International Workshop on
“Challenges in Integrability”

We thank all speakers for their excellent talks, which presented novel insights into
diverse areas of physics via mathematical models

Gratitude to all participants—your engagement made this workshop successful

We also acknowledge our service team and collaborative partner Qi-Zhen Company
Sincere thanks to the Organizing Committee for their meticulous organization

and to all sponsors for their generous financial support
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SPecial session in memory of

Professor CN Yang anq CUHK

Physics
Hai-Qing Lin, cupg Zhejiang University

On 18 October 2025, Professor Yang Chen-Ning passed away.

While the world lost a great theoretical physicist and a great /‘
person, the Department of Physics at the Chinese University
of Hong Kong lost a mentor and a close friend. vwe wguld
like to express our gratitude to Prof. Yang for his unt;!:i
guidance and support over the years by recc:‘l!rer\ctlng
precious moments we spent with him.




Topics at “Challenges in Integrability”

1. Bethe ansatz for spin chains, condensed matter, ultracold atoms, etc.
Batchelor, A. Foerster, J. Links, J.-P. Cao, C. Paletta, Y.-Z. Zhang, Y. Miao
S. Chen, H. Katsura, Y.F. Jiang

2. Open bounaries, boundary CFT, QFT, Logarithmic CFT, AdS/CFT, Kondo

Physics, Bosonization
R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, W.-L. Yang, G.-L. Li,
M. Yamazaki, W. Gu, J.E. Bourgine, D. Ridout, Y.-D. Wan, X.Y. Zhang

3. Quantum entanglementm, Integrable models out of equilibrium and other

related topics
B. Pozsgay, C.-S. Tian, M. Oshikawa, M. Kormos, J. Jacobsen, J.-D. Wu, R. D. Zhu

4. Special Session (H-Q. Lin, M. Batchelor, Y. Shi, H. Zhai, Z.C. Gu, V. Korepin,P. Wiegmann )



1.

Bethe ansatz for spin chains, condensed matter, ultracold atoms, etc.

Integrable models of bosons contructed from the L-operator (J. Links, J.-P. Cao, S. Chen)
<

&

Which offers many cases of integrability!
PR ,

7 | 2,

Are such integrable models experimentally relevant?

What is unique feature from integrability?

Bosonic Hubbard model with hoping to one side, non-hermitian model (J.-P. Cao, S. Chen)
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Multi-well Hamiltonian and entanglement of quantum states (Links, Foerster)

Two Wells
Er, 4 ; " Q
(Nl—N2)—7( 1CL2—|—CL26L1) : (%) .
_ o.. C < 8“ A —
_— S =%
U(N; + N3 — Ny)? + Au(Ny + N3 — Ny) \ e,
+ ti(alas + a1al) + ts(alas + aqal) - . - \
g ¢ A o S "
Four We"s Protocol NOON II / _,Q = o
nom g
Hom = U(Na—Np)*+Ap(Na—Np)+> ) _ti;(aibi+alb;)
i=1 j=1 Supercontrol of quantum states

What are more can be expected from quantum integrability than the numerical results?

Are such quantum states suseful in quantum technology?




Integrable models can be picked up from old literature (M. Batchelor)
Z(N) spin chains Temperley-Lieb model

L N-1

()\T +an JA_{_ln)
j=1 n=1 e2_j—1

ﬁ\

77=1910--®19701® - ®1
0;=191®---®1®0®1® - ®1 & =

i (UJ _]+1)

ﬁ\

(T)Em = 5£m+1 (mOd N)

o = diag(Lww’,.. ") Superintegrable chiral Potts chain
Free parafermion eigenstates L N-1 n
Hcp = — Z Z ()\OznTjn + o, (O'J'O'}+1) )
Jj=1 n=1
(i(2n=N)$/N L Gi2n-Ng/N
= Sin(rn/N) = Sin(mn/ N)

Patterns in nature are intgeable?



* Quasi-Integrable models constructed from polynomial algebra (Y-Z Zhang)
What new physics is expected in such kind of models with different underlying algebric structure?

nPo, Pi] = xP4, Spin operator: 1\
— |k _+
[P+,P_] = ¢(2k)(P0, C) — ¢(2k)(PO —1,C) P+ = Ji, Py = kJO

oK) (Py, C) = — f[[c — (kPg + k — i + 1)(kPo + k — i)] + f[[c —i(i —1)]
i=1 i=1

k
H=cy Py +c_P_+)> c (kPy)® +c.

o = /

Triangular function, yes!
Elliptic function?

 Haldane-Shastry spin chain (Y. Miao)

Spin Calogero-Sutherland model
N /

I_Pij N 2 P
HHszz —— s a . r§+ s
i< 4 sin? ! m He -3 2% *F % grsirt (45




2. Open bounaries, boundary CFT,Logarithmic CFT, AdS/CFT, Kondo Physics, Bosonization

(R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, W.-L. Yang, G.-L. Li, M. Yamazaki, W. Gu, J.E.
Bourgine, D. Ridout, Y.-D. Wan, X.Y. Zhang)

Quantum group symmetry D,21+1models and Non-compact CFT R. Nepomechie
Unified form of the k-mtrix:
(__’?:(?f)_'!?_x_? _______________________________________________________________________________ \
............... g(“)”("‘f’)x("‘f’) D2: Reminscience of my experience
KB(u,e,p) = | ) ky(u) | ~in the time before 2000 in Sao Carlos, Brazil
b k() Ri(e)
_________________________________________________________ 9 Wn-p)x-p) |
\ k+(u)"pxp)
o« o . MV
Finite size spectrum: E(N)~N ew + foo + — Xegr )
C 1 T
Continuous components for € = 1: Xef=—— t+hss=——+ e 28 +1——) + 7 s?
24 ’ 12 4r 7y m— 2y
Xefe = [number] + n? ﬁ, For0 <n < im/4  Scaling dimension

Non-compact boundary CFT Continuous with y!

The ground state has a non-zero spin s, the symmetry of the model spontaneously
broken, related a black hole sigma model.



Open Boundaries: a choice of boundaries becomes a symmetry
(Eric Venier, ...)

ol T E TR g | 114
Strong zero mode: [W,H] =0, Y 1 el I
= o4t
w02t
h h\° S o
UV=0]+—o0jo5+ (=] olos05+... € o2
J J 04}
L=38
os| — i1
L—1 'Oj i L=14 . . !
7, H = Z hjjt1 +hoi 102 10° 102 10* 106 108
()
L—1 1
Uy U = Z \IIT—F—\IJL
r=1 b Long coherent time
s
Uy
5\116 v, [H, \Ij] — O

Interesting extension of the OBC:

L
T (im/2) = Z
— What is important physics under the thermodynmaic limit?
]:



Open Boundaries: Kondo impurities coupled to the edges (Andrei, ...)

L o \QE%// Jggggggg._{_t

! | R IR : t ok
‘ SR N> '
I / { \
Quantum spin 1/2
/ K n Impurity at the edge of spin chain
w—1
1D SC wire with an impurity Impurity coupled to many SC wires
0 0 _ p ] Zero mode phase ‘ YSR phase
H=—i / dx (v1 0y — T Op_) + 28 / dxpl oy, -l aw_ + Ipl(0)59.(0) - S i s . 0 @
L - v ) J g ' ' :
|
1D spin-singlet superconductor Ogss(z) = of (:E)Uywj_ () Quantum spin 1/2
Simp

s YSR-I phase

1

Impurity is overscreened in the GS Impurity is unscreened in the GS

Schreened, Overscreened , Unscreened

Why do we study Kondo impurities?




The off-diagonal Bethe ansatz method of quantum integrable systems
N—1

H=3" (chok+ol ol +ofokn) + 2of + (of +&oh)
k=1

Essence of Integrability (T-Q relation)

t(u) = tr(K*(u) T(u)) = tr (K+(u)T(u)K_(u)T_1(—u))

« Spin- 1/2 Heisenberg chain with the periodic boundary condition

« Spin- 1/2 Heisenberg chain with arbitrary boundary fields

« Open spin chains with general BC associated with the other algebras
« Super-symmetric t-J model with unparallel boundary fields

« Hubbard model with unparallel boundary fields

« Spin chain associated with the G, exceptional Lie algebra symmetry
..... W.L. Yang, G.-L. Li, A. Klumper, ...

Question: What can we observe from boubnaries more than finite spectra?



T Q-relations - finite NLIE for open integrable models
A. Klumper

TQ relation and auxiliary functions

-

1

x__

1 1

:Qz('

_x__

q1(x) = Q1 (%

) wmaie )

2 2 2
i1 g1 (x+2i) 1 g» (x —2i)
t)=T(-x—=)= +d Ly (x) 22
w=1(35-3) PO w TP 06w TPY
M) Ao M (¥

We — H. Frahm, AK, D. Wagner and X. Zhang (2025) — find that the following auxiliary functions
have useful properties:

)+ M ()

14ge )
M) St A1 (x) ’
M@ +hE) o1 aa MO A+ A ()
S We R A=lta= e
_ M) [M(x) +2A2(x) +A3(x)] Com1tc [A1(x) + A2 (x)] [A2(x) +2A3(x)]
A1 (X)A3(x) ’ A1 (X)A3(x) ’

Question: What can we observe from boubnaries more than finite spectra?



Theorem Root partterns/structure in
T-Q realtion and BA Equations

The solution of TQ-relation for both Q(u) and P(u) being polynomials

give the complete spectrum of the XXX spin chain. Yun-Feng Jiang
From rational Q-system to BAE Structure of Hilbert space
]. ]. 1 ]. F th f' t I {Ul,UQ,...,UN}
ocus on the first column / _____________________________________________
Conmaan ) [T
E {Ul,...,uN,'ng) ..... '[L%z)} {U]_,...,UN,(—l—OO) 007(_00) oo} E
a ®@1,000,1 = Q11 +,0 — QtlQ(Io V
5 i (1) (1) (2) (2)
v {ug, . UN, Uy s Up, s Uy ey uy’}
Qf () = QfF (wy), | b
Q11 (uk) Qg o (ur) = QF 1 (ur) Qg o (uk ] - o E i i . B
[ 1,1( ) 0,0( ) 1,1( ) 0,0( ) Ql,l(uk) _ _Ql,O (Uk) {ul,...,UN,ugl) """" ug),u§2),...,ug),(+oo) < (—o0)™*}

1 ]
T

Can we use such Hilbert space structure to determine the entanglement structure?

Do it!



Modefied Bethe ansatz for twisted BC

Mysterisous twist decomposition

=t
$ K:LDM:( Ton )
K K

Modefied transfer matrix

t(z) = Tr(DT(2)) = (& — p1)A(2) + (k — p2) D(2)

Twisted one dimensional spin chains

(w]
<u_)\

More intersting applications

(w]
(w]

Eigenvalue

A(z,u) = (R — p1)M(2) f(@, 2) + (k — p2)A2(2) f(2,2) + (p1 + p2)F(2)g9(2, u),
E(ui, 8;) = (k — p2)Ae(wi) f(wi, @) — (R — p1) A (wi) f (@i, wi) + (p1 + p2) F(wi) g (ui, ;)
Scholar product of Bethe vector

u; U C(9)B(u ' i ??
Sk (u;9) = (0|C(v)B(u)|0) Applicable to the Hubbard model liked models??



. . . I
Quantum statistics can be faCtOFIZEd. 2. Vortices: expression of flux quanta leading to a

( h reduction of Coulomb energy and forming a Composite
1. Two identical particles exchange statistics particle, i.e. electrons+flux

1/)(7”1;7"2) = eiall}(rz,rl) N

Fractional QHE(2D,low T, high H)

Fermions: antisymetric a = m Laughlin, Stormer, Tsui, (q = e/3 )
1998 Nobel Prize
Bosons: symetric a =0 2D Electron Gas

Quantized motion of electrons:

Anyons: arbitrary a + 0 . :
Electron-electron interaction+

- J
flux=composite particle: ,
( . . ) charge, flux quanta,statistics (Laughlin)
3. Wave function undergoes a matrix N J
transformation ‘ ENLARGED HU-GEER-WU STRING-NET MODEL i 2506.05310
/ _ / : »\.- Edges/Tails: Gauge Dofs o - New wa of anvon
WIOGBED o, = ; (Ry)) %/ (G}Ly) S y of any

Yi-Dun Wan

JJrl jj+l j-1j j+1 J-1jJj+1
R2— 1 R RR _ RR R E.g.:(05,1),(05,9) B o o B o .
j = , j-1RjRj-1 = jRj-1K; t t Anyons 11, 1,91, 14,01, Yy, Ya, oy, a0

o Flux (M le): Providing curvature via magnetic Gauss Law
\ ) * Internal Charge Space: Gauge UFC Representation Space

Tail Endpoint: Guage Curvature:
E.g.,1,v,0 in Ising Fusion category

(Wang,Hazzard, Nature 2025) Question: Lattices allow the condensation of topological anyons?



* Non-Abelian Hall effect (J E Bourgine)

Plateaux are labeled by the filling factor v, it takes either integer or fractional values.

v=l
tL0
06
Y, v=2
[ v=3
] v=4
o 12 M

Quasi hole as anyon

- 7

Pz= (KS2)

¢(Ci, x) = H(C’ o Cf)l/k % HH(C: — X3) X H(Xa - Xb)ke_ﬁ >, 1xal?

(5%)"=d

i<j a<b X
]l | y
Abelian FQHE: U(1) Chern-Simons level k (v = 1/k) L =
Non-Abelian FQHE: U(1) Chern-Simons level k (v = p/(k + p)) Integer QHE Fractional QHE

New quantum model for non-Abelian FQHE: High spin & A, Calogero model, QHE matrix model

 Tomonaga-Luttinger liquid theory: old topic but needs to reconfirm (Volker Meden)

Open question: Spectral Function with momentum dependent potential to be comfirmed!



Dynamical Yang-Baxter equation (X.-Y. Zhang) Majorana Yang-Baxter Equation

H. Katsura

A+2nh® T T a+2n );zh(")
A2 3 RO =
i=2,3

The R-matrix of elliptic models,
depending on the choice of Sa Ch d ev-Ye- Kita ev mo d el

Xm0 basis, may obey a dynamical

A+2nh3)

A A2n Y, h() =

/ _— YBE, while that of rational/
R P ) W, trigonometric models always
2 . obey the usual YBE.

Rag(ur — ug; A + 20h®) Rag(ur — ug; A) Ras(uz — ug; A+ 2nh(™M)
= Ros(uz — ug; A)Riz(u1 — us; A + 20h @) Rya(ur — ug; A)

Expectation: the spectral problem of ./ = 2 SCFTs <= dynamical elliptic models.

Ising variable

RG from IR to UV (C Ahn)

T T-integrability [Smirnov-Zamolodchikov (2017)]
o Define an IQFT, with a known S-matrix So(f), by

Complex SYK model

IQFT = CFT + A0,

o Deformations of this IQFT by TT fields preserve quantum

integrability
New IQFTs = IQFT + Y [T T], o
s=1 9

Particle spect in identical i ©
« Particle spectrum remain identica N o (@i o
o The S-matrix gets a CDD (scalar) correction Palrlng models "B - I

o ° N @
— _ 2icis M?* sinh(s0)
S(6) = Scau(®)So(6),  Scaa(6) =[] e ®

s=1



The main theme also includes: CFT, QFT and string theory
(R. Nepomechie, N. Andrei, E. Vemier, V. Meden, B. Chen, J.-B. Wu, M. Yamazaki, W. Gu,
J.E. Bourgine, D. Ridout, Y.-D. Wan, X.Y. Zhang)

* Traditional research on integrability in higher dimensional gauge theories

 TTbar deformation and 4D nonlinear electrodynamics

e Aspects Light-Cone Quantization

* Integrable Structures Emerging from Compact BF Theory

 Matrix model dscriptions of the quantum Hall effect

* Aspects of discrete light-cone quantizations and 4D Chern-Simons theory

* Bosonic ghost correlators: a case study

 Symmetry-resolved entanglement in 1+1D conformal field theories with non-
invertible symmetries

e Exact wave function for relativistic Toda chains from 5d SQFTs

* Hiden symmetry of 4F gauge theory



3. Quantum entanglementm, Integrable models out of equilibrium and other related topics

M. Oshikawa, M. Kormos, J. Jacobsen, J.-D. Wu, C. Matsui, T. Quella

Drude weight: Kohn formula and bulk Oshikawa instaneous & Kohn formulas
/ \ ﬁlm rules (instantaneous response = w-integm
/ _ _ reg
0s(k =0,w) =2mDsd(w) + o5 5 (w) 00,0,.,0) _ g I FIHAL) o)
1 [t 2V
}LTO? o dt’ <J(t)](0) > energy gain by sudden flux insertion

“Kohn formulas” for non-linear Drude weights
(long-time response = |/w pole)

1 n+1
pe = 2 T8 4,)

Drude weight can be obtained from real-time
equilibrium current-current correlation function

_ 1% aAmn—I—l A.—0
energy gain by adiabatic flux insertion

Linear & nonlinear Drude weight from Kohn formula

o L 0°E
D" = 5 W Bulk Drude weight and conductivities
Q Q
IL’G(Q)ELN/ dwq / dwNU(LA’,G)(le"' L WN)

l +1r. (N) 2 9
O =L_§ o859 Ei T e S
l+1 _ bulk _ 7 : L,6
27 [ i J0) ¢Pcs=0 Diny = ngriOLh_)H;OI(N)(Q),

$° P =0
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Symmetry-Protected
Topological Scar Subspaces

“Challenges in Integrability” Workshop
@Wuhan, Nov 9-21

Chihiro Matsui

Chihiro Matsui (The University of Tokyo)

Entalement scaling in 1+1D CFT
T Quella

ﬁymmetry and entanglement \

From bipartition to symmetry resolved entanglement entropy

projectors
Renyi and von Newmann entropy I

Zp(r) =tr [ﬂ,p,’l\]

1| Z,(r)

Sn= ——— logtra(p})

1—n

Snlr) = 1—n log Zl(ry

QEE = —tra(palogpa) = lim S
n—1

Spin-1 Affleck-Kennedy-Lieb-Tasaki model
< = 1.2 = .
H = ]Z (S] . Sj+1 -+ E(SJ -Sj+1)2)
J
1D Spin-1 model

N
H=17)[SiSis1—BSi-Si11)*]

i=1

Scar states in 1D spin-1 model

Takhatajan-Babujian (8 = 1)

\ = arctan()

Haldane Heisenberg (8 = 0)

AKLT (8 = —1/3)

Lai-Sutherland (8 = —1)




Quantum geometry from integrable quantum field theory: a good start in new application

J.D Wu

uenching from finite size QIFT .
Q g Q The initial state [y, )ini 1 = |Aa1(11) ...AaN(IN))L

|¢n (t) )L = U, (t) |¢n)ini ,L»
A | - B
| %0 M= 03 Haaa = . [ 4 £(00,6)
. = g = Jo
» & @ m i
The Berry connection matrix element:

Yam = U{Pn (t) |0¢ |pm (£))

= (9n(0)[iU1U, |pm(0)) = (Pn(®)|Hagia |m (D))

SN

Berry connection Yam = LZfi(t) L{Dnl0;1Pm)L

= L) fi®) 144 0D - Ay (310,141 () - Ay ()

Beyond integtable QFT?



2D lattice models with Ocneanu Algebra  Variational BA: applicable beyond Integrability
P. Pearce R-D Zhu

Critical Unitary A-D-E RSOS Lattice models Variational quantum algorithm

Conformal weights, central charges, partition functions, Quantum circuit learning
integrable structur, ....

i !
— Hu (6) ()
Hu (65)
. —iHT 2
Pin(x) . &
U (65)
5 Y D
Simulations
L L L
_ - - - - )
H= _JZZiZiH H= Si'Si+1+ﬂz(Si'Si+l)
i=1 =1 i=1 -
qO R + R. + R + R + R
« HE——0—8 >——F &——F 60—
o -JHE— - : o——£& o8 o+ HBE—
o -JHE— o8 o OB OB E——




Quantum circuit models of quantum computation: new development of Integrability (Pozsgay)

Algebric Bethe ansatz gates Prepare an eigenstate of the XX model

|01) DW module

any Pany
\ \
Pay m oD DD
A VU A 3V UV
R ) PR oY D o Paiy
phys A% W N ’)—I A%
|10) DW module N % NS4
-
r 3/
Ry — DD A D iy Py pany a a
) ] 0o —p T TP A" AN > \v% \
Magnon insertion &b
R, D, oD D
aux A\ A\
N
D
Reset N Pary D Pany Pany
R \V AN \V> \\ AV
c pary D
\\> \V%

Will the combination of tenser network +quantum transfer matrix + Bethe ansatz be applied in future?

[Bobenko et al. (1993)] _[rYthebgrabBlll'Ich proven by
Model: Cellular automata . Gombor, B. Pozsgay]

Exactly
NN solvable
model:
Super-

@@0@@@ resrene

N
’
t+1

Rule 54 model SN NN

(Paletta)

S



4. Special Session

Speakers:

Speciél session in memory of _
C.N. Yang and R. J. Baxter H-Q. Lin

M. Batchelor
Y. Shi

H. Zhai

Z.C. Gu

V. Korepin

P. Wiegmann

Gratitude to the speakers for sharing the profound wisdom, scientific attainments and noble virtues of two
great masters. Their intellectual brilliance, ideological depth, and noble sentiments are a priceless treasure
of humanity.



In-depth communications with the two great scientists

Nobel Prize Laureate, US National Medal of Science, the Franklin Medal, the
Onsager Prize, etc. the King Faisal International Prize for Science

Fellow of the Royal Societies of Australia and the United Kingdom,
recipient of the Onsager Prize, the Poincaré Prize in Mathematics, the 2013 Royal Medal, etc

[

With Professor Chen Ning Yang With professor Rodney Baxter



“True Feelings and Profound Insights Forge a Literary Work”— Fan Zeng ‘|
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5 & A S N & % wisdom, the beauty of their scientific pursuits, and their
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ﬁ ﬁ % =, ;’2— ‘j@ ﬂ; noble virtues as mentors will endure forever.
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Thank you for your participation and persistence!
Welcome to Wuhan, China again!



