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In this talk, | will tell you that the spin chain can emerge from a two-dimensional
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> It is well-investigated that the Gromov-Witten theory can be regarded as a topological
sector of two-dimensional supersymmetric gauge theory (GLSMs).
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> Possible others..
One of my goals in this talk is to convince you that the third point is a fact, then it explains
why the three “different subjects” are inherently related.



Integrability in the 2D compact BF Theory

Let us start from a simple situation
> Fields: U(1) gauge field A and compact scalar ¢ ~ ¢ + 2.
» Action:
s— X / ¢F,  F=dA
27 Jy

> Level k € Z ensures gauge invariance (compactness of A and ¢).

» No local degrees of freedom: the theory is topological.



Classical Structure & Constraints

» Equations of motion:
F=dA=0, d¢ =0.
> Ais flat = only holonomy around cycles survives.
P ¢ is constant on each connected component of the spatial slice.

> All degrees of freedom are global /topological.



BF theory on R x S?

Consider spacetime M = R; x le.
> Integrate out Ag gives that ¢ = ¢(t)

» define the spatial zero modes:

a0):=§ A dole).

» then we have X
Lesr = —— oo(t) a(t).
27

> First-order system = symplectic structure is directly visible from Leg.



Action—angle coordinates

See Nekrasov Witten 2010 for more

» Momentum conjugate to a:

» Define action—angle variables:

» Canonical one-form:

» Symplectic form:
w=dO =dl Ad6.



Phase Space & Quantization

v

Periodicities: X
0 ~ 6+ 2m, ¢>0~¢>0+27r:>1:2—¢>0~l+k.
i

v

Phase space:
P~Sk xS} (a2-torus).

/ w = 2mk.
P

» Quantization = finite-dimensional Hilbert space,

> Symplectic area:

dimH = k.

» Pure BF: H =0 = frozen dynamics (no time evolution).



Summary

» 2D compact BF theory is exactly solvable and topological.
» On S it reduces to a single effective mechanical degree of freedom.

> Natural action—angle description (6, /) with torus phase space. It has the
holomorphic/algebraic integrable systems

> To get the usual quantum integrable system, the above is certainly not enough, we
need more..



A quantum integrable system: spin chain

Many of you may be already familiar with the spin chain. It has rich important physics, but the
setup is simple.



A quantum integrable system: spin chain

Many of you may be already familiar with the spin chain. It has rich important physics, but the
setup is simple.
It has N-sites, each site has a vector space V and the associated Hamiltonian as

N
H=(S4iS—im1+S_iSci-1) + ...

i=1

Figure: Spin chain.
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Spin chain

Examples. Consider a spin-1/2 system: V = {4, —}.
o XX model, H= 3", (S;:;5_ ;-1 +5_,5+,i-1).
o XXX model, H=3"N (54,;5_ -1+ 5_,i5+i-1+25,:5:i11)-

The k spin-up configuration corresponds to the configuration of k-magnons.

We will see that these can be mapped to the supersymmetric gauge theory. Magnons map to
the vacuum states of supersymmetric gauge theory, and the interaction S, ;S_ ;_; and
S_.iS4,i—1 map to the fundamental domain walls - - -



We need supersymmetry

Bosons Fermions

Imags credit: physics.csustan.sdu

Figure: Supersymmetry.

| only focus on the theoretical aspects of SUSY:

» The ground states of supersymmetric field theory all have the vanishing energy, and it is
renormalization group (RG) flow invariance.
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D-0

Bosons Fermions

Imags credit: physics.csustan.sdu

Figure: Supersymmetry.

| only focus on the theoretical aspects of SUSY:

» The ground states of supersymmetric field theory all have the vanishing energy, and it is
renormalization group (RG) flow invariance.

» BPS spectrum is also RG-protected.



A brief review of 2d N'=(2,2) GLSMs

Some relevant (and new) points:

» Setup.
e | only focus on U(k) gauge group in this talk. Super gauge field V, its field strength ©
with Fp; to be one component field.
e A twisted superpotential W=—t- tr¥, t = r — i6, where r is Fl-parameter, 6 is the
usual theta angle in a gauge theory.

YS=0+i0" X —i0 A +..., T=G—i0" N +i0"X_+...

e This talk only considers fundamental matter fields ®;. For N matter fields, the global
symmetry is SU(N). One can break this global symmetry by turning on the so-called the
twisted masses m; = (X’), where ¥’ is the superfield strength of the background gauge
field V'’ for SU(N) global symmetry.
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symmetry is SU(N). One can break this global symmetry by turning on the so-called the
twisted masses m; = (X’), where ¥’ is the superfield strength of the background gauge
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» Phases ~ ground states in a semi-classical region. Symmetries are important.
e Lorentz symmetry: U(t; ¢;, Fo1). Perturbative RG-flow r = 37, p; log &
e SUSY: U =0.
e One-form symmetries: Fg; was missed in the previous studies. It is important! See my
work '21 on the emergent dynamical decomposition.
e If the semi-classical analysis is not trustful, then we consider the effective theory by
integrating out matters:

k
Wesr = *(f + i(k — 1)71') Z .- ZP?ZQ (IOg (p?z-?) - 1) .
a=1 ia



Embed the compact BF theory into the GLSM

Let us focus on the abelian situation first. The bosonic part of the the twisted effective action
has the following term

NFo1 arg(o/N)

If we map )

oN"1 — e?,
then we get the Lagrangian of the compact BF model. One can also do this for a nonabelian
group.



Gr(k;N)

Gauged linear sigma model for Gr(k;N) is well-studied. See Witten '93, Gu-Sharpe '18. It is a
U(k) gauge theory with N fundamental fields.

» When r > 0, the semi-classical vacuum configuration is the geometry: Gr(k;N).

> When r < 0, the vacuum structure is described by a twisted effective superpotential

k
Wer = —(t+i(k —1)m) > To— > NX,(log(Xa) — 1).

a=1 a

The vacuum equations
Wty

e doa —1
give )
(UQ)N = 57 a = eitilﬂ(kil)z ac {17 e 7k}7 Oa ;é Op-

We will see the above equations are also the Bethe-ansatz equations of the N-sites XX-spin
chain.
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Gu-Sharpe '18 provided an exact theory. The reason we mention the exact result is that it
includes the BPS spectrum in the dynamics. The BPS domain wall that fluctuates from one
vacuum to another one will be useful in our story.

For projective space, or a U(1) gauge theory, it was observed first by Witten '79 that the
fundamental domain wall, which connects two adjacent vacua, has a gauge charge 1. A
candidate of this domain wall is the IR heavy matter ¢ (In UV, it is a “fundamental field”.).
The mass of this domain wall is proportional to the dynamical scale AN = g:

Z=N

It has a finite mass, so, unlike the bosonic theory, 2d N = (2,2) massive theory is not confined.
More generally, we have

Zpgy =Wy, =W gy, /¢ labels the vacua.

See Hannay-Hori '97 and Hori-Vafa '20 for abelian theories. See also Dorey '98 about the
similarity to the BPS-spectrum in Seiberg-Witten theory. For nonabelian theories, see Gu '22. If
turning on the twisted mass, the central charge expression will be modified.



An intermediate scale

In quantum field theory, the physics depends on scale. Now if we consider a scale
A< e(p),

where e is the gauge coupling. The mass of the perturbative spectrum is proportional to the
gauge coupling e. At this scale, the physics degrees of freedom are domain walls. We will show
that this is the theory for spin chains.
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State space for vacua

Now, we come back the vacuum equations
(Ua)N =q.
So the vacua can be understood by picking k sites out of N-values on the Coulomb field o.

How about the Hilbert space representation? See Witten '82 or Hori.et.al mirror symmetry book
2000, we have the ground states

k

k
H62(Ua—aa H +,a]0).
a=1

From the structure, we can enlarge the fermionic degrees of freedom as
Ap )= /d2052(0—5j)xi, At )= /d20'52(0 —Gj)A,

and their canonical commutation relations

iy An,i} = 65



State space

If we replace the formal state
N—k
0) = T 212
i=1
Now we can represent the state-space by a formal notation, for example, for k=2
b ),

This notation is not necessary for quantum field theory, however, it would be useful for
presenting the data of the spin chain.



Spin operators

One can construct local spin operators on each site as
- — 1 - -
Sii=An iAo, S_i=A A Sii= > Aridgi — A id_ ).
It is readily to show that
[5+,5-]1=2S..

This explains why we need N = (2,2) supersymmetry for getting a spin chain. For more general
global symmetry in gauge theory, it would have one more index for defining the local spin
operators, see Gu '22.



The correspondence of domain walls in spin chain

The domain wall can be regarded as a map such as
|77"' 77i71’+f’7f+1"'> = ‘7:"' »7f727+i71:7i"'>
¢ = D = 5_7,'5_*_,,'_1.

One can similarly define the anti-domain wall. For more general domain walls, a similar
construction applies.



Constraints from domain walls

In our case, we have the global symmetry SU(N) in our target space. The domain walls are
charged under the center group Zy of the flavor group SU(N). So the dynamic domain walls
suggested that all of the physical state space should be neutral under the center group Zy.
Notice that, the expectation value of o field is also charged under Zy group (also they are
charged under the axial-R symmetry as well), which can be used to construct the states.
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In our case, we have the global symmetry SU(N) in our target space. The domain walls are
charged under the center group Zy of the flavor group SU(N). So the dynamic domain walls
suggested that all of the physical state space should be neutral under the center group Zy.
Notice that, the expectation value of o field is also charged under Zy group (also they are
charged under the axial-R symmetry as well), which can be used to construct the states.

For example, consider the k=1 case, the physical state space at the intermediate scale can be
represented as

This is actually the state for one “magnon” in the spin chain if we replace o with e, where p is
the momentum of the magnon.
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CPT-symmetries in quantum field theory can also descend to the spin chain. They act as the
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CPT-symmetries in quantum field theory can also descend to the spin chain. They act as the

following:
PSPl =53, PSPt =-S5,
TSe Tt =-51,; TSiT 't =S4
€Sy Ct=—-5¢; CS,iC7t=-5, ;.

These symmetries act on the domain walls as

~\2

PDPL =D PDONP ! = (%) D,
q
G\ 2

TD,'Til =7D; T’DNT71 = (ﬁ) Dy,
q

cpic =D CDnC™! =Dy,

where we have used the fact that 777 ~1 = —/ for i2+ 1 = 0. From the above, one can observe

that P and 7 may be violated individually unless g = £1. However, we will see that the
scattering factor could also break the 7-symmetry if it is not a pure phase factor.
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o When the scattering factor, S,p, is a pure phase: Besides a usually closed spin chain with
g = 1 defined in the literature, we claim that the anti-periodic spin chain with ¢ = —1 is also a
closed one. On the other hand, the open spin chain in this situation has g # +1.



Closed v.s “open” spin chain

The general vacuum equations look like the following:

(eipa>N — EH Sab-

b#a

o When the scattering factor, S,p, is a pure phase: Besides a usually closed spin chain with

g = 1 defined in the literature, we claim that the anti-periodic spin chain with ¢ = —1 is also a
closed one. On the other hand, the open spin chain in this situation has g # +1.

e When the scattering factor is generic not a pure phase: It is always an open spin chain for any
finite q.



Hamiltonian

For a closed spin chain, it is natural to propose the Hamiltonian as

H= ZD,- +Zﬁ,- + f(Di, Di),
1 1

where the factor f(D;, ﬁ,-) can be fixed if we require that the state spaces are eigenstates of this
Hamiltonian. We have assumed the fact that all other matter representations are a subspace of
the tensor product of fundamental matters. This is not true for general, and for a general case,
one may need to take into account the so-called higher symmetries. We will not focus on this in
this talk.



Hamiltonian

For a closed spin chain, it is natural to propose the Hamiltonian as
H=>"Di+> D+ f(D;,Dj),
i i

where the factor f(D;, ﬁ,-) can be fixed if we require that the state spaces are eigenstates of this
Hamiltonian. We have assumed the fact that all other matter representations are a subspace of
the tensor product of fundamental matters. This is not true for general, and for a general case,
one may need to take into account the so-called higher symmetries. We will not focus on this in
this talk.

For an open spin chain, we take the (anti-)holomorphic part of the above.



A summary

Let us summarize what we have. Before, Nekrasov and Shatashvili found about the
correspondence between the integrable system and the gauge theory:

Y (pa) P Wert(72)
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twisted boundary t=r—i6
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Spin chain is not manifest in their studies.
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Let us summarize what we have. Before, Nekrasov and Shatashvili found about the
correspondence between the integrable system and the gauge theory:

Y (pa) P Wert(72)
Pa <~ Oa
k-particle sector > gauge group U(k)
N-sites < flavor group SU(N)
twisted boundary t=r—i6
(in-)homogeneities <« twisted masses

Spin chain is not manifest in their studies.
Based on the vacuum structure and the dynamics of the domain walls. We have shown that the

spin chain can be constructed from the N' = (2, 2) supersymmetric gauge theories in two steps.
> Write the ground states as the Hilbert space formula, and (isomorphic-)map them to the
magnon's configuration in the spin chain.
» Kinetic and dynamics of magnons map to the kinetic and dynamics of domain walls.
So the above similarities found by Nekrasov and Shatashvili between the integrable systems and
the gauge theories are just a consequence of our framework.
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Now we focus on the simplest example: gauged linear sigma model for Gr(k;N). The vacuum

equations are
(oa)V = AN,

If A =1, the vacuum equations reduce to
(ca)V = 1.

These equations are Bethe-equations of the XX model. And we expect that the spin chain is a
closed one.
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Now we focus on the simplest example: gauged linear sigma model for Gr(k;N). The vacuum

equations are
(oa)V = AN,

If A =1, the vacuum equations reduce to
(ca)V = 1.

These equations are Bethe-equations of the XX model. And we expect that the spin chain is a
closed one.
The Hamiltonian is simple:

H=Y D+ Y5
i i
The eigenstates are k-magnons
k .
| k) = Ak > 1 >° Gwea)” i e
1<j<<jx<Na=1WeS

The eigenvalue is
H-1k) == (ew(o) + e(d)) | k)



Quantum cohomology

One might have noticed that the holomorphic part of the eigenvalue e;(c) is the cohomology
generator of H1(Gr(k; N)). One may expect that all of the generators can be constructed as
the eigenvalues of the corresponding operators. It was first done by mathematicians (Postnikov
'05, C. Korff and C. Stroppel '09) that one can construct a general elementary function:
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Open XX model

If we start from the vacuum equations
N N
(03) =A )

with A # 1. The emergent spin chain is an open one.
All the discussions are similar to the closed one by only focusing on the (anti-)holomorphic part.



K-theoretic of XX model

One can lift gauged linear sigma models to the 3d CS-matter theories on space-time R? x SI.
Compared to the 2d theory, one has one more parameter to label the vacua and others: the
so-called Chern-Simons levels. We only focus on the gauge Chern-Simons level ky(x). We split
it into two factors: ky(1y and ksy(x)-



K-theoretic of XX model

One can lift gauged linear sigma models to the 3d CS-matter theories on space-time R? x SI.
Compared to the 2d theory, one has one more parameter to label the vacua and others: the
so-called Chern-Simons levels. We only focus on the gauge Chern-Simons level ky(x). We split
it into two factors: ky(1y and ksy(x)-

o If we choose (Kapustin-Willet '2013)

N
ku) = ksuy = 5
the vacuum equations are
(1-x)V=3.

So the integrable system is almost identical to one for two-dimensional gauge theory with the
only change being to replace o by 1 — x.



K-theoretic XX model

o If we choose (Jockers et.al, Ueda and Yoshida '2019, Gu et.al '20 and '22 )

N

kuay = — ksyky = k — EX

Ea

the vacuum equations are



K-theoretic XX model

o If we choose (Jockers et.al, Ueda and Yoshida '2019, Gu et.al '20 and '22 )

N
k =—-—, k =k— —,
u(1) > SU(K) 3
the vacuum equations are
(1- Xa)N — 5ﬂ,
Hlt(;:l Xb

There is “interaction factor” on the right hand side

Xa
Sab = -
Xb
This factor means the magnons interacts each other. Since this factor of this case is not a pure
phase, the spin chain of this case is always an open one regardless of what the value of q is.
This is because if we regard

1—x,:=¢P?

The momentum p, is not real.



State space

One can propose the interacting state space as follows:

k i /. . .
A > ST SypgeXet PW@k|j < < iy,
1< < <jxSNWES,

where Ay is an overall normalization factor, and Zwesk Syy is a multiplication of scattering
factors S,,. One can show that the proposed state space is consistent with the symmetries.



State space

One can propose the interacting state space as follows:

k i /. . .
A > D Swees PO < <,
1< < <jxSNWES,

where Ay is an overall normalization factor, and Zwesk Syy is a multiplication of scattering
factors S,,. One can show that the proposed state space is consistent with the symmetries.
The fundamental Hamiltonian of this system is a complex one, which was first proposed in a
slightly different context by Gorbounov and Korff '2014:

N N N
h=> Di- > D, Dj, + > Dy Dy Dig + -+ .
i |if—ir| mod N>1 |ia—ip| mod N>1

The number of sites is N, so only finitely many terms act non-trivially, and the series therefore
terminates.



Gr(2;N)

Let us check whether the ground state wave functions proposed in our paper for this case are
indeed the eigenstates of the Hamiltonian. To shorten the notation, we denote the ground state

as |w)2 =3 1< << U1, 02) i < Jj2)2, where
a(ji,j2) = A (ei(P1j1+P2j2) + 52lei(P2j1+P112)> .
The boundary condition is a(j1,j> + N) = q - a(j2, j1), which gives
el(PL1tP22) giP2N 52le/P1Nef(P2j1+P1j2) =q (ef(P1J'2+P2J1) + Sy ef(P2j2+P1j1)) )
The vacuum equations can be read from the above as
ePN = ¢S5, eP2N = gS,,.

So it is consistent.



Gr(2;N)

To compute H | w)y, special care is needed when two overturned spins are sitting next to each
other. We find

Hlw) = > (@l + L) + ai, o +1) = als + Lo +1)) | j1 < )2
1<j1<p<N
- > (@G+1j+1)—ali+1,j+2)j<j+1)e
1<jEN

In order to obey the eigenstate condition, the contact terms in the last line of the above
equation should be vanishing:

a+1,j+1)—a(j+1,j+2)=0.

If we test the coefficient as a(ji,j2) = Cel(PLittp2i2) 4 DeilPL2+P2i1) | the vanishing contact terms
all give
C X1

D X2

This is certainly consistent with our scattering factor S1» in the vacuum equations. The
procedure applies to a general Grassmannian.



Geometric basis
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The Hamiltonian actually has a geometrical meaning. See Buch and Mihalcea '08. The
eigenvalue of this Hamiltonian is the first Schubert class of the Gr(k; N):

Hlw)k =0 | w)k
where

k
Opg:=1- Hxa.
a=1

For example, if k=2 the factor in the above equation is
a(ji +1,j2) +a(ji, o +1) — a(is + 1,2 + 1) = (21 + 22 — z122)a(j1, j2)

where the coefficient (z1 + zo — z120) = 1 — x1x2 (where z =1 — x) is indeed the first Schubert
class of Gr(2, N). Thus, one may naturally expect that higher Schubert classes are the
eigenvalues of the higher Hamiltonian as well. Quantum K-theory of Gr(k; N) from the
integrable model has been investigated by Gorbounov and Korff '2014, although their
construction was based on a five-vertex model rather than a spin chain.



Seiberg(-like) Duality is P-symmetry

In gauge theories, there is a so-called Seiberg(-like) duality between two gauge theories:
Gr(k; N) =2 Gr(N — k; N).

The gauged linear sigma models for them are different: one is U(k) gauge group and the other
one is U(N — k). However, the two gauge theories share the same vacuum structures and BPS
spectrum. This relation is nontrivial in the sense that it is not a symmetry of a single gauge
theory.



Seiberg(-like) Duality is P-symmetry

In gauge theories, there is a so-called Seiberg(-like) duality between two gauge theories:
Gr(k; N) =2 Gr(N — k; N).

The gauged linear sigma models for them are different: one is U(k) gauge group and the other
one is U(N — k). However, the two gauge theories share the same vacuum structures and BPS
spectrum. This relation is nontrivial in the sense that it is not a symmetry of a single gauge
theory.

But from the spin chain, it is a P-symmetry. To see this, we notice that the spin up/down maps
to the spin down/up under the P symmetry.

Pl +) -] -).

This says that the k-magnons map to the N-k magnons. This is exactly the Seiberg(-like)
duality between two gauge theories.



A unification of gauge theories via spin chain

In the spin chain, we have spin operators: S4. They have no field theoretic correspondence
since they change the number of magnons which can not happen in a field theoretic process.



A unification of gauge theories via spin chain

In the spin chain, we have spin operators: S4. They have no field theoretic correspondence
since they change the number of magnons which can not happen in a field theoretic process.

If we map the k-magnons of the spin chain to the U(k) gauge theory, then from the point of
view of the spin chain. Different gauge theories can be connected via the spin operators. Maybe
something deep behind this. ..
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Since the basis is transformed under the R-matrix, we expect that the off-diagonal entries of the
R-matrix correspond to the (anti)-domain walls in our context.



The Yang-Baxter equation

In the Yang-Baxter equation, the R-matrix is the fundamental variable used to describe the
dynamics. It is defined by a map

Rab 1 Va®@Vp = Va ® V.
For the cases in this talk, the basis chosen for V is
‘+7+>7 | _7+>7 |+7_>7 _7_>'

Since the basis is transformed under the R-matrix, we expect that the off-diagonal entries of the
R-matrix correspond to the (anti)-domain walls in our context.
Example: For the Grassmannian, we have the R-matrix

So two options for a generic g: ¢ or € is vanishing. They are the so-called five-vertex models.
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For XXX or XXZ model, if the Hamiltonian is a hermitian operator, which says:

a=a, b= b, c=c.



R-matrix

For XXX or XXZ model, if the Hamiltonian is a hermitian operator, which says:

a=a, b= b, c=c.
For XYZ model, we also have domain wall configurations:
| =)=+ ), o [+,4) =] — )
The R-matrix for this model should be enlarged as

a d

o o
o 0

d a

One can derive the Yang-Baxter equation from the dynamic constraint of domain walls. See Gu
'22.



A comment on the four-dimensional CS theory

In 4d CS theory, the space-time is ¥ x C, and the integrable systems depend on the C:
e if C =C, it gives XXX model.
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A comment on the four-dimensional CS theory

In 4d CS theory, the space-time is ¥ X C, and the integrable systems depend on the C:

e if C =C, it gives XXX model.

o if C = C*, it leads to XXZ model.

e if C = Torus, it corresponds to XYZ model.

Recall that the spin operator, S; = >, S, j, is actually half of the axial-R symmetry operator

1
S; = §FA
If we regard the GLSM as an effective theory of 4d N'=1 gauge theory on ¥ x C, and the
operator Fj depends on the sharp of C, which is exactly what the 4d-CS theory suggested.
There should be more deep connections...



Bosonic chain

There are bosonic integrable systems.. For example, there is a g-deformed bosonic integrable
system. The previous study for wave-function was using the algebraic Bethe ansatz. From
quantum field theory, we can give a new anstatz and the g-deformed algebra will be emerged
from this new ansatz. See Gu 2023.
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Conclusion

» We showed how a spin chain emerges from the two-dimensional supersymmetric gauge
theory. Domain walls play a crucial role.

> We discussed several examples.

> We talked about the Yang-Baxter equations with new insight, and commented on the
four-dimensional CS theory.



Conclusion, chances and challenges

Conclusion

» We showed how a spin chain emerges from the two-dimensional supersymmetric gauge
theory. Domain walls play a crucial role.

> We discussed several examples.

> We talked about the Yang-Baxter equations with new insight, and commented on the
four-dimensional CS theory.

Chances and challenges

» Exact results from 2D supersymmetric gauge theory can help us understand quantum
integrable systems, and vice versa.

» Many important ingredients of quantum integrable systems—such as the Yangian—have
not yet been discussed about its correspondence in gauge theory.

P The relationships between different gauge theories that realize a given integrable system.

» Most importantly: how can we facilitate communication between different communities?



Thanks!



