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Outline

• Exact solution for mass-imbalance two-body system

• Bose-Hubbard model with unidirectional hopping



Few-body problem is non-trivial.

Background

More (three) is different！
Studying the few-body
systems allows us to better 
understand the many-body
systems, e.g. Tan’s relations

two-particle system few-particle system many-particle system



Exact solution to two-body system

The Hamiltonian is

The periodic boundary condition

Introducing relative and center-of-mass coordinates

The Hamiltonian can be rewritten as



The wavefunction can take the form of

with

The spectra

Wavefunction in terms of x1 and x2 takes the form of



The periodic boundary condition gives

Mutiplying Eq.9 and 11 or Eq.10 and 12 gives rise to

So we get

n takes integer numbers



The continuous condition of wavefunction requires

The connection condition at the x=0 gives rise to

We have six paramters to be determined. Now we have six equations alreadly, 

so we can determine all the parameters from these equations.



Combining Eqs 9, 10 and 6, we can represent B+, A-, B- in terms of A+. 
Substituting them into Eq.7, we can derive

Xing Chen, Liming Guan, Shu Chen, Eur. Phys. J. D 64, 459 (2011)

We  have solved the problem under PBC. But the story for the 
solution under open boundary condition is more complex.

When the mass ratio equals to 1, we can recover the Bethe-ansatz 
equations of two partice Lieb-Liniger model.



m 1
m 2

L0

k2k1

The model with two mass-imbalanced interacting particles 
under OBC

Is there exact solution for the system with any mass ratio? 



Nonergodicity condition (classical collision)

There are two types of collision processes, namely, the scattering between 
particles and the reflection process when the particle hits the wall.

The momentums of two particles before and after the collision

Total momentum and total energy of 
the particles are conserved 



Nonergodicity condition (classical collision)

The transformation matrix fulfills following relations:



Reflection

The scattering and reflection 
always occur alternately 

The condition



In the case of equal mass

The full momentum set

The first nontrivial case

The full momentum set

with

with Momentum determined by D2n group





Y X Liu, F Qi, Y B Zhang, S Chen, iScience 22, 181-194(2019)

The Hamiltonian can be written as

The open boundary condition

The wave function is taken as the Bethe Ansatz type

m 1
m 2

L0

k2k1



Boundary equations

The reflection matrix for particle 1 and 2 

The coefficients
Corresponding

quasimomentums
The relation



The scattering between two particles

The coefficients
Corresponding

quasimomentums
The relation



Bethe-type-ansatz equations for the system with



The spectra The wavefunctions



The hard-core limit:

The wave function satisfies the boundary condition

Mapping to one particle in a right triangular billiard 

D. Zhang, H.T. Quan, B. Wu. PRE 94, 022150 (2016)

Biao Wu et al. use the exact diagonalization method 
for arbitrary  

P. Richens and M. Berry, Physica D: Nonlin. Phenom. 2, 495(1981)

The system is integrable only when  

or



arXiv: 2311.15155, SciPost Phy Core, 7,062 (2024)



Yicong Yu, Xiwen Guan, et.al Under preparation



Bose-Hubbard model

The one-dimensional Bose Hubbard model is not integrable. 

Constructing new integrable model with simple form and clear physical 
meanings is a fascinating mission!

Exact solution of 1D Hubbard model provides benchmarks for 
understanding many many-body physical phenomena.

24

Choy and Haldane, Phys. Lett. A, 90, 83 (1982)

Spin XXZ model (Bethe), 
Lieb-Liniger model,  Yang-Gaudin model, Fermi Hubbard model (Lieb-Wu)
Kondo model



Bose-Hubbard model with unidirectional hopping solution

The Bose Hubbard model with unidirectional hopping (UHBH) is described by 

The model is non-Hermitian as it only includes hopping terms along one direction.  

25

In the framework in the quantum inverse scattering method, we can construct 
the model and prove its integrability. 

M  Zheng, Y Qiao, Y Wang, J Cao, S. Chen, Phys, Rev. Lett. 132, 086502 (2024) 



Unidirectional hopping model

When U=0, the model is a special case of Hanato-Nelson model 
with unidirectional hopping

26

The wavefuntion shows the skin effect as it always accumulate 
on one of the boundary 



Integrability and Yang-Baxter equation

The integrability of our model can be guaranteed by the Yang-Baxter equation.

Our Hamiltonian can be derived from the transfer matrix 

where 𝑢 is the spectral parameter and 𝑡𝑟0 means the trace in the two-dimensional auxiliary space. 
the subscripts {1, … , 𝑁} denote the physical spaces and the Lax operator 𝐿0,𝑗 and 𝐾0 can be  

expressed in the auxiliary space as

, 𝐾0= 𝑑𝑖𝑎𝑔 1, 𝜖 .

27



Integrability and Yang-Baxter equation

It can be proven that T  satisfies the Yang-Baxter equation

From Yang-Baxter equation, we get 𝑡 𝑢 , 𝑡 𝑣 = 0.
28

The expansion coefficients Cn are commutative and can be used to construct the 
conserved quantities



Model and its exact solution

Since an infinite number of conserved quantities can be obtained, 𝐻 of UHBH is 
integrable.

The UHBH Hamiltonian can be construct as

29

Diagonalization of H  by using Algebraic Bethe ansatz method 
(Quantum inverse scattering method)



From the RTT relation, we get

Diagonalization of t matrix

Reference state is chosen as product of vacuum states on each site



The Bethe state is constructed by

Diagonalization of t matrix

By using the commuting relations between C and A (D), we get 



Then it follows

Diagonalization of t matrix

where 



Let the unwanted term vanish, we get

Diagonalization of t matrix

is the eigenvalue of t matrix 



Model and its exact solution

Using the algebraic Bethe ansatz method, we get the eigenvalues of 
UHBH model is 

where the 𝑀 Bethe roots {𝛽𝑗} should satisfy the Bethe ansatz equations (BAEs)

34

Taking the logarithm of the above Eq., we get



Solutions of BAEs

The solution of BAEs with 𝑁 = 4 and 𝑀 = 4

The ground state is defined by the 
minimum of real parts of the eigenvalues. 

When 𝑈 is small, 

When 𝑈 is large,  

|𝛽𝑗/𝑈| ≈ 𝑘, 𝑘 = 1,… ,𝑀 − 1

𝛽𝑗 ≈ 𝑡𝑒
𝑖𝜋 𝑁+2𝑙

𝑁 , 𝑙 = 1,… ,𝑁, 𝑗 = 1,… ,𝑀
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The superfluid-Mott transition

𝜌 =
𝑀

𝑁
= 1

The ground state Bethe roots patterns of BAEs
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The superfluid-Mott transition

𝜇+ = 𝐸𝑁 𝜌𝑁 + 1 − 𝐸𝑁 𝜌𝑁

𝜇− = 𝐸𝑁 𝜌𝑁 − 𝐸𝑁 𝜌𝑁 − 1

In the thermodynamic limit When 𝑡 < 𝑡𝑜, Δ𝜇 = Re 𝛽𝑁+1 − Re 𝛽𝑁 > 0.

When 𝑡 > 𝑡𝑜, Δ𝜇 = Re 𝛽𝑁+1 − Re 𝛽𝑁 = 0.

𝒕𝒐 is the position that gap opens



The superfluid-Mott transition

From a scaling, in the thermodynamic limit, 
the value of 𝑡𝑜 and 𝑡𝑚 is the same 
( 𝑡𝑜 − 𝑡𝑚 < 10−4). 

The value of the superfluid-Mott transition 
critical point is 𝑡𝑐 = 0.17155 ± 10−4.
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The superfluid-Mott transition

The result of 𝜌 = 2
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Non-Hermitian skin effect vs interaction 

Using the coordinate Bethe ansatz method, the eigenstates of the system can be written out explicitly

The amplitude 𝐴𝑝 satisfies

where

Each set of Bethe roots 𝛽𝑗 of BAEs completely determine one eigenstate.
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Fate of non-Hermitian skin effect

𝑡 = 1 𝑈 = 0

𝑡 = 1 𝑈 = 6𝑡 = 1 𝑈 = 1

𝑡 = 1 𝑈 = 0.2 Multiplying the 𝑀 BAEs  

we have

which gives that (𝑥𝑗 < 𝑁)

Notice this relation is independent of the 
interaction term 𝑈.
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Suppression of NHSE in thermodynamic limit
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Summary:

The exact solution of the two-particle quantum system with 
mass ratio 1/3  or 3 for arbitrary interaction strength can be 
obtained by extending the Bethe Ansatz method.

We exactly solve the 1D Bose-Hubbard model with unidirectional 
hopping and demonstrate the existence of superfluid-Mott 
transition at integer filling and the suppression of skin effect in 
Mott phase. 



Thanks!


