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Outline of this talk

1) N-state clock models

⋄ coupled Temperley-Lieb algebra

⋄ pictorial presentations

2) Free parafermions

⋄ exceptional points, non-Hermitian aspects

⋄ non-Hermitian extension of the XY model



1) N-state clock models

• R. Adderton and MTB, The planar parafermion algebra:
The Z(N) clock model and the coupled Temperley-Lieb
algebra, arXiv:2508.01672 (v2 coming soon)

• R. Adderton and MTB, The planar parafermion algebra:
Braid group representation, in preparation

2) Exceptional points

• R.A. Henry and MTB, SciPost Physics 15, 016 (2023)

• R.A. Henry, D.C. Liu and MTB, AAPPS Bull. 35, 29 (2025)



Yang-Baxter Equations, Conformal Invariance and Integrability in
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Some history

Conjecture: Murray has sat through more talks on the chiral
Potts model than anyone else.

Proof: He was at ANU in Canberra from the mid 80’s.

In 1990 Rodney Baxter tried to get me interested in a specific
problem on the chiral Potts model.

In 1989 Rodney gave a blackboard talk to a very small audience on
his results for a certain new Z(N) spin chain..
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N-state clock models ↔ Z(N) spin chains

Building blocks are the N × N (‘shift’ and ‘clock’) matrices

(τ)`m = δ`,m+1 (mod N)

σ = diag (1, ω, ω
2
, . . . , ω

N−1)

with ω = e
2πi/N

. For N = 3,

τ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1
1 0 0
0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, σ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 ω 0

0 0 ω
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

With 1 the identity, they satisfy

τ
N
= σ

N
= 1, τ

†
= τ

N−1
, σ

†
= σ

N−1
,

στ = ωτσ.



Some well known Yang-Baxter integrable N-state quantum spin
chains are of the form

H = −
L

∑
j=1

N−1

∑
n=1

an (λ τnj + σnj σN−nj+1 )

τj = 1⊗ 1⊗⋯⊗ 1⊗ τ ⊗ 1⊗⋯⊗ 1

σj = 1⊗ 1⊗⋯⊗ 1⊗ σ ⊗ 1⊗⋯⊗ 1

where 1, τ and σ are N × N matrices, τ and σ occur in position j .



special cases

• N-state quantum Potts model

an = 1 (1)

• Fateev-Zamolodchikov Z(N) model

an =
1

sin(πn/N) (2)

• N-state superintegrable chiral Potts model

an =
2

1 − ω−n
(3)

Each model reduces to the quantum Ising model for N = 2.

Models (1) and (2) are equivalent for N = 3.



Potts and Temperley-Lieb

Recall the N-state quantum Potts representation of the TL algebra

e2j−1 =
1√
N

N

∑
n=1

τ
n
j j = 1, . . . , L

e2j =
1√
N

N

∑
n=1

(σjσ†
j+1)

n
j = 1, . . . , L − 1

with

e
2
j =

√
N ej

ejej±1ej = ej

ejei = eiej ∣i − j∣ > 1

Potts model hamiltonian HP = −∑ ej



Ongoing decades of fun with TL models

•mappings between models,
faithful representations etc

• combinatorics
• stochastic processes
• loop models

• knot theory



Several known generalizations of TL algebra

Some examples

• multi-coloured TL algebra

Grimm and Pearce (1992)
Bisch and Jones (1997)

aka k-colour Fuss-Catalan algebras

• ‘blob’ algebra

Martin and Saleur (1994)



Power of the algebraic/pictorial approach

It is known that the TL algebra, along with the pictorial
representation, can be used to derive the full eigenspectrum of the
TL Hamiltonian, in that case via the Bethe Ansatz

• Levy (1990) (1991)

• Martin and Saleur (1994)

• de Gier and Pyatov (2004)

• Nepomechie and Pimenta (2016)



Superintegrable chiral Potts (SICP) chain

HCP = −
L

∑
j=1

N−1

∑
n=1

(λαn τ
n
j + αn (σjσ†

j+1)
n
)

αn =
e
i(2n−N)φ/N

sin(πn/N) , αn =
e
i(2n−N)φ/N

sin(πn/N)

• The chiral Potts model has an R-matrix when

λ cosφ = cosφ

• φ = φ = 0 is the Fateev-Zamolodchikov model

• φ = φ = π
2

is the SICP model

• HSICP only solved for periodic bc’s!



HSICP can be written in terms of a coupled TL algebra!

[N = 3 case, J Fjelstad and T Månsson, JPA 45, 155208 (2012)]

For general N there are N − 1 generators e
(k)
j which satisfy

(e(k)j )
2

= Q e
(k)
j

e
(k)
j e

(`)
j±1e

(k)
j = e

(k)
j

e
(k)
i e

(`)
j = e

(`)
j e

(k)
i ∣i − j∣ > 1

e
(k)
j e

(`)
j = e

(`)
j e

(k)
j = 0 k ≠ `

with Q =
√
N.

For N = 2 this reduces to the single TL generator ej .

For N = 3 we label the generators by ej = e
(1)
j and fj = e

(2)
j .





In general we can write

e
(k)
2j−1 =

1√
N

N

∑
n=1

(ωk
τj)

n
j = 1, . . . , L

e
(k)
2j =

1√
N

N

∑
n=1

(ωk
σjσ

†
j+1)

n
j = 1, . . . , L − 1

for k = 1, . . . ,N − 1. Here ω = e
2πi/N

.

Then, for periodic bc’s

HSICP =
2√
N

L

∑
j=1

N−1

∑
k=1

(N − k) (λe(k)2j−1 + e
(k)
2j ) − (λ + 1)(N − 1)L



And for open bc’s

HSICP = −(N − 1)(L(λ + 1) − 1)

+
2√
N

L

∑
j=1

N−1

∑
k=1

λ(N − k)e(k)2j−1

+
2√
N

L−1

∑
j=1

N−1

∑
k=1

(N − k)e(k)2j



The generators e
(k)
j also satisfy additional cubic relations.

For the N = 3 case

fjej±1ej = ± i (ω∓1ej±1ej − fj±1ej) + ω±1ej
= ± i (ω∓1fjej±1 − fj fj±1) + ω±1fj

ejej±1fj = ∓ i (ω±1ej±1fj − fj±1fj) + ω∓1fj
= ∓ i (ω±1ejej±1 − ej fj±1) + ω∓1ej

fj fj±1ej = ω
±1
fjej±1ej

ej fj±1fj = ω
∓1
ejej±1fj

For N = 4 with ej = e
(1)
j , fj = e

(2)
j and gj = e

(3)
j , a typical cubic

relation is of the type

f1e2e1 =
1

2
(1 − i)e2e1 −

1

2
(1 + i)g2e1 − if2e1 + i e1 .



For general N

A presentation of cTLn(q) is given by N copies of a Temperley-Lieb algebra

he(k)
i |i 2 {1, . . . , n}, k 2 ZNi (23)

With relations

e
(k)
i e

(l)
i = �k,l

p
Ne

(k)
i (24)

e
(k)
i e

(l)
j = e

(l)
j e

(k)
i , |i � j | > 1 (25)

e
(k)
i e

(l)
i±1e

(m)
i =

1p
N

NX

n=1

!⌥(n�l)(k�m)e
(n)
i±1e

(m)
i (26)

=
1p
N

NX

n=1

!±(n�l)(k�m)e
(k)
i e

(n)
i±1 (27)



A different way to write the N = 3 SICP hamiltonian

This originates from the staggered nature of the coupled operators ej and
fj between odd and even sites:

HSICP = −
2√
3

L

∑
j=1

[λ (e2j−1 − f2j−1) + (e2j − f2j)] .

Using the definitions, with (ω − ω2)/
√

3 = i, gives

e2j−1 − f2j−1 = i (τj − τ 2j )

e2j − f2j = i [σjσ†
j+1 − (σjσ†

j+1)
2]

HSICP = −
2 i√

3

L

∑
j=1

[λ (τj − τ 2j ) + σjσ
†
j+1 − (σjσ†

j+1)
2]

The last terms σLσ
†
L+1 and (σLσ†

L+1)
2

are omitted for open bc’s.



Pictorial presentation
We gave a pictorial presentation of the generators for N = 3:
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ej = e
(1)
j =

1 2

· · ·

j j+1

· · ·

`

fj = e
(2)
j =

1 2

· · ·

j j+1

· · ·

`

· · ·

Figure 1. Pictorial representation of the generators e
(1)
j and e

(2)
j .

proof of f1f2f1 = f1 follows in similar fashion. The proof of relations (8) and (10) is

straightforward, while the proof of relations (11) relies on the vanishing of any closed

loop encircling a pole.

= = ⇢⇢�1 =

Figure 2. Graphical version of the relation f2f1f2 = f2. The key ingredient in

resolving the diagram is the crossing relations depicted in Figure 3.

= ⇢ , = ⇢

Figure 3. Crossing relations for a loop encircling a pole. For the SICP chain, for

which Q =
p

3, the parameter ⇢ = ! = e2⇡i/3.

We point out that the case of one pole is also studied in the context of the ‘blob’

algebra [20], a variation of the TL algebra which usually comes with two parameters:

one corresponding to parameter Q and one corresponding to the value of a closed loop

encircling the pole or its equivalent (which we have set to zero). The case with Q = �2

and with loops encircling the pole also zero has been studied recently in the context of

extremal weight projectors [21, 22]. Another variant is the one-boundary TL algebra

[23].

The value of the parameter ⇢ appearing in the crossing relations for loops encircling

a pole can be derived if one assumes the Kau↵man bracket skein relation between a

The key feature of the pictorial presentation is a pole around which
loops can become entangled. Here we choose the position of the
pole to be at one end of the chain. In the associated loop
diagrams, closed (contractible) loops have weight Q, with Q =

√
3.

The weight of closed (non-contractable) loops encircling the red
line is zero.



SICP N = 3 example, generators ej and fj

The generators ej are like the usual TL generators, with loops not
encircling a line.

The generators fj involve loops around the single red line.

Generators for the L = 2 site open chain:
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algebra [19], a variation of the TL algebra which usually comes with two parameters:

one corresponding to parameter Q and one corresponding to the value of a closed loop

encircling the red line or its equivalent (which we have set to zero). The case with

Q = �2 and with loops encircling the red line also zero has been studied recently in

the context of extremal weight projectors [20]. Possible reference to one-boundary and

two-boundary TL [21].

As an illustrative example of the algebraic/pictorial approach applied to the SICP

chain, consider the simplest case N = 3 and L = 2 with open boundary conditions. Here

HSICP is a 9 ⇥ 9 matrix. The eigenvalues in the ground-state sector of the Hamiltonian

are constructed from the words a1 = e1e3e2, a2 = e2a1, a3 = f2a1, a4 = f1a2 and

a5 = f3a2. These five basis states, along with the six generators, are depicted in Figure

4. In constructing the loop model hamiltonian a crucial point in resolving the related

diagrams is to make use of the relations depicted in Figure 3. In this way we have

checked that the resulting 5 ⇥ 5 matrix recovers the corresponding five eigenvalues

of HSICP, which for this sector, includes the groundstate eigenvalue. The remaining

eigenvalues of HSICP are obtained similarly. We have also performed similar checks for

N = 4 and larger values of L. Such calculations are indeed very instructive, revealing

in this way the crossing relations depicted in Figure 3.

e1 e2 e3 f1 f2 f3

a1 a2 a3 a4 a5

Figure 4. Generators and basis states for the ground state sector of the N = 3 SICP

chain for L = 2. Note that the crossing in state a4 can be resolved by using the first

crossing relation depicted in Figure 3, thereby introducing a factor !�1.

There are a number of immediate questions arising from this work, which we have

begun to at least partially address. For example, it is known that the TL algebra,

along with the pictorial representation, can be used to derive the full eigenspectrum of

the TL Hamiltonian, in that case via the Bethe Ansatz [22, 23, 24, 25]. The question

then is if the SICP eigenspectrum can be obtained via the coupled TL algebra and

pictorial representation given here, where we particularly have in mind a solution for

open boundary conditions. Similarly one can also consider the periodic version. A

related issue is finding other possible representations of the coupled algebra (8)-(11). So

far we have the given SICP representation with Q =
p

N . However, there is another

known representation [15], for the two types of generators ej and fj with Q = 2, which

relates to the staggered XX chain, a model solved long ago via free fermions [26]. It

remains to be seen if these representations can be deformed or extended in some way

for arbitrary Q. In concluding we also mention that the coupled TL algebra and its



SICP N = 3 example, generators ej and fj

Algebraic relations can be proved via the diagrams.

We make use of the usual Kauffman-type relations.

The most interesting cubic relations are f1f2f1 = f1 and f2f1f2 = f2.



Proof of the relation f2f1f2 = f2
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e
(1)
j =

1 2

· · ·

j j+1

· · ·

L 1 2

· · ·

N-2

,

e
(k)
j =

1 2

· · ·

j j+1

· · ·

L 1

· · ·

k-1

· · ·

N-2

, k > 1

Figure 1. Pictorial representation of the generators e
(k)
j , k = 1, . . . , N � 1. The

generators with k > 1 involve loops encircling line k � 1.

proofs are readily given for each of the defining relations (8)-(11). The graphical proofs

are similar to those for the single TL algebra [13]. However, there is an interesting

subtlety involved with the resolution of loops entangling a line. This can be illustrated

using the simplest N = 3 case. Consider the cubic relations defined by (9). For N = 3

we label the two types of generators by ej = e
(1)
j and fj = e

(2)
j , where the generators

fj involve loops around the line. In this case the generators ej are like the usual TL

generators, with loops not encircling a line. The cubic relations of most interest are

f1f2f1 = f1 and f2f1f2 = f2. The relation f2f1f2 = f2 is depicted in Figure 2 along

with the resolution of the diagram. The key ingredient in the graphical proof of such

relations is the identity shown in Figure 3. The diagrammatic proof of f1f2f1 = f1

follows in similar fashion. The proof of relations (8) and (10) is straightforward, while

the proof of relations (11) relies on the vanishing of any closed loop encircling a line.

= = !!�1 =

Figure 2. Graphical proof of the relation f2f1f2 = f2. The key ingredient in resolving

the diagram is the crossing relations depicted in Figure 3.

= ! , = !

Figure 3. Crossing relations for a loop encircling a line. For the SICP chain

! = e2⇡i/N .

We point out that the case of one red line is also studied in the context of the ‘blob’

The knot can be resolved!

Key ingredients are crossing relations for loops encircling a red line.



Line crossing relations
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= ! , = !

Figure 3. Crossing relations for a loop encircling a line. For the SICP chain

! = e2⇡i/N .

We point out that the case of one red line is also studied in the context of the ‘blob’

For this example with N = 3 the parameter is ω = e
i2π/3

.

This value can be derived topologically.



The open N = 3 SICP chain with L = 2

Generators and basis states for the L = 2 site open chain
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algebra [19], a variation of the TL algebra which usually comes with two parameters:

one corresponding to parameter Q and one corresponding to the value of a closed loop

encircling the red line or its equivalent (which we have set to zero). The case with

Q = �2 and with loops encircling the red line also zero has been studied recently in

the context of extremal weight projectors [20]. Possible reference to one-boundary and

two-boundary TL [21].

As an illustrative example of the algebraic/pictorial approach applied to the SICP

chain, consider the simplest case N = 3 and L = 2 with open boundary conditions. Here

HSICP is a 9 ⇥ 9 matrix. The eigenvalues in the ground-state sector of the Hamiltonian

are constructed from the words a1 = e1e3e2, a2 = e2a1, a3 = f2a1, a4 = f1a2 and

a5 = f3a2. These five basis states, along with the six generators, are depicted in Figure

4. In constructing the loop model hamiltonian a crucial point in resolving the related

diagrams is to make use of the relations depicted in Figure 3. In this way we have

checked that the resulting 5 ⇥ 5 matrix recovers the corresponding five eigenvalues

of HSICP, which for this sector, includes the groundstate eigenvalue. The remaining

eigenvalues of HSICP are obtained similarly. We have also performed similar checks for

N = 4 and larger values of L. Such calculations are indeed very instructive, revealing

in this way the crossing relations depicted in Figure 3.
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chain for L = 2. Note that the crossing in state a4 can be resolved by using the first

crossing relation depicted in Figure 3, thereby introducing a factor !�1.

There are a number of immediate questions arising from this work, which we have

begun to at least partially address. For example, it is known that the TL algebra,

along with the pictorial representation, can be used to derive the full eigenspectrum of

the TL Hamiltonian, in that case via the Bethe Ansatz [22, 23, 24, 25]. The question

then is if the SICP eigenspectrum can be obtained via the coupled TL algebra and

pictorial representation given here, where we particularly have in mind a solution for

open boundary conditions. Similarly one can also consider the periodic version. A

related issue is finding other possible representations of the coupled algebra (8)-(11). So

far we have the given SICP representation with Q =
p

N . However, there is another

known representation [15], for the two types of generators ej and fj with Q = 2, which

relates to the staggered XX chain, a model solved long ago via free fermions [26]. It

remains to be seen if these representations can be deformed or extended in some way

for arbitrary Q. In concluding we also mention that the coupled TL algebra and its

Act on the basis states a1, . . . , a5 with the generators and resolve
the diagrams to construct eigenvalues of Hloop to match
eigenvalues of HSICP.



Concluding remarks for this part

We have given a pictorial presentation for the coupled algebra
which defines the N = 3 state SICP model, for which the weight of
contractable loops is Q =

√
3 and the weight of closed

(non-contractable) loops encircling a line is zero.

There were/are many points to follow up!



Some examples:

▶ We have only discussed open boundary conditions.

▶ Another known representation of this coupled algebra
corresponds to the staggered spin-1/2 XX chain.
It has two sets of generators ei and fi with Q = 2.

▶ q-deformation?

▶ The algebraic approach opens up a path towards obtaining
graphical based results for the SICP model.
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But we found a problem with the diagrammatic proof for some of
the algebraic commutation relations for the SICP model
representation.

The diagrams for the N = 3 case give the correct cubic relations
for a specific value of the parameter A in the Kauffmann bracket
relation resolving the crossings but DO NOT give both cTL
relations for far apart commutation, i.e., f1f3 = f3f1 and
orthogonality ei fi = 0 for the same value of A.

There is no problem for the staggered XX diagrams.

Fortunately there is a way to fix this.
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Can show that the coupled Temperley-Lieb algebra admits a
graphical presentation in terms of a ‘planar’ parafermion algebra
PFn defined by generators ci , i = 1, . . . , n and relations

Graphical representation of cTLn(q)

The coupled Temperley-Lieb algebra admits a graphical representation in terms
of a ’planar’ parafermion algebra [Ja↵e, Liu]
The parafermion algebra is defined by generators ci , i = 1, . . . , n and relations,

cN
i = 1, c†

i = (ci )
N�1, cicj = !cjci , i < j . (20)

c2j�1 =
� j�1Y

k=1

⌧k

�
�j , c2j = !(N�1)/2c2j�1⌧j (21)

Define PFm spanned by c i1
1 c i2

2 · · · c im
m , 0  i1, i2, . . . , im  N � 1 with

para-isotopy.

i

· · · j
= qij i · · ·

j

(22)

It follows that

Define parafermion operators c1, . . . , c2L acting on (CN)⌦L

c2i�1 =

✓ i�1Y

k=1

⌧k

◆
�i , c2i = !

N�1
2

✓ i�1Y

k=1

⌧k

◆
�i⌧i (30)

Satisfying
cN
i = 1, c†

i = cN�1
i , cicj = !cjci , for i < j

Note
⌧i = !�( N�1

2
)c†

2i�1c2i , �i�
†
i+1 = !�( N�1

2
)c2ic

†
2i+1 (31)

and soIt follows that

e
(k)
2i�1 =

1p
N

NX

n=1

(!
2k�N+1

2 c†
2i�1c2i )

n, e
(k)
2i =

1p
N

NX

n=1

(!
2k�N+1

2 c2ic
†
2i+1)

n (32)

With additonal relations between cTLn(q) generators and parafermion operators

e
(k)
2i�1 = ck

2i�1e
(0)
2i c�k

2i�1 = ck
2ie

(0)
2i�1c

�k
2i (33)

e
(k)
2i = c�k

2i e
(0)
2i ck

2i = c�k
2i+1e

(0)
2i ck

2i+1. (34)

Hence an alternative presentation of cTLn(q) is given by

hei , ci , |i 2 {1, . . . , n}i, where ei = e
(0)
i is taken, and e

(k)
i = ck

i e
(0)
i c�k

i for i odd

and e
(k)
i = c�k

i e
(0)
i ck

i for i even.



A natural diagrammatic presentation is given by denoting c
k
i as a

k-labelled 1-box on the i-th strand. Let
A natural diagrammatic representation is given by denoting ck

i as a k-labelled
1-box on the i-th strand. Let

ck
i 7!

1

· · ·

i � 1

k

i i + 1

· · ·

2L

, ei 7!

1

· · ·

i i + 1

· · ·

2L

. (35)

The k-labelled 1-box satisfies a ‘para-isotopy’ relation
Multiplication is given by stacking diagrams with left-to-right becoming
top-to-bottom.
The k-labelled 1-box satisfies a ‘para-isotopy’ relation.

1

· · ·
k

i

· · ·
l

j

· · ·

2L

= !kl

1

· · ·
k

i

· · ·
l

j

· · ·

2L

(36)
Here k, l 2 ZN .



And provides a representation of ZN on a single strand:

i

k

l
=

k + l

i

,
N

i

=
0

i

=

i

(37)

Contractable loops take value q + q�1 =
p

N and k-valued loops take value
zero for k 6= 0.

k = �k,0

p
N mod N. (38)

Contractable loops take value
√
N and k-valued loops take value

zero for k ≠ 0:

And provides a representation of ZN on a single strand:

i

k

l
=

k + l

i

,
N

i

=
0

i

=

i

(37)

Contractable loops take value q + q�1 =
p

N and k-valued loops take value
zero for k 6= 0.

k = �k,0

p
N mod N. (38)



Define N copies of the Temperley-Lieb algebra as follows for k 2 ZN

e
(k)
2i�1 7!

1

· · ·

2i � 1 2i

k

�k

i + 1

· · ·

2L

=

1

· · ·

2i � 1 2i

k

�k

i + 1

· · ·

2L

. (39)

e
(k)
2i 7!

1

· · ·

2i 2i + 1

�k

k

i + 1

· · ·

n

=

1

· · ·

2i 2i + 1

�k

k

i + 1

· · ·

n

, (40)

with e
(0)
i = ei as a standard cap-cup diagram.

All relations can be proved via this approach.



2) Free parafermions



The Baxter-Fendley Z(N) spin chain

A model that received no attention for a long time was found by
Rodney Baxter in 1989.

R J Baxter, Phys Lett A 140, 155 (1989); J Stat Phys 57, 1 (1989)

For an L-site chain (with OBC) this model is defined as

−H =

L

∑
j=1

τj + λ
L−1

∑
j=1

σ
†
j σj+1

It reduces to the quantum Ising model for N = 2.

For N = 3 think of it as ‘half’ a Potts chain.



The eigenvalues of H have a simple form!

−E = ω
p1ε1 + ω

p2ε2 +⋯+ ω
pLεL

for any choice of pk = 0, . . . ,N − 1. Recall ω = e
2πi/N

.

• Initially a numerical observation.

• N = 2 is free fermions −E = ±ε1 ± ε2 ±⋯± εL

• Gives all N
L

eigenvalues in the spectrum.

• The quasi-energies εk are known exactly.

• The model originates as the hamiltonian limit of the τ2 model,
a variant of the chiral Potts model.



• Fendley (2014) derived this result using a generalisation of the
Jordan-Wigner transformation, namely the Fradkin-Kadanoff
transformation to parafermionic operators originally
introduced for the N-state clock models.
P Fendley, J. Phys. A 47, 075001 (2014)

• Baxter (2014) and Au-Yang and Perk (2014,2016) applied
Fendley’s parafermionic approach to the more general τ2
model with open boundaries.
R J Baxter, J Phys A 47, 315001 (2014)

H Au-Yang and J H H Perk, J Phys A 47, 315002 (2014); arXiv:1606.06319

• Fendley (2019) developed algebraic techniques which were
also applied to multispin free fermion systems and adopted
and generalised by Alcaraz and Pimenta (2020, 2021) to a
class of multispin free fermion and free parafermion models.



The Baxter-Fendley hamiltonian is non-Hermitian, with complex
energy eigenvalues for N ≥ 3.

For any eigenvalue E , there are other eigenvalues ωE , ω
2
E , . . .

This is the Z(N) generalisation of the E ↔ −E Ising symmetry
(recall ω = −1 for N = 2).

In general non-Hermitian hamiltonians describe the dynamics of
physical systems that are not conservative.

The properties of the model are well worth exploring, being a rare
example of an exactly solved non-Hermitian many-body system.



Boundary dependent bulk critical behaviour

F C Alcaraz and MTB, Phys. Rev. E 97, 062118 (2018)

• Solution of the free parafermionic Z(N) chain is only for open
boundary conditions (OBC).

• What about periodic boundary conditions (PBC)?

⟶ We resorted to a numerical study based on finite-size
diagonalization and extrapolation.



bulk ground state energy per site

e∞(λ) = lim
L→∞

E0(λ)
L

N = 3 λ = 1

Extrap. PBC Extrap. OBC Exact OBC

Z(3) -1.1544 ± 0.0002 -1.1321 ± 0.0002 -1.1320933607263



ground-state energy per site at λ = 1

data for N = 3, 4, 5, 6, 7, 8, 10, 20

0 0.1 0.2 0.3 0.4
1/N

-2

-1.8

-1.6

-1.4

-1.2

-1

E 0(L
)/L

 L=7  PBC
 L=7  OBC
L=10 PBC
L=10 OBC
L=11 PBC
L=11 OBC

PBC

OBC



ground-state energy per site at λ = 1

extrapolated data to bulk L→∞ limit

0.1 0.2 0.3 0.4
1/N

-1.8

-1.6

-1.4

-1.2

e ∞
OBC

PBC



What are exceptional points?

Exceptional points are spectral singularities in the parameter space
of a system in which two or more eigenvalues, and their
corresponding eigenvectors, simultaneously coalesce.

Such degeneracies are peculiar features of nonconservative systems
that exchange energy with their surrounding environment.

EPs are level degeneracies induced by non-Hermiticity.

They exhibit exotic topological phenomena associated with the
winding of eigenvalues and eigenvectors.

A vast and highly active topic!



Free parafermion eigenspectrum (N = 3, L = 4)

�✏0 � ✏1 � ✏2 � ✏3

�✏0 � !✏1 � !✏2 � !✏3

�!2✏0 � ✏1 � ✏2 � !2✏3

✏1

✏2

✏3

✏4

0

1



N = 5



Free parafermion eigenspectrum (N = 3, L = 4, λ = 1)

(left) complex energy spectra obtained from the quasienergies
(blue dots), and values obtained from exact diagonalisation of the
full Hamiltonian (red crosses).

(right) quasienergies εj .



Partial motivation for the present work

Our previous work on this model showed unusual properties for
N ≥ 3 such as diverging correlation functions with system size L.

Z.-Z. Liu, R. A. Henry, MTB and H.-Q. Zhou, JSTAT 2019, 124002

Some ground-state expectation values for the free parafermion Z(N) spin chain

How to explain this behaviour?



The solution

F C Alcaraz, MTB and Z-Z Liu, J Phys A 50, 16LT03 (2017)

−H =

L

∑
j=1

τj + λ
L−1

∑
j=1

σj σ
†
j+1

−E =

L

∑
j=1

ω
pj εkj , pj = 0, 1, . . . ,N − 1, ω = e

2πi/N

εk = (1 + λ
N
+ 2λ

N/2
cos k)

1/N

kj satisfy

sin(L + 1)k = −λN/2
sin Lk

for λ = 1, kj =
2jπ
2L+1 , j = 1, . . . ,L and εk = (2 cos k

2 )2/N .



Free parafermion eigenspectrum (N = 3, L = 4, λ = e
2πiφ/N

)



Exceptional points

For real positive λ, the quasi-energies εj are always positive and
distinct.

For complex λ, a pair of them may become equal at certain values
of λ, which depend on N and L.

We call these quasi-energy exceptional points.

We call EPs in the energy spectrum Hamiltonian exceptional
points.

⟹ quasi-energy EPs give rise to Hamiltonian EPs.

Moreover, we can calculate them.



A quasi-energy EP will occur when

sin(L + 1)k = −λN/2
sin Lk

has a repeated root, meaning that both this equation and its
derivative are satisfied.

The EPs are pairs of values kEP and λEP which satisfy these
equations simultaneously.

In this way we obtain kEP as the solution to

sin(2L + 1)k − (2L + 1) sin k = 0 ,

with the corresponding value λEP given by

λ = [− sin(L + 1)k
sin Lk

]
2/N

.
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Figure 3: (Left) Equation (15) evaluated for L = 4. The zeros are marked with white crosses.
(Middle, right) The absolute value of the di↵erence between the smallest and second-smallest
quasienergies �✏01 for N = 2 (middle) and N = 3 (right). The zeros from the left figure
are transformed using Eq. (16) and marked with white crosses. They correspond to actual
zeros of �✏01 to numerical precision, except for the trivial zero occurring at k = 0 and
� = exp(2⇡ij/N), j 2 {0, . . . , N � 1}.

producing an identical spectrum to the unrotated case. This invariance under a rotation of !
makes it convenient to introduce a rescaled rotation angle � such that

� = |�|e2⇡i�/N (11)

In this notation, any integer value of � will produce an identical spectrum, and the full
set of rotated spectra can be found in the range 0  � < 1. However, applying the rotation
to only one term of H produces an undesirable overall rotation of the spectrum. This can be
avoided by applying an additional global rotation of half the magnitude:

H = �e�i⇡�/N
L�1X

j=0

Z†
j Zj+1 � |�|ei⇡�/N

LX

j=1

Xj , (12)

This rotation is necessary to make the ground state energy expression work correctly, and
possibly ensure some other nice properties of the spectrum/quasienergies under the rotation. I
will add a bit more information about this. I could also add some graphs showing convergence
to the L = 1 ground state energy although it may be su�cient just to mention it. On the
other hand, it might be better to avoid applying this global rotation except when necessary to
avoid confusing the reader...

3 Exceptional Points

For real positive �, the quasienergies ✏j are always positive and distinct. For complex �, a
pair of them may become equal at certain values of �, which depend on L and N . These are
exceptional points of the matrix Eq. (6), and, as will be shown, correspond to special excep-
tional points of the Hamiltonian. It is important to note the disctintion between degeneracies
of the ✏j , which will be referred to as quasienergy exceptional points, and exceptional points of
the full Hamiltonian, Hamiltonian exceptional points. As will be demonstrated, most but not
all quasienergy EPs give rise to many Hamiltonian EPs occuring at once, known as confluent
exceptional points. However the Hamiltonian has many other EPs, which are typically not
confluent and do not arise from degeneracies in the quasienergies, but more accidentally.

6

(left) k solutions for L = 4

(middle) difference between smallest and second-smallest
quasi-energies for N = 2

(right) difference between smallest and second-smallest
quasi-energies for N = 3

The corresponding values of λEP are also shown as crosses.



3.2 Trivial Exceptional Points 3 EXCEPTIONAL POINTS
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Figure 3: (Top left) Equation (13) evaluated for L = 4. The zeros are marked
with white crosses. Also shown are the absolute value of the di↵erence between
the smallest and second-smallest quasienergies �✏01 for N = 2 (top right), N = 3
(bottom left) and N = 4 (bottom right). The zeros from the left subfigure are
transformed using Eq. (14) and marked with white crosses in each subfigure.
They correspond to actual zeros of �✏01 to numerical precision, except for the
trivial zero occurring at k = 0 and near the roots of unity � = exp(2⇡ij/N),
j 2 {0, . . . , N � 1}.
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Figure 5: The absolute distance between the smallest two quasienergies for L = 50, N =
3. The exceptional points found by minimising Eq. (15) are marked with white crosses.
Subfigures show di↵erent parameter ranges.

10

N = 3 L = 50

Can apply large L expansion results for k to show that λEP satisfies

λ
N
= cos (2πj

L
) ± i sin (2πj

L
) .
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Figure 5.3: The absolute distance �✏12 between the smallest two quasienergies for L = 30,
N = 3. The exceptional points found by minimising Eq. (5.6) are marked with white crosses.
Subfigures show di↵erent parameter ranges.

N = 3 L = 50



Concluding remarks for this section

▶ We have located the quasi-energy EPs in the complex plane.

▶ Numerical tests confirm they correspond to Hamiltonian EPs.

▶ And also confirm that the corresponding eigenvectors coalesce.

▶ For large L they are on the unit circle in the complex λ plane.

▶ There are other degeneracies in the energy eigenspectrum, but
they are not EPs.

▶ Although in the complex plane, EPs can influence properties
(such as correlations) along the real axis..

details in R.A. Henry and MTB, SciPost Physics 15, 016 (2023)



EPs in the XY model

The spin-1
2

anisotropic XY model is defined by the Hamiltonian

H = −
L−1

∑
n=1

(1 + γ
2

σ
x
nσ

x
n+1 +

1 − γ
2

σ
y
nσ

y
n+1)

Free fermion eigenspectrum

E = ±ε1 ± ε2 ±⋯± εL

The quasienergies follow directly from the eigenvalues of the L × L
matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

y
2

0 x y 0 ⋯ 0

0 x
2 + y

2
0 x y ⋯ 0

x y 0 x
2 + y

2
0 ⋯ 0

0 x y 0 x
2 + y

2 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ 0 x
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

where x = 1
2 (1 + γ) and y = 1

2 (1 − γ).



Solved in 1961 by Lieb, Schultz and Mattis.

For this model
εj = [1 − (1 − γ

2) sin
2
kj]

1
2 .

The kj satisfy
sin (L + 2)k

sin Lk
= λ

±1
,

where

λ =
1 − γ
1 + γ

.

The solution also works for complex λ.

Work through in the same way to obtain the location of the
exceptional points!



Examples of building the eigenspectrum (L = 4)



Can show (broken) PT-Symmetry if λ is pure imaginary.





See two concentric rings of EPs which converge to the unit circle
in the infinite size limit.

R.A. Henry, D.C. Liu and MTB, AAPPS Bull. 35, 29 (2025)



THANK YOU!


