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• For which models can we prepare (exact) eigenstates? 

Quantum circuit model of quantum computation

(digital quantum computer)

Quantum complexity of a state = 

Number of gates needed to prepare it
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Short summary:

•Models solvable by free fermions: polynomial complexity
• Interacting integrable models: UNKNOWN
•Selected interacting models: polynomial

1D Quantum Integrable Models

•Dynamics is constrained due to conserved charges

•Eigenstates known exactly  (Bethe Ansatz, 1931)

•Can be prepared in polynomial time in a classical computer

Examples: Heisenberg spin chains, Hubbard model, Richardson-Gaudin models, ….
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Models equivalent to free fermions

H = ∑
j

(XjXj+1 + YjYj+1)XX model:

H = ∑
j,k

Ajk χj χk,  where {χj, χk} = 2δjk

H = ∑
j

(ZjZj+1 + gXj)Quantum Ising chain:

Diagonalized via

Ψk = ∑
j

Cj,k χk

H = ∑
j

εjΨ†
j Ψj
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χ2j−1 = (
j−1

∏
k=1

Zk) Xj, χ2j = (
j−1

∏
k=1

Zk) Yj

Mj,j+1 =

a b
c d

−d̄ c̄
−b̄ ā

, |a |2 + |b |2 = |c |2 + |d |2 = 1

Matchgates: exponentials of bilinears in the Majoranas!M12 = exp
4

∑
j,k=1

Bjk χj χk

Bilinears   form the algebra Γjk = i[χj, χk]/2 so(2L)
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Eigenstates of the XX model:

•Reference state on  qubits: N |00000…⟩
•We place  down spins (1’s) at locations M x1, x2, …, xM

•Wave function for :x1 < x2 < … < xM

Ψ(x1, …, xM) =
eip1x1 eip2x1 …
eip2x1 eip2x2 …

⋮ ⋱

Alternatively:

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

(−1)[ j,k] exp i
M

∑
j=1

pσj
xj
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Particle conserving matchgates:

One particle states Ψ(x) =
1

L
eipx

1

F1

0

F2

0

F3

0

F4

0

cj =
1

L − j + 1
, dj = eip L − j

L − j + 1
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Bethe Ansatz:



Bethe Ansatz:
S(p, q) = eiδ(p,q)



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

On a quantum computer:

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

On a quantum computer:

•Probabilistic methods

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

On a quantum computer:

•Probabilistic methods
•Exact results known, exponential complexity, integrability not used

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

On a quantum computer:

•Probabilistic methods
•Exact results known, exponential complexity, integrability not used
•Preparation using “large” gates, based on integrability

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Bethe Ansatz:
S(p, q) = eiδ(p,q)

Ψ(x1, …, xM) = ∑
σ∈SN

∏
j<k

S(pj, pk)[ j,k] exp i
M

∑
j=1

pσj
xj

On a quantum computer:

•Probabilistic methods
•Exact results known, exponential complexity, integrability not used
•Preparation using “large” gates, based on integrability

General XXZ: S(p1, p2) = −
1 + ei (p1+p2) − 2 Δ eip2

1 + ei (p1+p2) − 2 Δ eip1
.



Probabilistic method



Probabilistic method



Deterministic method —

 without integrability



Deterministic method —

 without integrability

Afterwards:

• Yu Li, Guojing Tian, Xiaoyu He, and Xiaoming Sun, 
arXiv:2508.14470


• Jingquan Luo and Lvzhou Li, 
arXiv:2508.17197




Algebraic Bethe Circuits

• Sopena, M. H. Gordon, D. García-Martín, G. Sierra, E. López,  
arXiv:2202.04673 


• R. Ruiz, A. Sopena, M. H. Gordon, G. Sierra, E. López,  
arXiv:2309.14430 


• R. Ruiz, A. Sopena, E. López, G. Sierra, BP,  
arXiv:2411.02519
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0

•  particle states on a chain of  qubitsM N
• ,,Big’’ gates  act on  qubitsPk M + 1
• Known numerically from classical computations
• Factorization unknown!
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New idea: Optimization from scratch

F =

1
c d

−d̄ c̄
eiφ

, |c |2 + |d |2 = 1
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1

0

0
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The folded XXZ model
H = ∑

j

1 + ZjZj+3

2
(Xj+1Xj+2 + Yj+1Yj+2)

Generates transitions on four sites: |0100⟩ ↔ |0010⟩

|1101⟩ ↔ |1011⟩

Special scattering phase: S(p, q) = − ei(q−p)

S(p, q) = −
1 + ei (p+q) − 2 Δ eiq

1 + ei (p+q) − 2 Δ eip
.
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Wave function: Ψ(x1, …, xM) = det C

Cjk = eipj(xk−k+1)

Hard rod deformation: 1 → 10

010110 → 010010100

Algorithm: 

1. Prepare an eigenstate of the XX model (in smaller volume)

2. Apply the hard rod deformation







Thank you for the attention!


