Protocol I:

Here are the steps we implement to arrive at a NOON state systdmB = f 2; 40:

(i) j {i=Ultn t;0,0)] o
(i) j %= Ut;; 0)j b
() | '3i = Mj i

We let the system evolve during atimig t (integrable evolution), then we apply a eld
across site8 4 during a very short timé . Finally we measure the number of bosons at site 3.

This produces a high- delity NOON state across sifes 4 (subsystem B)
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Protocol I:

Initial |u-NOON) | | Outcome [NOON)
state ‘

In Protocol | the system evolves for, t , towards the u-NOON state. Then, a eld is applied
across sites 2-4 for timee , to encode a phase. The cyan halo portrays a measuremeasgiaic

site 3: outcomefli andjM i signify which of two possible NOON states results acrossszt4.
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Analytical results:

Analytic results are obtained by employing the effectivartiitonian in an extreme limit, with
divergent applied elds acting for in nitesimally smallies: !'1 ;t ! 0, such that

remains nite. Here = ( 1)(N*D =2 wWe nd for the nal state at step (iii):

|
N ©
ol Pl

iM:P: 0:0i + € jM;0;0;Pi ;r=0

jO;P;M;0i e joO;M;Pi :r=M

These states are recognized as products of a NOON statebfeysgtanB = f 2; 49
with Fock basis states for subsystém= f 1; 30.
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Protocol Il:
Here the following steps are implemented to arrive at a NO@isn subsyster = f 2; 4g:
M j li=Ultn t;00)] o
(i) j 5i=U(t;0 )j Ii
(i) j 31 =Ultm t;0,0) 3i
(v) j 4i=U(t;; 0)j

The system rst evolves fortime, t ,thena eldis applied to sites 3 fortimet to
implement the phase 2. Next, the system evolves fortimg, t , after which a eld is applied

to sites?2 4 to encode a phase during tirhe. This results in a NOON state across sites 4
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Protocol Il:

Initial [U-NOON) ~ ) Outcome
state | |NOON>

In Protocol Il the system rst evolves for tintg, t ,then a eld is applied to sites 1-3 for time
t toimplement the phase 2. Next, the system evolves for timg, t , after whicha eldis
applied to sites 2-4 to encode a phase during timeThis results in a NOON state across sites

2-4, without performing a measurement procedure
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Analytic results:

Similar to Protocol I, analytic results are obtained by evgpig the effective Hamiltonian. We

obtain for the nal state at step (iv): (here= exp(i(P =)

- 1 . . . .
J 'JIZ P—é IM; P; 0,01 + M; 0;0; P

This state is recognized as a product of a NOON state for stdasyg = f 2; 49
with a deterministic state (Fock basis state) for subsystemf 1; 3g.
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Protocol delities:
We give numerical simulations of the protocols to show

that, for physically realistic settings (see Set | and Set Il
high- delity outcomes for NOON state production persist.

The delities of Protocols | and Il are de ned as:
_ . I . I " o= _ . II . II = o=
Fi=1h 3 3 Fi=1h 4] 31
] 1:denotes the analytical states obtained using the efeeEtamiltonian
j 1:denotes the numerically calculated state obtained by EBid evolution.

OBS: The delities are computed f& ranging fromOto , achieved by varying . As
the values remain almost constant for 2 [0; ], varying less thari%, we display here
only one case.
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Protocol delities:

F| F|| P = =2
r=0 r=M L t tm
Setl| 0.986 0.997| 0.974| 0.0024 s| 0.0065 s| 6.1639 s
Set2| 0.964 0.991| 0.920| 0.0026 s| 0.0072 s| 2.8913 s

Fidelities for Protocols IK;) and Il (F;) and related time&y, ,t andt ( xed), concerning to

the parameters of Set 1 and Set 2,jfopi = j4;11;0;0i.

Two realistic sets of parameters (in Hz):
Setl: U==104:85J=—=71:62 =~=30:02
Set 2: {U==105:60, J=—=104:95 =~=27:42}
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Observations:

Both protocols display high delity results greater tha8.0.

The higher delity results associated to parameter Set 1,
compared to Set 2, are produced through longer evolution
time: these results re ect the trade-off between delitydan
total evolution time.

The required timefim; 2tm to produce the NOON states
are comparable with typical lifetimes of optical latticafs.

Advantage of the protocols: the evolution time is
Independent of total particle number, offering an
encouraging prospect for scalabllity.
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Readout statistics:

We can test the reliability of the system through a stastic
analysis of local measurement outcomes.

To do this, for both protocols, once the output state has
been attained, we can continue to let the system evolve
during a timet, :

This yields the readout states that can be obtained
analitically using the effective Hamiltonian in the idead
limit, and also numerically using the EBHM.

Then we can nd the readout probabilities that we present
here for both Protocols for the Set |.
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Readout probabilities:

a Protocol |

P(M.,0) P(M,M) 10"
P(0,0) + P(0.M)

Readout probabilities for Protocols | and Il. Comparisotwieen analytic (dotted lines) and

numerically (colored symbols) calculated probabilitiesparameters of Set 1 for different values

Of P . A gOOd agreement iS foM@rqectures for Intearable Ouantum Svstems — p. 49/97



Experimental feasibllity:

breaking

short-lattice long-lattice

and long-lattice

a) Trapping scheme: 2D square optical lattice is generatddXgets of counterpropagating laser
beams crossing at 90. The superlattice of 4-site model igaeth overlapping the 2D short lattice
(cyan) and long-lattice (blue). The vertical lattice (agahprovides con nement in z direction.
An additional 2D square long-Ilattice (green) is used to anpnt the integrability break control.

b) Zoom into the region of the superlattice which contaires4ksite plaquette. c)

Breaking-of-integrability scheme
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4-Application: 4-sites In a
tetrahedral geometry:
Quantum Turntable



Here we design a quantum turntable that
spatially transfers entangled states with high
delity in a rotating frame.

For this, we study a system of ultracold dipolar
atoms in a tetrahedral geometry, that is set to
rotate at constant angular frequency

The system can be described by the Extended
Bose-Hubbard Model in a rotating frame.
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Geometric representation of rotating tetrahedral system

Sites 1, 2, 3 form the triangular base. Blue arrows show dgol
alongz-axis. The system rotates arountvith angular freq. .
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Extended Bose-Hubbard model in a rotating frame:

Un X XX .
H = 30 Ni(N; 1)+ - NiN;
1=1 =1 j=1;]6i
X4
J (aay + a]ya4) + Hyot
i<j =1

Uo: characterizes the interaction between bosons at the stame s
Uj = U;i ;1 6 j: characterize DDI between bosons at different sites(l] )
J: couplings for the tunneling between different sites

H rot: Characterizes the rotation of the system.
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Our approach combines various ingredients:

Long-range interactions via dipolar atoms.

Non-equilibrium phenomena via use of a
rotating frame.

Property of superintegrability guiding the
proposal.
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Cases Considered:

Non-rotating case:Superintegrable.

Rotating casetntegrability persists.

Bethe Ansatz applied as analytical basis
for the quantum turntable.
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Superintegrabillity in a Static Frame (H,,: = 0)
Geometric symmetry4 = Usg = Usy, Up = Usxz = Ugg

Superintegrability conditiond, = Uy = 2U

H reduces to: o
H=Ho=U(N1+Na+Ns Ny* J  (&a+aa)

It has4 degrees of freedom.

It IS superintegrable: has more conserved quant(&es
than degrees of freedo(d).

Then the system Is set to rotate.
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Integrability in a Rotating Frame:

Rotation termH 4 = J

p_h i
J =i 3(a+ ;mart aas) (ax+ aza + ayds)
Total HamiltonianH( )= Hy J
Effect. superintegrability is broken, but...

Integrabillity preserved: 4 conserved operators.

These conserved operators can dehhg; , enabling the
derivation of analytical expressions for physical quaatit
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Superintegrability:
To establish this, de n&€, = b'h, k = 1;2; 3, where
b = 191—:_3(a1+ @t | 'ag); (= et U=
In terms of the above operators, the Hamiltonian is

Ho= U(Qi+ Q2+ Qs Ny)° Jp(ZQl Q2 Qs3)
3J(bla, + alby):

satisfying

[Ho;N]=0; [Ho;Q2]=0; [Ho; Q3] =0;
[Q2; Q3] =0; [N;Q2]=0; [N;Q3z]=0:
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Superintegrability:
Next, the Jordan-Schwinger rep. si{2) provides:

Jl = %(bgbs"'&\,bz),
by )
%(Qs Q2);

J2

Js

P
satisfying[Jj Ji] =1 |kl J |, where i is the Levi-Civita symbol.
Moreover, the relatiofQ, + Qs;J;] = 0 holds.

In addition tofH o, N, Q,, Qsg, there are two additional
conserved quantities:

[Ho;J1]=0; [Ho;J2] =0:
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Superintegrabillity:

Due to the relation

1132 3 231= 5(Qs Qo)

we may choose the following set ofe algebraically
Independentonserved operators

fH o; N; Q2+ Qs; J1; J20

for the systemestablishing superintegrabllity.

Architectures for Intearable Quantum Svstems — p. 61/97



Breaking superintegrability in a rotating frame:

Total HamiltonianH( )= Hy J

I energy levels shown in the next gure

In the rotating frame, the additional operatdrsandJ , are
no longer conserved, Sinc@uetol =2J3.)

H( );J1]= 2 Jy; H( );J2] =21 J1

But 4 mutually commuting conserved operators remain:

fH (); N; Q2; Qsg
ensuring integrability of the rotating system.
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Energy spectrum:

Dimensionless energy levels for the total Hamiltonkh( ) as a function of= forN =6.
Parameters afd=~ = 2 2:16 Hz andJ=~ = 2 0:31 Hz, for dysprosiunt®4 Dy. Top
band (blue) shows associated states with expectation tisllgie 0 or 6. Circle marks region

enlarged in next g.
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Energy spectrum:

= =1=3(orangeline) We use here this case.
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Expectation values of populations:

Expectation values of populations at sikes 1;2; 3

X3 p N 0
N i = 5’ 1+4cos (t)[cos(t) +cos i(t)] ;
=1
where ()=t +2 (k 1)=3
h i
— 3J N +1 . —
=3J 2 (N 2ng )2 1 - i]_u
At = =3, this eq. yields the time interval required for

particle transfer between consecutive sites:
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Expectation values of populations:

Comparison between numerical simulation (markers) antyacel expressions (solid

lines) for fractional populationaN 1i =N (red),hN2i=N (blue) andiN3i=N (green).

We consider initial statge(0) | = j19;0;0; 0i andU=~=2 2:16Hz,

J=~=2 0:31Hz. Vertical dashed lines represent times ,t =2 andt =3
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Expectation values of populations:

a) Non-rotating case = 0 : Expectation of population in site 1 initially decreasesiov

time, splitting equally into sites 2 and 3, returning pertadly to attain maximal value.

b) Rotating case = =3: maximal population expectation circulates along site?, 1,

and 3, in contrast to non-rotating case.
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Quantum turntable for different initial states:

The system can act as a quantum turntable, capable of $patial
transferring different initial states:

Fock states

Entangled states

Architectures for Intearable Quantum Svstems — p. 68/97



Transfer of Fock states:

Schematic of Fock state dynamics on a quantum turntable
rotating at . Colored spheres represent sites with particles.

For a particular , the initial statgN; 0; O; Oi evolves to
]0; N; O; OI over time interval .
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Transfer of NOON states:

a) One of the components of the NOON state remains xed at
site 4, while the other Is transferred across sites 1, 2 and 3.

b) The NOON state prepared in sites 1 and 2 is transferred along
the neighbouring two-site subsystems.
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Transfer of uber-NOON states:

Phase shift:
We identify the occurrence of a phase shift during this

operation.

Quantum sensing potential:
This result points toward the possibility to implement the
turntable as a guantum sensor with supersensitivity.
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Fidelity:

C
+
X
s
-
3
>

Fidelity computations for N = 19 - numerical versus analytic
expressions from Bethe Ansatz results. All cases display

high- delity results greater thaf:99.
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Experimental feasibllity:

input beam

interference

region
reflector

Schematic representation of light interference. A singfait laser beam is re ected by a set of
re ectors on a rotating platform with a constant angulagfrency , generating an optical lattice

with tetrahedral geometry in the interference region (cyaimere).
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Prior to the publication, our work was featured in a Preview.
“It highlights and contextualizes signi cant research.”
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5- CONCLUSIONS
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Conclusions:

We discussed integrable multi-sites gtum tunneling mgdels
which may be formulated in different con gurations and
geometries;

As an application, we showed how to generate and encode ¢
phase into a NOON state by exploring the 4-sites in a ring;

We showed how to use 4-sites in a tetrahedral geometry to
design quantum turntable that spatially transfers enéahg|
states with high delity in a rotating frame.
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Ongoing/Future work:

Compare and contrast the behaviours of open and closed
systems, in particular for the 4-wells:

superintegrable

Integrable
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Ongoing/Future work:

Design a directional quantum switch:

Atoms in well 1 can be transferred to wells 2 or 3
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Ongoing/Future work:

Design an integrable rotation sensor:
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Future work:

Extend the techniques to construct more general integrable
models, such as tilted 4-site EBHM with nearest-neighbour
Interactions, and models with higher-order interactions,
such as correlated tunneling termg a’ay;

Develop protocols to generate and control other relevant
guantum states;

Investigate the possibility of other physical applicasdor
multi-well tunneling models.
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Quantum control designed from broken integrability

Collaboration:
University of Queensland

Main goal:

Open new avenues in the design and control of quantum
architectures using concepts from integrability and its
breaking.

Expected results:

Promote new opportunities for the construction of
atomtronic devices, which are rising as a foundation for
new gquantum technologies.
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Vision for the Future:

We believe the future Is guantum, and
Integrability can offer powerful insights
to navigate its complexity!
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Team in Porto Alegre:

Photo taken in Porto Alegre, September, 2018
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Team in Porto Alegre:

Photo taken in Porto Alegre, June, 2025
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Importance of the NOON states:

NOON states are entangled, Schrodinger cat states, at the
core of many new applications @Quantum information;

NOON states are important (Quantum metrology and
sensingor their ability to make precision phase
measurements when used in an interferometer;

NOON states can overcome diffraction limits@Quantum
lithography;

NOON states are used to test Bell-type inequalities
violations inFundamental Physics;

NOON states are expected to extend to areas such as
Chemistry and Biologye.g. improving the resolution of
mIicroscopes.
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Completing the graph:

We can extend the models to include tunneling terms
while retaining integrability
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Integrability: Formal de nition

It is generally accepted that an integrable system is onehihi
derived from a set of commuting transfer matrices.

This de nition applies to many-body systems.

Transfer matrix (u): is a generating function of conserved quantities

The condition:
[ (u); (V]=0
represents a set of conservation laws:
[ChiCm] =0

where the series expansion was taken:

X

n

C,V
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Quantum Integrable Models:

De nition:
A system withL degrees of freedom and Hamiltonikin
IS quantum integrable If it possesses a sdt aofidependent

commuting quantum operator®, = H; Q,; :::Q.Qg, I. e.

Q;Q =0;81 i;j L

They can be solved exactly by Bethe Ansatz methods.

Architectures for Intearable Quantum Svstems — p. 91/97



Integrabllity:

Classical Mechanics
If a system with n degrees of freedom possesses n indepenstantegrals of motion in

involution (i.e. Poisson-commuting), then the systemtegnable (Liouville)
Quantum Mechanics: Common de nitions

1) A system is quantum integrable if it possesses a maxinalf sedependent

commuting quantum operato@ ; =1;:::dim (H).

2) A system is quantum integrable if it is exactly solvabiteother words if we can

construct its full set of eigenstates explicitly.

3) A system is quantum integrable if it can be mapped to haicnustillators.
4) A system is quantum integrable if the scattering it sufgpisrnondiffractive.
5) A system is quantum integrable if its energy level stiass Poissonian.

6) A system is quantum integrable if it shows level crossings does not show

level repulsion).
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BA-solution: 4 wells
The model admits multiple pseudovaccum states:
ki =( 24 12)'j0;0,0;0i; k+1 N
13= 3@ 183 247 48 28
Other independent conserved operators:
1

— y
Q1;3 - T 2 1.3 1.3
1T 3
Qua= ———s b 24
2,4 — T o 2 2.4 2:4-
>t 1

These operators satisfy the commutation relations

[Q13;Q24] =0; [H;Q13]=[H;Q24] =[N; Q3] =[N;Q24]=0
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Appendix: Feasibility of the integrability condition:

Uo: coupling for on-site interactions which results from awitand DDI interactions
Both of these can be either attractive or repulsive, whigbrinciple allows for the
manufacture of weak net on-site interaction.

Uij = Ui ;i 6 | characterize DDI between particles on different sites.

Although the DDI follows an inverse cubic law, it is also dagent on the angle between
dipole orientation and the displacement between dipoles.

In combination with the geometry of the trap potential (\oblate versus prolate), it is
entirely feasible to adjust the system parameters acrossearange of values.

Importantly, this includes the possibility for the inteelvcouplingsU;j; to have greater
magnitude than the on-site coupliblgy .
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Appendix: Calculation of the parameters
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Appendix: Calculation of the parameters
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Appendix: Calculation of the parameters
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