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1. Bethe ansatz for spin chains, condensed matter, ultracold atoms, etc.
      Batchelor, A. Foerster, J. Links, J.-P. Cao, C. Paletta, Y.-Z. Zhang, Y. Miao

      S. Chen, H. Katsura, Y.F. Jiang

2. Open bounaries, boundary CFT, QFT,  Logarithmic CFT, AdS/CFT,  Kondo   

      Physics, Bosonization
      R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, W.-L. Yang,  G.-L. Li,

      M. Yamazaki, W. Gu, J.E. Bourgine, D. Ridout， Y.-D. Wan, X.Y. Zhang

3. Quantum entanglementm, Integrable models out of equilibrium and other 

     related topics
      B. Pozsgay, C.-S. Tian, M. Oshikawa, M. Kormos, J. Jacobsen, J.-D. Wu, R. D. Zhu

4.  Special Session    (H-Q. Lin, M. Batchelor, Y. Shi, H. Zhai, Z.C. Gu, V. Korepin,P. Wiegmann )

Topics at “Challenges in Integrability”



Integrable models of bosons contructed from the L-operator (J. Links, J.-P. Cao, S. Chen)

Which offers many cases of integrability!

Are such integrable models experimentally relevant?

What is unique feature from integrability? 

Bosonic Hubbard model with hoping to one side, non-hermitian model  (J.-P. Cao, S. Chen)

1. Bethe ansatz for spin chains, condensed matter, ultracold atoms, etc.



Mul9-well Hamiltonian and entanglement of quantum states (Links, Foerster)
Two Wells

Three Wells

Supercontrol of quantum states

Four Wells

What are more can be expected from quantum integrability than the numerical results?

Are such quantum states  suseful in quantum technology?



Z(N) spin chains Temperley-Lieb model 

Superintegrable chiral PoEs chain

Integrable models can be picked up from old  literature (M. Batchelor)

Free parafermion eigenstates
N=5

PaEerns in nature are intgeable?



• Quasi-Integrable models constructed from polynomial algebra (Y-Z Zhang) 

Spin operator:

What  new physics is expected  in such kind of  models with different underlying algebric structure? 

• Haldane-Shastry spin chain  (Y. Miao)

𝑯𝑯𝑺 =#
𝒊$𝒋

𝑵
𝑰 − 𝑷𝒊𝒋

𝟒 𝒔𝒊𝒏𝟐 𝒊 − 𝒋𝑵

Spin Calogero-Sutherland model

Triangular funcDon, yes!
EllipDc funcDon?



Quantum group symmetry 𝑫𝒏"𝟏𝟐 models and Non-compact CFT
Unified form of the k-mtrix: 

Finite size spectrum: 𝐸 𝑁 ~	𝑁	𝑒! + 𝑓! +
𝜋𝑣"
𝑁

𝑋#$$

Continuous components for 𝝐 = 𝟏:

The ground state has a non-zero spin s, the symmetry of the model spontaneously 
broken, related a black hole sigma model. 

𝑋%&& = number + 𝑛' $())
(+,- .)^'	

,
𝑁 → ∞

For 0 < 𝜂 < 𝑖𝜋/4 Scaling dimension 
Con@nuous  with γ!Non-compact  boundary  CFT

R. Nepomechie

𝑫𝟐𝟐:	 Reminscience of my experience
in the time before 2000 in Sao Carlos, Brazil

2. Open bounaries, boundary CFT,Logarithmic CFT, AdS/CFT, Kondo Physics, Bosonization 
(R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, W.-L. Yang,  G.-L. Li, M. Yamazaki, W. Gu, J.E. 
Bourgine, D. Ridout, Y.-D. Wan, X.Y. Zhang)



Open Boundaries: a choice of boundaries becomes a symmetry 
 (Eric Venier, …)

Strong zero mode: Ψ,𝐻 = 0, 	 ΨC ∝ 1

InteresDng extension of the OBC:

What is important physics   under the thermodynmaic limit?

Long coherent time



Open Boundaries: Kondo impurities coupled to the edges (Andrei, …)

Impurity coupled to many SC wires 

Impurity at the edge of spin chain

1D SC wire with an impurity

Schreened, Overscreened , Unscreened 

Why do we study Kondo impuri2es? 



The off-diagonal Bethe ansatz method of quantum integrable systems

Essence of Integrability（T-Q relation） 

• Spin- 1/2 Heisenberg chain with the periodic boundary condition
• Spin- 1/2 Heisenberg chain with arbitrary boundary fields
• Open spin chains with general BC associated with the other algebras
• Super-symmetric t-J model with unparallel boundary fields
• Hubbard model with unparallel boundary fields
• Spin chain associated with the 𝐺D exceptional Lie algebra symmetry
• ….. W.L. Yang, G.-L. Li, A. Klumper, …

Ques2on: What can we observe  from boubnaries more than finite spectra?



T Q-rela)ons → finite NLIE for open integrable models
A. Klumper

TQ relaDon and auxiliary funcDons

Ques2on: What can we observe  from boubnaries more than finite spectra?



Yun-Feng Jiang

Can we use such Hilbert space  structure to determine the entanglement  structure?

T-Q realtion and BA Equations
Root partterns/structure  in 

Do it!



Modefied Bethe ansatz for twisted BC
Mysterisous twist decomposi[on

Modefied transfer matrix

Eigenvalue 

Scholar product of Bethe vector 

Applicable to the Hubbard model liked models??

More intersting applications



2. Vor[ces: expression of flux quanta leading to a  
reduc[on of Coulomb energy and forming a Composite 
par[cle, i.e. electrons+flux

Quantum statistics can be factorized!

Frac[onal QHE(2D,low T, high H) 
Laughlin, Störmer, Tsui, (q = 𝑒/3	）
1998 Nobel Prize 
2D Electron Gas
Quantized motion of electrons: 
Electron-electron interaction+
flux=composite particle: 
charge, flux quanta,statistics (Laughlin) 

Quantum swirls

1. Two iden[cal par[cles exchange sta[s[cs 

𝝍 𝒓𝟏, 𝒓𝟐 = 𝐞𝐢𝜶𝝍(𝒓𝟐, 𝒓𝟏)

Fermions: antisymetric   𝜶 = 𝝅

Bosons:    symetric 𝜶 = 𝟎
Anyons:    arbitrary 𝜶 ≠ 𝟎

3. Wave funcDon undergoes a matrix 
transformaDon
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Particle exchange statistics beyond fermions 
and bosons

Zhiyuan Wang1,2,3 ✉ & Kaden R. A. Hazzard1,2

It is commonly believed that there are only two types of particle exchange statistics  
in quantum mechanics, fermions and bosons, with the exception of anyons in two 
dimensions1–5. In principle, a second exception known as parastatistics, which extends 
outside two dimensions, has been considered6 but was believed to be physically 
equivalent to fermions and bosons7–9. Here we show that non-trivial parastatistics 
inequivalent to either fermions or bosons can exist in physical systems. These new 
types of identical particle obey generalized exclusion principles, leading to exotic 
free-particle thermodynamics distinct from any system of free fermions and bosons. 
We formulate our theory by developing a second quantization of paraparticles that 
naturally includes exactly solvable non-interacting theories and incorporates 
physical constraints such as locality. We then construct a family of exactly solvable 
quantum spin models in one and two dimensions, in which free paraparticles emerge 
as quasiparticle excitations, and their exchange statistics can be physically observed 
and are notably distinct from fermions and bosons. This demonstrates the possibility 
of a new type of quasiparticle in condensed matter systems and—more speculatively—
the potential for previously unconsidered types of elementary particle.

It is commonly believed that there are only two types of particle 
exchange statistics—fermions and bosons. The standard textbook 
argument for this dichotomy is as follows. Each multiparticle quantum 
state is described by a wavefunction Ψ(x1, x2,…, xn), a complex-valued 
function of particle coordinates in a d-dimensional space 
x x x, , …, ∈n

d
1 2 R . The particles are identical, meaning that, when we 

exchange any two of them (say, x1 and x2), the resulting wavefunction 
Ψ(x2, x1,…, xn) must represent the same physical state and therefore 
can change by at most a constant factor

Ψ x x x cΨ x x x( , , …, ) = ( , , …, ). (1)n n2 1 1 2

If we perform a second exchange, we have

Ψ x x x cΨ x x x

c Ψ x x x

( , , …, ) = ( , , …, )

= ( , , …, ),
(2)

n n

n

1 2 2 1
2

1 2

leading to c2 = 1, as the wavefunction cannot be constantly zero. This 
provides exactly two possibilities, bosons (c = 1) and fermions (c = −1).

Despite being simple and convincing, there are two important 
exceptions to the fermion/boson dichotomy. The first is anyons in 
two spatial dimensions (2D)1–5,10. The second is parastatistics6,11–15, which 
can be consistently defined in any dimension. The way this evades the 
above argument is that the wavefunction can carry extra indices that 
transform non-trivially during an exchange. Consider an n-particle 
wavefunction ΨI(x1, x2,…, xn), in which I is a collection of extra indices 
corresponding to some internal degrees of freedom inaccessible to 
local measurements. Under an exchange between particles j and j + 1 

(note that we only need to specify the behaviour of the wavefunction 
under exchange of particles with adjacent labels, as non-adjacent 
exchanges can always be decomposed into a sequence of adjacent 
exchanges), the wavefunction may undergo a matrix transformation

∑Ψ x R Ψ x({ } )| = ( ) ({ } ), (3)
I

i i
n

x x
J

j J
I J

i i
n

=1 " =1j j+1

for j = 1,…, n − 1, in which the summation is over all possible values  
of J. Similar to the c2 = 1 constraint for equation (1), the matrices R( )j J

I  
have to satisfy some algebraic constraints to guarantee consistency 
of equation (3):

and RiRj = RjRi for |i − j| ≥ 2. The derivation of the first equation is similar 
to equation (2), the second equation is because of the equivalence of 
two different ways of swapping xj−1, xj, xj+1 to xj+1, xj, xj−1 and the last equa-
tion is because of the commutativity of the swaps xi ↔ xi+1 and xj ↔ xj+1 
for |i − j| ≥ 2. These constraints are equivalent to the requirement that 
R{ }j j

n
=1
−1 generates a representation of the symmetric group Sn (ref. 16). 

If this representation is not one-dimensional (1D), we say equation (3) 
defines a type of parastatistical particle, or paraparticles for short. 
Notice that the first relation in equation (4) is crucial for parastatistics 
to be consistently defined in any dimension; anyons generally do not 
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Ques[on: Laaces allow the condensa[on of topological anyons?

Yi-Dun Wan

（Wang,Hazzard, Nature 2025）

New way of anyon



• Tomonaga-Luttinger liquid theory: old topic but needs to reconfirm (Volker  Meden)

Open question: Spectral Function with momentum dependent potential to be comfirmed!

• Non-Abelian Hall effect (J E Bourgine) 

Integer QHE Frac[onal  QHE 

Quasi hole as anyon

Abelian FQHE: U(1) Chern-Simons level k (𝝂 = 𝟏/𝒌)

Non-Abelian FQHE: U(1) Chern-Simons level k (𝝂 = 𝒑/(𝒌 + 𝒑))

New quantum model for non-Abelian FQHE: High spin & 𝑨𝟐	Calogero model, QHE matrix model 



Dynamical Yang-Baxter equation (X.-Y. Zhang)

RG from IR to UV        (C Ahn)

Majorana Yang-Baxter Equa9on 

H. Katsura

Sachdev-Ye-Kitaev model

Ising variable

Complex SYK model 

Pairing models



• Traditional research on integrability in higher dimensional gauge theories
• TTbar deformation and 4D nonlinear electrodynamics 
• Aspects Light-Cone Quantization
• Integrable Structures Emerging from Compact  BF Theory
• Matrix model dscriptions of the quantum Hall effect
• Aspects of discrete light-cone quantizations and 4D Chern-Simons theory
• Bosonic ghost correlators: a case study
• Symmetry-resolved entanglement in 1+1D conformal field theories with non-

invertible symmetries
• Exact wave function for relativistic Toda chains from 5d SQFTs
• Hiden symmetry of 4F gauge theory
• …

The main theme also includes: CFT, QFT and string theory 
(R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, M. Yamazaki, W. Gu, 
J.E. Bourgine, D. Ridout, Y.-D. Wan, X.Y. Zhang)



3. Quantum entanglementm, Integrable models out of equilibrium and other related topics

M. Oshikawa,  M. Kormos, J. Jacobsen,  J.-D. Wu, C. Matsui, T. Quella 

Drude weight: Kohn formula and bulk   

SciPost Physics Lecture Notes Submission

equation of motion. For the total spin current J s =
P
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`
we have, in particular,
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Using the Jordan-Wigner transformation (1.3) we see that in terms of spinless fermions this
corresponds to a particle current, i.e., the di↵erence between particles moving to the left and
to the right.

Similarly, we can derive the thermal current operator J th =
P

`
j
th
`

by the continuity
equation
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). The thermal current thus splits

into two parts, J th = J
E � hJ

s, where J
s is the spin current (2.2) and J

E the energy current
obtained from the continuity equation (2.3) for the case of zero magnetic field. In other
words, at finite magnetic fields there is a contribution to the thermal current due to particle
transport. Calculating the commutator in (2.3) for h = 0, leads to an energy current density
j
E

`
acting on three neighbouring sites which can be written in compact form as
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Alternatively, the spin current can also be derived by putting a flux � through an XXZ
ring in the fermionic formulation (1.2). The flux then couples via the Peierls substitution

c
†
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c`+1 ! c

†
`
c`+1e�iA`,`+1 . Here A`,`+1 is the vector potential along the bond with

P
`
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�. The current operator is then given by j
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. Furthermore, the diamagnetic

term can be obtained as @
2
H

@A2

��
A!0

= Hkin where Hkin is the hopping part of the Hamiltonian
(1.2).

The transport coe�cients relate the currents to the gradients in temperature and magnetic
field ✓
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with th being the thermal conductivity and �s the spin conductivity. The coe�cients C
th
s

and C
s

th describe the creation of a thermal current due to a magnetic field gradient and of
a spin current due to a thermal gradient, respectively. The latter is the spin Seebeck e↵ect
which has been studied in much detail for ferromagnets in the field of spintronics. From the
Onsager relation [1] it follows that Cth

s = TC
s

th.
The, in general, complex and frequency dependent transport coe�cients are decomposed

as, for example,
�
0
s(k = 0,!) = 2⇡Ds�(!) + �

reg
s (!) (2.6)

where �
0
s(k,!) denotes the real part of the spin conductivity at momentum k and frequency

!. Ds is the spin Drude weight, and �
reg
s (!) the regular part of the conductivity. We can

write down a similar decomposition for the thermal conductivity th(!). A non-zero Drude
weight signals ballistic transport, i.e. a diverging dc conductivity. Physically, this means that
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Drude weight can be obtained from real-9me 
equilibrium current-current correla9on func9on
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Linear & nonlinear  Drude weight from Kohn formula 
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Oshikawa instaneous & Kohn formulas 

Bulk Drude weight and conducDviDes 



Entalement scaling in 1+1D CFT
T Quella

Spin-1 Affleck-Kennedy-Lieb-Tasaki  model

1D Spin-1 model 

Scar states in 1D spin-1 model  

Chihiro Matsui

Symmetry and entanglement 

From bipar[[on to symmetry resolved entanglement entropy 

Renyi and von Newmann entropy
projectors



Quantum geometry from integrable quantum field theory: a good start in new applica9on 

J. D Wu

Beyond integtable QFT?

Berry connection



2D lattice models with Ocneanu Algebra

CriDcal Unitary A-D-E RSOS La^ce models 

Conformal weights, central charges, par@@on func@ons,
integrable structur, .…

Varia9onal BA: applicable beyond  Integrability    

Varia@onal quantum algorithm

Quantum circuit learning

Simula[ons

P. Pearce R-D Zhu



Quantum circuit models of quantum computa9on: new development of Integrability (Pozsgay)

Algebric Bethe ansatz gates Prepare an eigenstate of the XX model

Rule 54 model

(Paleaa)

Will the combina[on of tenser network +quantum transfer matrix + Bethe ansatz be applied in future?



4. Special Session

Gratitude to the speakers for sharing the profound wisdom, scientific attainments and noble virtues of two 
great masters. Their intellectual brilliance, ideological depth, and noble sentiments are a priceless treasure 
of humanity. 

H-Q. Lin

M. Batchelor

Y. Shi

 H. Zhai

 Z.C. Gu

V. Korepin

P. Wiegmann 

Speakers:



In-depth communica)ons with the two great scien)sts

With Professor Chen Ning Yang With professor Rodney Baxter

C N Yang，Nobel Prize Laureate,  US National Medal of Science, the Franklin Medal, the   
                             Onsager Prize, etc. the King Faisal International Prize for Science 

Rodney Baxter， Fellow of the Royal Societies of Australia and the United Kingdom, 
recipient of the Onsager Prize, the Poincaré Prize in Mathematics, the 2013 Royal Medal, etc



“True Feelings and Profound Insights Forge a Literary Work”– Fan Zeng

Professors  C N Yang and Rodney Baxter’s  profound 
wisdom, the beauty of their scientific pursuits, and their 
noble virtues as mentors will endure forever.



Thank you for your participation and persistence!
Welcome to Wuhan, China again!


